So theory guys have got it made
in rooms free of pollution.
Instead of problems with the reflux,
they have only solutions...
In other words, experimentalists
will likely die of cancer
From working hard, yet fruitlessly...
till theory gives the answer.
Thomas A. Holme, 1983
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Integrals involved in QC calculations
The following integrals are often encountered in quantum chemical calculations:
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One-electron integrals (over the coordinates of a single electron) are relatively cheap. There are O(n2) such integrals for a size n basis set.
Two-electron integrals (over the coordinates of two electrons) are expensive.
There are O(n4) such integrals for a size
n basis set.

Depending on the values of i,j,k,m indices, a two-electron integral may be called
one-, two-, three- and four-centre integral. For combinatorial reasons, the number
of four-centre integrals may be very large.
Two specific index combinations have their own names:
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Semi-empirical methods
The primary approximation is partial neglect of two-electron integrals. Two-electron
integrals are the most expensive part of the Hartree-Fock theory calculations, and
the semi-empirical methods attempt to replace them with empirical parameters.
Approximations
Core electrons are not considered or approximated
by effective core potentials.
Minimal basis set (one function per orbital) is used.
It is assumed that basis functions do not overlap.
All three- and four-centre integrals are ignored. The
remaining integrals are parameterized.
(the details of this approximation define the method)

The practical accuracy of semi-empirical
methods varies greatly from system to
system and from property to property.
As of 2011, it would only be reasonable
to use these methods for rough geometry optimizations.

Method

Average heat of formation error

PM6

19 kJ/mol (HCNO), 26 kJ/mol (all)

PM5

24 kJ/mol (HCNO), 42 kJ/mol (all)

PM3

33 kJ/mol (HCNO), 80 kJ/mol (all)

AM1

40 kJ/mol (HCNO), 101kJ/mol (all)

MNDO

77 kJ/mol (HCNO), 193 kJ/mol (all)

ZINDO
MINDO
INDO
CNDO

Very inaccurate (flat ammonia,
incorrect rotation barriers, etc.)

Wall clock time for geometry optimization of strychnine (Gaussian03):
120 sec (PM3), 4.5 hours (HF/6-31G**).

Direct and semi-direct methods
For anything bigger than a benzene, the number of two-electron integrals is such
that the array does not fit into the reasonable amount (4-16 GB) of RAM. Two
alternative strategies exist for dealing with this situation:
Conventional methods – store pre-computed
integrals on disk

Direct methods – compute integrals on-the-fly

Integrals only need to be computed once

Integrals need to be computed as many times as
they need to be used (typically 4-16 times).

Sequential access bandwidth – 100MB/s, random
access bandwidth – 1 MB/s, latency – 1-10 ms.

Sequential throughput – 10GB/s, random
throughput – 1GB/s, latency – 1-10 ns.

For very large molecules (100+ atoms) the integral
arrays do not fit on disk.

Only the basis description needs to be stored,
which usually fits into memory.

Data compression is available

Data compression is not necessary

Semi-direct methods are the middle ground – they are useful for post-HF methods,
which can store some very expensive quantities on disk. Semi-direct methods are
often much faster on the latest (SSD) storage systems.

Restricted and unrestricted SCF
The Hamiltonian used in Hartree-Fock theory does not explicitly mention spin:
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and therefore has a symmetry with respect to spin – a spin flip does not change
the energy. If we enforce that symmetry (demanding that the up and the down spin
orbitals share the space part), the version of the Hartree-Fock (and more generally
SCF) method that results is called restricted.
In open-shell systems, the unrestricted version is preferred, where the two space
parts are allowed to differ.
Restricted SCF is often faster (fewer integrals to evaluate), but fails to reproduce
certain bond breaking processes. Unrestricted SCF treats bond breaking correctly
(although for the wrong reasons), but can suffer from spin contamination – the
resulting wavefunction is often not an eigenstate of the total spin operator.

Spin contamination
Unrestricted SCF methods produce wavefunctions that are not eigenfunctions of
the total spin operator. This leads to distortions in computed magnetic properties
and is best avoided.
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The three common approaches to dealing with spin contamination are:
1.

The “annihilation” method projects out the terms with incorrect total spin at
the end of the SCF procedure.

2.

The “projection” method projects out the terms with incorrect total spin within
the SCF loop.

3.

The “spin constraint” method introduces the deviation from the desired total
spin as a Lagrange term in a constrained energy optimization problem.

Most packages print the expectation value of the total spin at the end of the SCF
procedure. Large spin contamination (particularly in Hartree-Fock calculations) is
usually an indication that a single determinant is a very poor approximation to the
ground state – MCSCF approaches should be considered.

Static and dynamic correlation
Electron correlation is, in effect, defined as inter-electron interactions that HartreeFock theory does not properly account for.
Static correlation refers to a situation
where a single Slater determinant (i.e. a
single population pattern of molecular
orbitals) might not be a good
approximation to the ground state. This
often happens when the ground state is
or becomes degenerate.
A famous example is the dissociation of
the hydrogen molecule, where the
restricted Hartree-Fock method produces a pair of ions instead of a pair of
radicals.
Dynamic correlation is the correlated
motion of electrons resulting from the
Coulomb repulsion. Being an average
field theory, the HF method does not
properly account for this effect.

Example: dissociation of H2
H
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H

correct
(exact solution)

H
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incorrect
(RHF solution)

The
description
of
inelastic X-ray scattering cannot be obtained
without
the
inclusion of dynamic
correlation effects.

Møller-Plesset perturbation theory
Perturbation theory is used when a (complicated) problem at hand differs only
slightly from a (simple) problem already solved, and the Hamiltonian may be
partitioned into a “reference” and a “perturbation” part:

Hˆ  Hˆ 0  Hˆ 1 ,

Hˆ 1  Hˆ 0

Møller-Plesset perturbation theory uses Hartree-Fock theory as a reference
problem and includes everything that HF theory had ignored into the perturbation
part. The calculations involved are very expensive:
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Scaling with basis size

MP2

O(n5)

MP3

O(n6)

MP4

O(n7), but O(n6) for MP4(SDQ)

two electrons excited
from orbitals i and j to
orbitals a and b

MP2 typically accounts for 80-90% and
MP3 for 95-98% of the electron correlation energy. MP2 is the cheapest way of
including it to a reasonable accuracy.

Møller-Plesset perturbation theory
MPn is not variational – that is, the energy obtained is not guaranteed to always be
greater than the true energy. In fact, the convergence of MPn series is oscillatory:
Correlation energy recovery
for a beryllium atom

MP2

67.85%

MP3

86.90%

MP4

94.58%

MP5

98.15%

MP6

99.64%

MP7

100.15%

HF
energy

Method

In many systems the electron correlation is not
a small perturbation and the convergence of
perturbation series is not guaranteed.
MPn has convergence problems if HF is a poor
starting point of if spin contamination is large.

MP3
MP4
MP2

order

Resolution of identity approximation
Resolution of identity is an equation connecting every complete basis set to the
identity operator on that space:

Eˆ   n n
n

This allows to approximate four-centre integrals with combinations of two- and
three-centre integrals, reducing the integral calculation cost from O(n4) to O(n2).
Products of functions on either side of the four-centre integral:
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are replaced by linear combinations of the functions from the fitting basis set:
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This is a very good approximation for plane-wave and Gaussian basis sets – both
have analytical structure constants.

Multi-configuration SCF method

occupied

energy

virtual

If a single Slater determinant gives a poor description of the system, multiple
determinants (differing in the electron arrangement in the orbitals) may be used,
with weights adjusted using the variational principle.

configuration 1

configuration 2

configuration 3
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MCSCF description is often necessary in aromatic and conjugated
systems as well as systems involving bond breaking or formation.

Configuration interaction
We can take MCSCF to the limit and include all excited determinants into the
calculation. This is extremely expensive (for combinatorial reasons), and some kind
of truncation procedure is often required.
Method

Configurations

Scaling with basis size

CID

all doubly excited determinants

O(n5)

CISD

all singly and doubly excited
determinants

O(n6)

CISDT

all singly, doubly and triply
excited determinants

O(n8)

full CI

all configurations

O(n!)
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The limit where full
CI is used for a subset of all orbitals is
known as CASSCF
(complete active space SCF). The choice
of the orbitals is not
a simple matter.
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Due to the astronomical number of configurations, full CI is only possible for very
small (diatomics) systems. Fortunately, full CI is rarely necessary, as CISD tends
to be sufficiently accurate for most practical purposes.

Size consistency and basis set superposition error
Size consistency problem in CI:
When molecules are simulated together,
new excitations become available to each
of them, resulting in a greater variational flexibility in the CI subspace.

E CI 1  2   E CI 1  E CI  2 

Basis set superposition error:
When molecules are brought close together, they augment each other’s basis,
thereby
increasing
the
variational
flexibility. The energy will go down
even in the absence of any interaction.
This results in non-physical attraction.

E ( proximate)  E (distant )

Counterpoise correction to BSSE
Atom-centred basis sets are rarely big enough to avoid the basis set superposition
error. Counterpoise correction aims to compensate this error.
1.

The energy of the complex is calculated in the usual way.

2.

Two additional calculations are carried out for each fragment in the presence of
orbitals (but not electrons or nuclei) of the other fragment.
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