CHEM1047 - Week 10 Lecture 1 - Integration, Part I1

O Chapters 23-25 of Monk and Munro, "Maths for Chemistry", 2™ edition.
O Chapter 6 of Steiner, "The Chemistry Maths Book", 2" edition.

1. Integration by substitution
Let f(u) and u = (p(x) be defined in some intervals and let (p(x) be differentiable. Then, if f(u) has
an antiderivative F(u) , then f((p(x))go'(x) has an antiderivative F((p(x))-i—C and thus

[ 7(o(x))¢' (x)dx=F (p(x))+C &
Proof: using the chain rule to differentiate the antiderivative back,
d d d
—F =—_—F - — ' 2
wF W)=y Flo) o(x)=1(p)0'(x) @)

we can demonstrate that Equation (1) is correct.
Example 1: consider the following integral
J.(33c+4)5 dx (3)

Solution:  the table of standard integrals contains no obvious rules that would allow us to integrate this

expression. However, we can perform the following substitution:

y=3x+4 (4)
Computing the differential provides the connection between dx and dy :
dy=3dx = dx=dy/3 (5)
Performing the substitutions in Equation (3) results in the following integral
Le s
gfy dy (6)
which can be taken directly:
le s |
—|ydy=—y"+C (7)
3 j)’ y 18 Y

Using Equation (4) to convert y back into 3x+4 produces the final answer:
5 1 6
J(3x+4) dx:E(3x+4) +C (8)

The correctness of this answer may be verified by differentiating the result:
!
1 6 5
ﬁ(3x+4) +C =[...]=(3x+4) (9)

Example 2: consider the following integral

Ix\/l+x2dx (10)

Solution:  the problematic part here that prevents us from taking the integral is the expression under

the square root. Let us try performing the following substitution:



y=1+x> = dy=2xdx = dx:ﬂ

o (11)

Performing this substitution makes the variable x disappear from the integral
_[xx/1+x2dx:_|. \/7 J- "2 dy (12)

This integral is easy to take using the table above:

le oy, 12 1
—[yPdy ===y +C==1y"+C 13
[y =220 e (13)

Back-substitution yields the final answer:
1 32
jx\/l+x2dx=§(l+x2) +C (14)

Note that variable substitution does not always lead to a simplification because the presence of gp'(x)
term can introduce additional complications. If variable substitution fails, other integration methods
should be tried. Note also that indefinite integrals must always be brought back to the original variables

after the integration process is finished.

For definite integrals, the variable substitution formula is modified to account for the fact that integration

limits change when the integration is performed over a function of the original variable:
b u(b) -1
du
x)dx = u)| — du (15)
[£() (Iif( )(dxj }

Example 4: calculate the integral of 1/(4x+5)4 from x=0 to x=1.

Solution:  the integral would simplify if we use u =4x+5 substitution

j (4x+5)" [MME:)X:: . 4dx} Hu }du_— [urtdu =

0
uf =_L(9-3 st)-—2L
s 12 273375
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2. Integration by parts

If u(x) and v(x) are differentiable in some interval and their integrals exist, then

udv =uv— | vdu (16)
J J

d (uv) =udv+vdu = udv=d (uv) —vdu =

= J‘udv:_[d(”v)—_[\/du = Iudv:uv—jvdu 17)

Example 3: calculate the indefinite integral of xe" using integration by parts.

Solution:  because the derivative of x is particularly simple and the integral of ¢* does not change that

function, it makes sense to perform the following procedure



u=x du =dx
J.xe)‘dx = = xe" —je’“dx =xe'—e " +C
dv=e'dx v=e'

For definite integrals, the formula for integration by parts retains its limits:

i[u(x)?}dx (o)) _f[v(x);’_“}dx a8

X X

a

where f(x)‘z is a shorthand for f(b)—f(a).

3. Integration using recurrence relations
An integral that depends on an integer parameter k£ can sometimes be reduced to an integral that de-
pends on k—1. If the integral with £k =0 is easy to take, this generates a recurrence relation for the

original integral. For example:

n __ax n _ax

n n—1
U=x du = nx x"e n x"e n
_ n_ax _ _ . n—-1_ax _ .
In—Jxe de=q Cw = '[x e“dx = I,
dv=e“dx v=e“/a a a a a

In this case I, is an easy integral to take and the recurrence relation derived above may then be used to

obtain /, with an arbitrary integer n .

4. Symbolic algebra systems
Purely mathematical research into integration techniques for commonly encountered functions was com-
pleted by about 1900. In the context of modern physical sciences, life is too short to integrate manually.
Symbolic algebra systems, such as Mathematica, are commonly used instead:
In[1]:=
Integrate[l/ (x*4-a”*4), x]
out[1]=

ArcTan[i] N Log[a-x] Log[a+x]
2 a’ 4 33 433

or, for the case of definite integrals:
In[2]:=
Integrate[Sin[x] "2, {x, a, b}]
out[2]=
(-a+b+Cos[a] Sin[a] —~Cos[b] Sin[b])

N| -

Mathematica can take integrals with infinite limits:

In[3]:=
Integrate[l/ ((2 +x*2) sqrt[4+3x72]), {x, -Infinity, Infinity}]

—

as well as integrate very complicated functions, for which the answer is typically returned in terms of

out[3]=

N W

highly general functions, such as Meijer’s G-functions.



