Lecture 1: Foundations of Fourier Spectroscopy

In the old days of electromagnetic spectroscopy, the absorption spectrum of the sample was recorded
by measuring energy absorption at each frequency in turn — the so-called “slow passage” method. The
arrival of Fourier transform spectroscopy (first in NMR, then ESR, then IR) has caused a major improve-
ment in speed and sensitivity. Even though the FT methods are often rationalized using physical argu-
ments, the exact relationship between the pulse and the frequency response of a physical system can be

derived from general mathematical assumptions used in the LTI (linear time-invariant) systems theory.

Introduction

There are two ways of measuring the frequency spectrum of a bell...
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We could use a speaker and a microphone — the speaker would sound every frequency in turn and the
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microphone would determine which frequencies the bell resonates on (the acoustic power would drop
slightly because the bell would absorb it and transform into heat). This would produce the frequency

response curve of the bell. Clearly, this is a very slow procedure.

Alternatively, we could hit the bell with a hammer and record the sound it produces. It is intui-
tively clear that the frequencies we hear would be the same, and we have heard in our spectroscopy
course that the ringback and the frequency response are related by a Fourier transform. We also know
that many other physical systems behave in the same way. In this lecture we will explore the fundamen-

tal reasons for this behaviour as well as their consequences.

Linear time-invariant systems

Consider a black box system with an input and an output:

ﬂ»“ﬂ» OR  y(1)=D{x(t)} (1)

the system @ is called linear time-invariant (LTI) if:
CI){owc1 (1)+ B, (t)} = aq){xl (t)} +ﬂ<1>{x2 (t)} =ay, (t)+ py,(1)
@ x(t-1,)} = ¥(t-1,)

where x(t) are input signals, y(t) are output signals and «, f3,t, are constants. In other words, an LTI

(2)

system behaves linearly with respect to the input signal — a sum of two input signals returns a sum of



their corresponding outputs and multiplying an input by a constant number multiplies the output by the
same number. If the input is shifted in time by a constant amount, the system output is shifted by the

same amount, but otherwise remains the same — this is called time-invariance.

The input function x(t) can be expanded in some orthonormal discrete basis set {gk (t)} (any

complete basis would work, the practical choice depends on the nature of the system and convenience):

0

x(1) :Zk:;(kgk (1), x :<gk (t)‘x(t» = J. g, (1)x(¢)dt, k=0,12... (3)

where the star denotes complex conjugation. In the continuous limit, the input function may be given in

terms of an integral transform with some user-specified kernel g(z’,t) :

x<r>=1z(r>g<r,z>dr @

The response to an arbitrary input function can then be written in terms of responses to either the indi-

vidual basis functions or the integral transform kernel:

ofs(0)= X 10 (s (0} = [ 20 s(r0)}ar g

This means that the set of responses to the basis functions defines an LTI system completely — a known

library of responses to {gk (t)} would allow us to predict the response to any input.

A hammer strike amounts to a very short and sharp input signal — a delta-function. One of its ba-

sic properties (see your functional analysis course) is:
f(xo):'[f(x)é'(x—xo)dx = x(t)zjx(r)é’(r—t)dr (6)
Let us apply our LTI system to both sides of this expression:

CD{x(t)}:on(r)CD{é(r—t)}dx:Jix(r)h(r—t)dr )

The function h(t) = @{5(1‘)} is called the pulse response of the system. The integral in Equation (7) is

known as the convolution integral, and is often abbreviated as:

®{x (1)} =x(e)*h(0) ®)

So, in some sense, the pulse response h(t) also contains complete information about our linear time-

invariant black box @ and allows us to predict its response to an arbitrary input x(t).

To get a physical perspective on the nature of h(t), let us do some continuous-wave spectros-

copy on @ and feed an oscillating signal (in general, a complex exponential) into it. We then have:

CD{ei“”} = T ei“”h(f—t)df =" T eiw(r*t)h(r—t)df =" T h(r)eimdr = H(a)) e (9)
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where H(a)) gives the value of the integral, which depends on the frequency parameter @. This dem-
onstrates that exponentials are eigenfunctions of LTI systems. That is, an LTI system cannot shift fre-

guencies, it can only alter their coefficients.

The function H(a)) is called the frequency response of the system. It is the analogue of the
slow-passage electromagnetic spectrum. It is defined by Equation (9), but we can also use the convolu-

tion definition from Equation (7):
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(D{ei“”} = j e h(r—t)dr= J. ei”’(m)h(r)df = (j h(r)eimdr]eiw’ (10)
After comparing this with Equation (9), we arrive at our final result:
H(a)) = I h(z‘)ei””dr (112)

In other words, the frequency response (“spectrum”) of a linear time-invariant system is a Fourier trans-
form of its pulse response (“free induction decay”). Equation (11) highlights the central role of the Fou-
rier transform in electromagnetic spectroscopy. There is nothing special about bells and NMR — all LTI
systems behave like that. It should be noted that LTI is an approximation — most real systems are not

perfectly linear and real pulses are never perfectly sharp.

Properties of the Fourier transform
The overall multipliers in the definition may vary from one book to another, the definition below is cho-

sen to yield a unitary transformation (the 2-norm of the function is preserved):

FAf (1) :ﬁif(t)ei”‘dt FA{f(1)} :ﬁif(t)ei’”’dt (12)

The two transforms are exact mirrors of one another, labelling one “forward” and the other “backward”

is a matter of choosing the convention for the frequency signs. They are each other’s inverse:

FAF{f(0)}} = i ( ﬁ f(t')ei“”'dt}ei””da) = i T f(t’)dt’T & dew =
e - - (13)

=_]:f(t’)5(t’—t)dt'=f(t), FAEAf (1)} == 1 (1)

Note that most software packages place the zero frequency on the edge of the spectrum — look out for
commands like Matlab’s fftshift if your spectrum does not transform the way you expect it to. Be-

cause the integrals in Equation (12) are linear with respect to f(t) , the Fourier transform is linear:

FAaf(6)+Be(t)f = aF.{f(1)j+BF.{g(1)] (14
A Fourier transform of a derivative can be expressed via the Fourier transform of the original function:

F, {f(k) (t)} =ﬁ T FO(e)e ™ dr = (T/lz_a;)k T f(t)e"™ dt =(¢ia))" F, {f(t)} (15)
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where k-fold integration by parts was done to get rid of the derivatives. The k-th derivative of a Fourier

transform may be simplified in a similar way:

(27 (en]" \/_:[O e | dt_«/__[o (Fie)' f(0)e ™™ dr = (Fi) F.{ £ (1)} (16)

Equations (15) and (16) are useful for solving ODEs and PDEs — a differential equation in the time do-

main is transformed into an algebraic equation in the frequency domain, which makes it easier to solve.

Another convenient property is the convolution theorem, stating that convolution in the time
domain is equivalent to multiplication in the frequency domain, and convolution in the frequency do-

main is equivalent to multiplication in the time domain:
frg=[ f(z)g(t-r)dr=
=FARAS (P FAg (O} = FAP {7 (0} {g()}]
A corollary (Wiener-Khinchin theorem) provides a simple way to evaluate autocorrelation functions:
()] s)

Equation (17) will be useful when we deal with window functions and Equation (18) will come up during

(17)

:_]if*(r)f(t+r)dr:F+{

the calculation of correlation functions in spin relaxation theory. When time is shifted in the input func-

tion, the Fourier transform is modulated:

F, {f(t—to)} =ﬁ j f(t—1,)e"™dt ZE _[ f(t)e?iw(t+to)dt ey {f(t)} (19)

Reciprocally, the Fourier transform of a modulated function ends up being shifted:

F, {ei“’(”f \/_ I 1t eriloFa) =F, {f(t)}(a)¢ @) (20)

Finally, the definitions given in Equations (12) guarantee that the Fourier transform is a unitary operator

(because the integral below is related to the total signal power, this is known as the power theorem):
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EAf () doo= T 17 (t) ar (21)

Discrete and ‘fast’ Fourier transform

For discrete data, the integral in Equations (12) is replaced by the corresponding Riemann sum:

1kn

| FAS} l ka (22)

where N is the total number of digitization points in the signal, and the points are assumed to be uni-
formly spaced. The sum in Equation (22) has to be computed for every point in the spectrum, meaning

that O(NZ) multiplications are required for a size N Fourier transform. This makes brute-force



evaluation very slow. For the special case of N =2", where 7 is a small integer, the Fourier transform
can be broken down into smaller chunks, yielding O(Nlog2 N) scaling, which is much better. This is

known as ‘fast’ Fourier transform, and it is the one used in most software packages these days.

Further reading

1. Ernst, R.R., Anderson, W.A., Application of Fourier transform spectroscopy to magnetic reso-
nance, Review of Scientific Instruments, 1966, 37, 93-102.

2. Derome, A.E., Modern NMR techniques for chemistry research, Pergamon, 1987 - Chapter 2.

3. Ernst, R.R,, Bodenhausen, G., Wokaun, A., Principles of nuclear magnetic resonance in one and
two dimensions, Oxford University Press, 2004 — Section 4.1.
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