
Coherent Spin Dynamics of Radical Pairs

in Weak Magnetic Fields

by

Hannah J. Hogben

A thesis submitted in partial fulfillment of the requirements

for the degree of

Doctor of Philosophy

Trinity Term 2011

University of Oxford

Department of Chemistry

Physical and Theoretical Chemistry Laboratory

Oriel College



Abstract
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Abstract of a thesis submitted for the degree of Doctor of Philosophy

Trinity Term 2011

The outcome of chemical reactions proceeding via radical pair (RP) intermediates can be in-

fluenced by the magnitude and direction of applied magnetic fields, even for interaction strengths

far smaller than the thermal energy. Sensitivity to Earth-strength magnetic fields has been sug-

gested as a biophysical mechanism of animal magnetoreception and this thesis is concerned with

simulations of the effects of such weak magnetic fields on RP reaction yields.

State-space restriction techniques previously used in the simulation of NMR spectra are

here applied to RPs. Methods for improving the efficiency of Liouville-space spin dynamics

calculations are presented along with a procedure to form operators directly into a reduced

state-space. These are implemented in the spin dynamics software Spinach.

Entanglement is shown to be a crucial ingredient for the observation of a low field effect on

RP reaction yields in some cases. It is also observed that many chemically plausible initial states

possess an inherent directionality which may be a useful source of anisotropy in RP reactions.

The nature of the radical species involved in magnetoreception is investigated theoretically.

It has been shown that European Robins are disorientated by weak radio-frequency (RF) fields

at the frequency corresponding to the Zeeman splitting of a free electron. The potential role

of superoxide and dioxygen is investigated and the anisotropic reaction yield in the presence of

a RF-field, without a static field, is calculated. Magnetic field effect data for Escherichia coli

photolyase and Arabidopsis thaliana cryptochrome 1, both expected to be magnetically sensitive,

are satisfactorily modelled only when singlet-triplet dephasing is included.

With a view to increasing the reaction yield anisotropy of a RP magnetoreceptor, a brief

study of the amplification of the magnetic field experienced by a RP from nearby magnetite

particles is presented.

Finally in a digression from RPs, Spinach is used to determine the states expected to be

immune from relaxation and therefore long-lived in NMR experiments on multi-spin systems.
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Chapter 1

Introduction

This thesis is concerned with understanding how magnetic fields, particularly weak ones, can

influence the outcome and rates of chemical reactions. Such effects have been observed experi-

mentally since the 1970s in a myriad of different reactions, and a large body of complementary

theoretical work has also accumulated [1]. In all cases magnetic fields affect the kinetic, not

thermodynamic, aspects of chemical reactions [2]. Radical pair reactions are almost exclusively

responsible for the observed influence of magnetic fields on chemical reactions [3, 4].

This chapter seeks to concisely introduce the aspects of the field of spin chemistry relevant to

this research. We begin with a description of the property of spin and its quantum mechanical

formalism. The radical pair mechanism is then described in detail along with some examples

of its experimental manifestations. A discussion of the theoretical treatment of spin chemical

systems is provided, in particular summarising the various contributors to radical pair spin state

evolution and finally an outline of the remainder of this thesis is given.

1.1 Spin

That electrons and some nuclei possess an intrinsic angular momentum has long been known.

The Stern-Gerlach experiment of 1922 first demonstrated the property in electrons [5, 6] and

Pauli was the first to invoke nuclear spin in an attempt to explain the hyperfine structure of

hydrogen spectra [7]. However, the phenomenon was not given a name until 1925 when Goudsmit

and Uhlenbeck published the theory of the observed magnetic moment of electrons arising from

a rotation about its own axis and subsequently the term “spin” was adopted. Pauli had already

predicted the need for a fourth quantum number to describe the electronic structure of atoms

in work on his exclusion principle and went on to develop a formal description of spin within

1



quantum mechanics by adding a new coordinate to the wavefunction to describe it [8]. Finally,

the concept of half-integral angular momenta was confirmed theoretically by Dirac as a natural

consequence of combining quantum mechanics and special relativity [9].

Since the 1920s a huge body of work seeking to understand the behaviour of spins in mag-

netic fields has accumulated. Most notably, though by no means exhaustively, in the fields of

nuclear magnetic resonance (NMR), electron paramagnetic resonance (EPR) and spin chemistry.

Despite the manifold differences in application of these three areas their underlying theoretical

description is identical. It is fundamental to the practical application of spin dynamics to assume

that the time evolution of the electronic spatial and spin parts of the total wavefunction are very

different.1 Thus it is possible to consider the spin part of the Hamiltonian and wavefunction

only and drastically reduce the complexity of the problems to be addressed.

1.1.1 Properties of Spin

Electrons and magnetic nuclei have quantised intrinsic angular momentum described by a spin

quantum number, S, which can take positive half-integer values or zero, and a projection along

an arbitrary z -axis, S z, which takes values MS~ with MS = S, S−1, · · · ,−S+1,−S [10]. States

defined by these two properties are eigenstates of the total spin angular momentum operator,

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z and Ŝz:

Ŝ2 |S,MS〉 = S(S + 1)~2 |S,MS〉 (1.1)

Ŝz |S,MS〉 = MS~ |S,MS〉 (1.2)

There are 2S+1 eigenstates of Ŝz for a given value of S, which in the familiar vector model

can be viewed as different orientations relative to the z -axis, for example any single arrow in

Fig 1.1. In this model
√
S(S + 1)~ defines the length of the angular momentum vector, S .2

Electrons, and 1H nuclei amongst others, have S = 1
2 and MS = ±1

2 for which the states are

commonly known as |α〉 and |β〉 respectively. In the absence of an applied electromagnetic

field these states are degenerate, but are separated into 2S+1 energy levels in the presence of a

magnetic field (hence the MS quantum number is the ‘magnetic spin’ quantum number). When

two spin-1
2 species couple strongly their spins combine according to the Clebsch-Gordon series

1Analogous to the Born-Oppenheimer approximation which states that motions occurring on vastly different
time scales are isolated from each other such that the two (or more) parts so the wavefunction may be dealt with
independently.

2Hereafter ~ is dropped for convenience; subsequent Hamiltonians will be given in angular frequency units.

2



Figure 1.1. Vector model representation of the singlet (left) and triplet (right) spin states. Short arrows
represent single spin states and the long bold arrow their resultant.

in one of four ways. There are three symmetric combinations, the triplets, S = 1,MS = 0,±1:

|T+〉 = |α〉 ⊗ |α〉 = |αα〉

|T0〉 =
1√
2

(|α〉 ⊗ |β〉+ |β〉 ⊗ |α〉) =
1√
2

(|αβ〉+ |βα〉)

|T−〉 = |β〉 ⊗ |β〉 = |ββ〉 (1.3)

and one anti-symmetric combination, the singlet, (S = 0,MS = 0):

|S〉 =
1√
2

(|α〉 ⊗ |β〉 − |β〉 ⊗ |α〉) =
1√
2

(|αβ〉 − |βα〉) (1.4)

The singlet and triplet states are often represented in the vector model Fig 1.1 as the resultant

(bold arrow) of two single-spin vectors added in different relative orientations. The cones in this

figure represent the path swept out by the tip of the arrows as the spins precess about the

resultant field direction - often provided by a large applied static field.

1.1.2 Single-Spin Operators

The eigenstates of Ŝz are commonly used as the basis for the matrix representation of angular

momentum operators and the Pauli matrices in this basis are shown below for a spin-1
2 particle

3



[8]:

σx =

0 1

1 0

 (1.5)

σy =

0 −i

i 0

 (1.6)

σz =

1 0

0 −1

 (1.7)

These are used to form the spin operators; Ŝi = 1
2σi. Inclusion of the unit operator completes

a set of generating operators. However, it is sometimes more convenient to use the raising and

lowering operators which are defined as:

Ŝ± = Ŝx ± iŜy (1.8)

in place of the Cartesian x and y operators. This leads to two alternative generating sets:

{
1̂, Ŝz, Ŝx, Ŝy

}
(1.9){

1̂, Ŝz, Ŝ+, Ŝ−

}
(1.10)

from which any single- or multi- spin operator can be formed. Similar generating operators may

be derived for higher spin orders using the properties of the angular momentum operators [10].

All operators derived from these generator sets will be defined in the α, β basis in the laboratory

frame (LF).

1.1.3 Irreducible Spherical Tensors

The generating set chosen should be appropriate to the particular problem at hand and it often

proves most convenient to work with the normalised irreducible spherical tensors (nISTs), T̂l,m,
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where l is the rank and m = −l,−l+ 1, · · · , l−1, l, is the order. These are defined for spin-1
2 as:

T̂0,0 =
1̂√
2

T̂1,+1 = −Ŝ+

T̂1,0 =
√

2Ŝz

T̂1,−1 = Ŝ− (1.11)

and thus form a third possible generating set for spins-1
2 . Higher rank nISTs are invoked when

spins with S > 1
2 are present to increase the size of the generating set. The irreducible spherical

tensors (ISTs) (normalised or otherwise) are irreducible representations of the 3D rotation group

SO(3) which proves particularly convenient as their properties under 3D rotations are well-

defined. A rotation, R̂, acting on T̂l,m results in a linear combination over all the ISTs of that

rank, such that [11]:

R̂ (α, β, γ) T̂l,m =

l∑
m′=−l

D(l)
m′,m (α, β, γ) T̂l,m′ (1.12)

where D(l)
m′,m (α, β, γ) are the Wigner coefficients of the Euler angles (α, β, γ). In the zyz-

convention the rotation, R̂zyz, is defined as:

R̂zyz (α, β, γ) = eiαŜzeiβŜyeiγŜz (1.13)

where Ŝi are the angular momentum operators. The ISTs, T̂l,m, have a further advantageous

property that they have well-defined commutation relations with the Ŝz operator such that:[
Ŝz, T̂l,m

]
= mT̂l,m [11].

1.1.4 Multi-spin Operators

For a system with N spin-1
2 species there are 4N potential product operators formed from all

direct product combinations, in the order of the spin labels, of the generating operators, B̂i,

within a set above, such that:

Ôk = M
N⊗
i=1

B̂i (1.14)
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where M is a scaling factor required in the case of nISTs to convert them back to the spin

operators. Any Hamiltonian can be formed as a linear combination of these operators with real

coefficients, ck:

Ĥ =
∑
k

ckÔk (1.15)

Higher rank ISTs can be used to describe coupled spin systems (i.e. those operators with

more than one non-1̂ generator operator in (1.14)). They are derived by taking linear combina-

tions of products of the lower rank tensors with either Clebsch-Gordan coefficients or 3j -symbols

defining the coefficients [11, 12]:

T̂ ′k,q(k1, k2) =
∑
q1,q2

(−1)−k1+k2−q
√

2k + 1

k1 k2 k

q1 q2 −q

 T̂ ′k1,q1 T̂
′
k2,q2 (1.16)

where the indices are restricted such that q1+q2 = q and k = |k1 − k2| , |k1 − k2|+1, · · · , |k1 + k2|

and the prime indicates that the ISTs are not necessarily normalised. Using Equations (1.16)

and (1.11) it is possible to express the rank-2 tensors in terms of the operators for two coupled

spins-1
2 , I and S :

T̂ ′2,0 = −
√

2

3

(
Ŝz Îz −

1

4

(
Ŝ+Î− + Ŝ−Î+

))
T̂ ′2,±1 = ∓1

2

(
Ŝz Î± + Ŝ±Îz

)
T̂ ′2,±2 =

1

2
Ŝ±Î± (1.17)

Any spin Hamiltonian can be built from the operators described already along with appro-

priate interaction constants. The nature of common interactions will be returned to in Section

1.3.3.

1.2 Spin Chemistry

The outcomes of certain chemical reactions are affected by magnetic fields, though for many

years such an effect was disputed. It was argued that magnetic fields could affect chemical

reactions thermodynamically or kinetically, by altering the relative Gibbs energies of products,

transition states and reactants, or kinetically by affecting reactant orientation [13]. However,
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even extremely high fields (> 10 T) interact with electrons with an energy much less than thermal

energy at room temperature (and even more weakly with magnetic nuclei) hence could not be

expected to affect the thermodynamic control of any reaction, or the Boltzmann distribution of

initial orientations [2]. Nevertheless, it has been shown experimentally even for fields as weak as

that of the Earth (≈ 50 µT), that the outcome of some chemical reactions are strongly dependent

on the magnetic field [1]. Such reactions cannot be under thermodynamic control, but are instead

determined by the spin selection rules. To explain this phenomenon, first as it appeared in the

polarisation of NMR signals and later more generally, the radical pair mechanism, RPM, was

proposed [3, 4].

1.2.1 Radical Pair Mechanism

Any two electrons may be described as an electron pair. To be a radical pair (RP) the two

electrons must be spatially separated, either on two distinct radical species or on separate

regions of a biradical. Furthermore to be of use in the RPM the electrons must have correlated

spins, i.e. there must be some phase relation between the two electron states [14].

A general reaction scheme for the RPM is shown in Fig 1.2 [15]. In this case the spin

correlated RP is initially formed as a singlet (S) by photoexcitation of the ground state (though

more generally an initial triplet state is also possible). In the scheme shown only the singlet

state can undergo reaction to return to the diamagnetic ground state, but either state can

follow a path that is not spin-selective, for example diffusion apart to form free radicals which

are subsequently quenched [14], and eventually are returned to the ground state at a much

slower rate than direct recombination along the singlet path. The simplest scheme possible has

kFS = 0 s−1 and thus only triplet state RPs follow the second pathway. Some RP reactions have

much more complicated kinetic schemes, for example those that occur as part of feedback loops

in oscillating reactions [16].

The fate of a triplet RP is irrelevant if the RP is born as a singlet and remains so until

reaction. Such reactions are not interesting from a spin dynamics standpoint but luckily in

many cases a radical pair undergoes coherent evolution between the singlet and triplet states

and thus the spin chemistry becomes much more interesting.
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Figure 1.2. Radical pair mechanism [15]. kFS and kFT are the rates of forwards reaction from the singlet
and triplet RPs respectively, kBS is the rate of spin selective reaction back to the ground state, AB. The
product C reforms the starting material on a timescale ( 1

kcycle
) which does not influence the radical pair

dynamics. The curved green arrows indicate coherent spin-state evolution.

Radical Pair Formation

In the majority of cases a molecule, A, is irradiated with light and is excited to an electronically

excited level, A*. Light-induced electronic transitions which involve spin flips are not allowed

and so the excited state is formed in the same spin state as its ground state precursor. Most

species are diamagnetic in the ground state (though molecular oxygen provides a famous example

of a triplet ground state species) and so form excited singlet state species. The excited state

can either undergo intersystem crossing (ISC) to a different multiplicity spin state, internal

conversion to an excited state of the same multiplicity, fluorescence to the ground state or

undergo reaction to form a radical pair [17]. Such reactions may for example be hydrogen

abstraction, homolytic bond cleavage or electron transfer [1], all of which conserve spin angular

momentum and so produce a geminate RP in the same spin state and with correlated electron

spins.

It is also possible that a RP may arise when two electrons meet in a solvent cage via diffusion.

A RP born in this manner, a so-called F-pair, is not initially spin correlated. Spin correlation

can only arise in this situation in the case of different singlet and triplet reaction rates. The

rapid selective reaction of one spin state changes the proportion of spin states in the remaining

ensemble – it is no longer completely mixed – and the unreacted RPs have gained coherence.
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Coherent Evolution

Coherent evolution between the different spin multiplicities occurs only when the magnetic

environments of the two electrons are distinct. In the well-known vector model this can be

viewed as the radicals having different Larmor frequencies and so precessing around the eigenaxis

at different rates i.e. the arrows of Fig 1.1 travel around their cones at different rates. This

unsynchronised precession leads the electrons of the RP to move in and out of phase with one

another, thus converting from T0 to S and back again. The process may be driven by, for

example, unequal g-values [18], interactions with nuclei via hyperfine interactions (HFI) [19]

or spin-orbit coupling [20]. In order for the radicals to evolve it is necessary that there is no

strong interaction between the two electrons. Exchange (J), and dipolar couplings suppress

interconversion as the singlet and triplet spin states are their eigenstates and thus exist as

stationary (non-evolving) states when these interactions dominate [21].

Reaction

The singlet RP state may undergo spin-allowed recombination to reform the diamagnetic ground

state. This often progresses through either direct electron transfer (ET) or via the formation

of an exciplex which subsequently undergoes fluorescent relaxation [22]. The Pauli exclusion

principle prevents the same reactions occurring directly from the triplet state. Electron transfer

processes preserve spin multiplicity and, as evidenced by the slow rate of phosphorescence in

comparison with fluorescence following photoexcitation of a molecule, radiative transitions like-

wise have strong spin selection rules, ∆S = 0 [17]. The triplet may instead simply diffuse apart

to form free radicals which are subsequently quenched or may participate in a triplet selective

reaction. Alternatively a non-spin-selective reaction path, for example a proton transfer, may

be accessible to both spin states. In order to see a magnetic field effect it is necessary to have

at least one spin-selective reaction step – otherwise the spin state of the intermediate RP has

no bearing on the outcome of the reaction and changing the ratio of singlet and triplet species

has no observable manifestation.

Effect of Static Field on Reaction Yield

Applying an additional static (or oscillating e.g. Ref [23]) magnetic field to the system, or

changing the intrinsic interactions (for example through magnetic isotope effects on the hyperfine

interaction [24]) affects the rate of coherent interconversion and hence the populations of singlet

9



Figure 1.3. a) The singlet probability, PS , and b) the singlet yield ΦS , for a singlet-born RP with a
single hyperfine interaction, a = 1 mT and kS = kT = 106 s−1, in the absence (red) and presence of a
weak (blue, 50 µT) and strong (black, 1 T) applied static field. Based on Figure 2 in Ref [15].

and triplet states in the RP intermediate which in turn directly affects the proportions of the

product yields. The effects of a strong (1 T) and weak (50 µT) static field on the simplest possible

RP reaction (one isotropic hyperfine interaction with a spin-1
2 nucleus and exponential decay of

the singlet and triplet states with equal rate constants) are shown in Fig 1.3. In the absence of

a field the hyperfine interaction causes an oscillation between the singlet and triplet spin states

which share the same total spin angular momentum and the same projection of the spin angular

momentum on the z-axis. Though an applied field does not cause spin state evolution, it does

remove the need to conserve the total spin angular momentum allowing more triplet states to

become populated, this is evidenced by the minimum singlet probability falling to 0% when the

field is turned on. The field causes a modulation, at a frequency corresponding to the strength

of the field, of the singlet probability in addition to the hyperfine-driven evolution which results

in an altered reaction yield from the singlet state in the presence of the applied field.

1.2.2 Evidence for the Radical Pair Mechanism from Magnetic Resonance

Magnetic resonance spectroscopy makes use of the interaction of nuclear and electron spins with

an applied magnetic field to probe the local magnetic environment, which in turn reflects the

local structure, of the spin [25, 26].

The sensitivity of magnetic resonance techniques is limited by the weak polarisation of elec-

tron and nuclear spins, even at low temperature and high field, at Boltzmann equilibrium.

Chemically induced dynamic nuclear polarisation (CIDNP) and chemically induced dynamic
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electron polarisation (CIDEP) are phenomena which produce a non-Boltzmann distribution of

spin states following a thermal or photochemical reaction. This was observed in NMR and EPR

as enhanced signal amplitudes which can be either absorptive or emissive depending on the

nature of the polarisation [27, 28].

As aforementioned the RPM was proposed to explain the phenomenon of CIDNP. When

coherent evolution of the RP is driven by hyperfine interactions the states of nuclear spins affect

the rate of interconversion between singlet and triplet spin-states [29]. For example, for a triplet-

born RP nuclear spin states which accelerate S-T mixing will favour formation of the singlet

state and thus are more likely to populate the singlet product. Conversely those nuclear spin

states which do not favour interconversion will dominate the population of nuclear spin states in

the triplet product. Overall there is no net polarisation of the nuclear spins (beyond that of the

Boltzmann distribution) but the spin states have been sorted into different products. The signal

enhancement due to the polarisation within each product is usually observed as the difference

between the so-called light spectrum (when a laser flash initiates a RP reaction) and the dark

spectrum where only normal polarisation leads to the signal.

CIDEP is somewhat more complex as there are two mechanisms which can lead to distortions

in the signal intensity in EPR spectra [28]. The first is the triplet mechanism (TM) [30]. The

radical precursor must be a molecular triplet which is formed following anisotropic intersystem

crossing from the initial singlet excited state and leads to non-equal populations of the triplet

sub-levels. The RPM also provides a route to electron polarisation [31]. At high field the T±

states are far removed in energy from T0 and S so that coherent evolution to the MS 6= 0 states

is strongly suppressed. This is not so for the interconversion between T0 and S, thus an initial

singlet state selectively populates only T0 over time or analogously an initial triplet state has

only T0 emptied out. The TM–RPM by which a polarised triplet state is the initial state for

interconversion in the normal RPM also causes CIDEP [32]. However it is achieved, the non-

Boltzmann population differences between T± and T0 are then observed by enhanced absorptive

or emissive (or mixed multiplet) peaks in the EPR spectrum.

1.2.3 Experimentally Observed Magnetic Fields Effects

The most common observation of magnetic field effects (MFE) on chemical reaction has been

from chemical reactions proceeding via a radical pair intermediate in solution, although some

MFEs have been observed in the gas phase [33] and in the solid state [1]. In order to observe a

11



Figure 1.4 Radical pair comprising pyrene, 1, and dimethylaniline, 2.

MFE the reaction rates along singlet and triplet channels must be competitive. The existence

of solvent cages limits the rate at which radical pairs can diffuse apart, hence the rate at which

triplet RPs separate is comparable to the rate of singlet recombination. There are myriad

published examples of observed MFEs, Ref [1] provides a comprehensive review of experiments

prior to 1989 and is still extremely relevant.

The radical pair formed from pyrene (Py) and dimethylaniline (DMA) is shown in Fig

1.4. This pairing exhibits a strong field-dependent response and the synthetic pathways to

the molecules are well established allowing for relatively easy isotopic labelling. It is thus often

used as a test system in a range of MFE experiments [24, 34–36]. Pyrene undergoes efficient

excitation to an excited singlet state upon irradiation with light and subsequently accepts an

electron from its partner, most often an aromatic amine such as DMA. The radical ion pair

(RIP) can then either form a singlet exciplex and fluoresce to the ground state (fluorescence

intensity provides a measure of singlet yield) or undergo coherent interconversion to and from

the triplet which itself cannot undergo reverse ET and diffuses apart to form escape products.

The initial excitation may be performed with a laser flash to allow time-resolved singlet yields

to be measured or by continuous illumination such that only the total yield is observed. The

effect of a static magnetic field on the reaction yield is termed MARY – Magnetically Altered

Reaction Yield.

When anisotropic HFIs are present, and the RPs are at a fixed orientation, it is possible to

detect not just the effect of field magnitude on reaction yield but also the the effect of varying

field direction. The first example of a system showing sensitivity to the the field direction was

reported in Ref [37] for a carotenoid-porphyrin-fullerene (CPF) triad molecule, Fig 1.5. This

type of magnetic sensitivity is sometimes termed MARYAN (MARY ANisotropic).3

Oscillating fields applied in addition to static fields allow for the observation of magnetic

resonances in the RP system through Reaction Yield Detected Magnetic Resonance, RYDMR

[38, 39]. As already mentioned in the context of CIDEP in a strong magnetic field the T±

states are energetically removed from T0 and S which inhibits interconversion. An appropriate

3The name MARYAN is also often used for MARY experiments with an added radio-frequency field.
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Figure 1.5 Structure of the CPF (carotenoid-porphyrin-fullerene) triad [37] molecule.

frequency electromagnetic field (EMF) recouples the transitions and thus alters the proportion

of singlet and triplet yields. As the EMF frequency is scanned, resonances appear in the reaction

yield corresponding to the energy separations of the RP. When the applied static field is relatively

weak (milliTesla rather than Tesla) this technique is often referred to as MARY-ν. Even in the

absence of a static magnetic field, oscillating magnetic fields alone can affect the outcome of RP

reactions. These reactions are named Oscillating Magnetic Field Effects – OMFE [40].

Magnetic isotope effects on reaction yield have also been observed [41, 42]. In this case

changing the nature of the magnetic nuclei in the RP changes the hyperfine interactions and

thus the rate of coherent evolution between states of different multiplicity [35]. This effect is

often exploited by selective deuteration to alter natural MFEs in experimental model systems.

1.2.4 Biological Significance

The RPM provides a direct mechanism by which static and oscillating magnetic fields can af-

fect chemical reactions, and by extension biochemical reactions. Several biological processes

are known to proceed via radical intermediates, in fact this class of reaction encompasses most

reactions with single electron transfers. However, relatively few biological reactions are known

to exhibit long-lived spin-correlated RPs. To name just one well-studied example: modified

pigment-protein reaction centres which mediate conversion of light to chemical energy in pho-

tosynthesis do so via spin-correlated radical pair intermediates and applied magnetic fields can

affect the outcome of the RP reaction through the traditional RPM [43–45].

Many animals have been shown to use a magnetic sense for orientation [46–49]. Across the

animal kingdom there is sensitivity to field polarity and inclination at Earth-strength fields (25

– 100 µT) and to small changes in field intensity within this range. The biophysical mecha-
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nism of magnetoreception remains unclear but currently two suggested mechanisms are under

investigation. Firstly, it has been suggested that small particles of biogenic magnetite may align

in the Earth’s field, akin to a normal human compass, which subsequently leads to a neural

response [50]. Alternatively, the RPM has been proposed as a mediator for directional field

information [51]. This is possible only when the RP has an intrinsically anisotropic interaction

such that addition of a static field at different orientations relative to it leads to different rates of

S-T interconversion [15]. Most organic radicals have anisotropic hyperfine interactions, though

unfortunately these are often not very large, which could provide the required directionality.

Investigation of the RPM as the putative biological magnetocompass is the subject of the latter

part of this thesis and animal magnetoreception will be introduced more fully in Chapter 4.

There is some epidemiological evidence to suggest that weak EMFs might have an influence

on human health. Thus far the most probable mechanism by which EMFs can have an effect on

biological processes, and hence a macroscopic effect on development, is through the RPM. For

example, magnetic fields have been shown to affect the singlet oxygen production by bacterial

photosynthetic centres [52] and magnetic field effects on the hypocotyl growth of Arabidopsis

thaliana have been reported [53] – though replication studies failed [54]. As yet no direct evidence

for weak field (such as those in the vicinity of overhead power lines) effects on macroscopic animal

biology, apart from orientation, has been reported.

Magnetic isotope effects on the yields from ATP (adenosine triphosphate) synthase have

recently been reported in vitro [55, 56]. The suggested explanation is a radical reaction path-

way, via a
[
Mg•+ − PO•−3

]
pair, which has also been reported to exhibit MFEs [57, 58]. This

suggestion has attracted some controversy as the radical pathway proposed is contrary to the

concerted electron - nucleophilic substitution mechanism that has long been accepted and which

is analogous to non-biological organic chemistry mechanisms for the same functional groups.

1.3 Theoretical Description

In order to understand the effect of magnetic fields on chemical reactions through the RPM it

is necessary to understand the underlying spin dynamics. This theoretical framework may then

be used to simulate the outcome, in terms of singlet and triplet yields, of RP reactions under

a variety of conditions. Such simulations are vital to discern the processes which affect exper-

imentally observed MFEs, to understanding the requirements of the animal magnetocompass

and to direct further experimental studies. The important details of the quantum mechanical
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description of spin chemistry are outlined in this section. A familiarity with the density matrix

formalism is assumed.

1.3.1 Equation of Motion

The density matrix ρ evolves over time according to the Liouville-von Neumann equation [59, 60]:

dρ(t)

dt
= −i

[
Ĥ(t), ρ(t)

]
(1.18)

where Ĥ(t) is the time-dependent spin Hamiltonian. Formal integration of Equation (1.18)

gives:

ρ(t) = Û(t)ρ(0)Û(t)† (1.19)

where

Û(t) = T̂ exp

{
−i

∫ t

0
Ĥ(t′)dt′

}
(1.20)

is the unitary propagator for some time interval 0 → t, T̂ is the Dyson time ordering operator

and ρ(0) is the density operator of the system at time t = 0. The definition of Û(t) as written in

Equation (1.20) is a convenient short hand but the integral cannot actually be evaluated directly

as written. It is often most efficient to approximate Equation (1.20) by discretising over time

such that in any interval ∆t = t
n the Hamiltonian is essentially constant. The propagator is

then given by:

Û(t) =
n−1∏
k=0

exp
{
−iĤ(k∆t)∆t

}
(1.21)

In the case of an entirely time-independent Hamiltonian the above result simplifies to:

Û(t) = exp
{
−iĤt

}
(1.22)

which when substituted into Equation (1.19) gives the familiar solution to the Liouville-von

Neumann equation for a system evolving under only time-independent interactions:

ρ(t) = exp
{
−iĤt

}
ρ(0)exp

{
iĤt
}

(1.23)

15



We are predominantly interested in following a chosen observable rather than the whole

system, to which end it is necessary to project out the relevant component of the density matrix.

The projection of ρ(t) onto the state i is given by the trace of the product of the projection

operator, Q̂i, for that state with the density matrix:

Pi(t) =
〈
Q̂i

〉
(t) = Tr

{
ρ(t)Q̂i

}
(1.24)

where the projection operator is defined as:

Q̂i = |Qi〉 〈Qi| (1.25)

Modelling time-resolved MFEs, for example the quantum beat experiments of Molin and co-

workers (for examples see Ref [61]), requires the direct solution of Equation (1.24), achieved by

substitution of Equation (1.23) into Equation (1.24) followed by direct propagation of the initial

density matrix over suitably discretised time-steps approximating the form of the Hamiltonian

at each.

1.3.2 Calculating the Singlet Yield

Many experimental observations of MFEs measure the total yield from a given reaction channel,

commonly the yield from the singlet channel which goes to a diamagnetic product. To calculate

this quantity it is necessary to integrate Equation (1.24), multiplied by an appropriate reaction

decay function, over all time. It is convenient to assume that both channels, triplet and singlet,

react by a first order process with equal rate constants. The kinetics of the reactions may then

be accounted for using a simple exponential decay term, ke−kt, such that all populations and

coherences decay with the same rate constant, k. The overall singlet yield is then given by [62]:

ΦS = k

∞∫
0

Tr
{
Q̂Sρ(t)

}
exp {−kt} dt (1.26)
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where k is the rate constant for reaction and Q̂S is the singlet projection operator. This can be

defined in several useful forms such that:

Q̂S = |S〉 〈S|

=
1

2
(|αβ〉 − |βα〉)(〈αβ| − 〈βα|)

=
1

4
1̂− ŜAxŜBx − ŜAyŜBy − ŜAzŜBz

=
1

4
1̂− ŜAzŜBz −

1

2
(ŜA+ŜB− + ŜA−ŜB+)

=
1

4
1̂− ŜA · ŜB (1.27)

and ŜXi is the i-operator for the electron on radical X (X = A,B) formed, according to Equation

(1.14) with 1̂ on all other spins (matrix sizes of two for the other electron and M for the nuclear

configurations) as:

ŜAi = Ŝi ⊗ 1̂2 ⊗ 1̂M

ŜBi = 1̂2 ⊗ Ŝi ⊗ 1̂M

In order to evaluate the singlet yield, Equation (1.23) is substituted into Equation (1.26) [19]:

ΦS =
k

M

∞∫
0

Tr
{
Q̂S exp

{
−iĤt

}
Q̂S exp

{
iĤt
}}

exp {−kt} dt (1.28)

where 1
M accounts for normalisation over the nuclear configurations of the initial singlet state.

It is possible to diagonalise the Hamiltonian such that A−1ĤA = ĥ where ĥ is a diagonal

matrix of the eigenvalues of Ĥ. The Hamiltonian is Hermitian and therefore A must be unitary

and we can use the property A−1 = AT to avoid performing an unnecessary matrix inversion.

If A diagonalises the Hamiltonian it will also diagonalise the matrix exponential:

AT exp{±iĤt}A = exp
{
±iĥt

}
(1.29)

⇒ exp{±iĤt} = Aexp
{
±iĥt

}
AT (1.30)

Substituting this into Equation (1.28) gives:

ΦS =
k

M

∞∫
0

Tr
{
Q̂SAexp

{
−iĥt

}
AT Q̂SAexp

{
iĥt
}
AT
}

exp {−kt} dt (1.31)
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Within a trace it is possible to perform a cyclic permutation to give:

ΦS =
k

M

∞∫
0

Tr
{

˜̂
QS exp

{
−iĥt

}
˜̂
QS exp

{
iĥt
}}

exp {−kt} dt (1.32)

where
˜̂
QS = AT Q̂SA, i.e. the projection operators have been transformed into the eigenbasis of

the Hamiltonian. We then expand the trace such that:

ΦS =
k

M

∞∫
0

∑
m,n

(exp
{
−iĥt

}
)mm(

˜̂
QS)mn(exp

{
iĥt
}

)nn(
˜̂
QS)nmexp {−kt}dt (1.33)

=
k

M

∞∫
0

∑
m,n

exp {iωnmt} (
˜̂
QS)mn(

˜̂
QS)nmexp {−kt}dt (1.34)

where ωnm = hnn − hmm. As
˜̂
QS is Hermitian we can simplify further to give:

ΦS =
k

M

∞∫
0

∑
m,n

exp {iωnmt}
∣∣∣( ˜̂
QS)mn

∣∣∣2 exp {−kt} dt (1.35)

The singlet yield is necessarily real, and so is
∣∣∣( ˜̂
QS)mn

∣∣∣2 therefore we retain only the real part

of the exponential:

ΦS =
k

M

∞∫
0

∑
m,n

cos ωnmt
∣∣∣( ˜̂
QS)mn

∣∣∣2 exp {−kt} dt (1.36)

which is evaluated as:

ΦS =
k

M

∑
m,n

∣∣∣( ˜̂
QS)mn

∣∣∣2 f(ωnm) (1.37)

f(ωnm) =
k2

k2 + ω2
nm

(1.38)

For simulations of MARY spectra Equation (1.37) is evaluated as a function of applied field

strength. To calculate anisotropic reaction yields evaluation of Equation (1.37) is repeated over

a range of field directions, usually defined by the polar coordinates θ and φ. As the absolute

variation in yield with θ and φ is often very small it is helpful to display only the anisotropic

part of the singlet yield which is defined as:

ΦAniso
S (θ, φ) = ΦS(θ, φ)− ΦS (1.39)
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where ΦS is the spherical average of the singlet yield.

Although we are often interested in the singlet yield from singlet born RPs this is not always

the case and it is equally possible to use any other projection operator or initial density matrix,

the simplification step of Equation (1.35) is skipped.

1.3.3 The Hamiltonian

The total Hamiltonian for a spin system is the sum of all interactions and, as aforementioned,

can be formed as a linear combination over the complete set of 2N multi-spin operators with

real coefficients. The values of the coefficients are determined by the interactions in effect for

a particular system. In practice there are only a few interactions which need to be included in

the Hamiltonian and so most coefficients in the expansion are simply zero.

Types of Interaction

Of those interactions the most practically significant can be categorised into one of three types:

interactions linear, bilinear and quadratic in spin [63]. Linear interactions are those in which the

spin, S, couples to an external vector, ~V , with some interaction tensor A describing the system-

dependent factors affecting the magnitude of interaction. These interactions can be described

by the general Hamiltonian:

ĤLin = Ŝ ·A · ~V =
(
Ŝx Ŝy Ŝz

)

Axx(t) Axy(t) Axz(t)

Ayx(t) Ayy(t) Ayz(t)

Azx(t) Azy(t) Azz(t)



Vx

Vy

Vz

 (1.40)

The most common example is the Zeeman interaction, where the vector ~V is the applied field

and the interaction tensor is, for example, chemical shielding (NMR) or the g-tensor (EPR).

Bilinear interactions describe the coupling between spins S and L.

ĤBilin = Ŝ ·A · ~L =
(
Ŝx Ŝy Ŝz

)

Axx(t) Axy(t) Axz(t)

Ayx(t) Ayy(t) Ayz(t)

Azx(t) Azy(t) Azz(t)



L̂x

L̂y

L̂z

 (1.41)

If S and L are both electron spins, A could describe the dipolar or exchange coupling, if they

are both nuclei A is either the dipolar (through-space) or the scalar (through-bond) coupling

tensor. If one spin is an electron and one a nucleus A is the hyperfine interaction tensor. Any
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interaction between two distinct spins may be written in this form with its exact nature manifest

only in the tensor A.

An alternative form for a bilinear interaction in its eigenframe can be derived in terms of

the ISTs as defined in Equation (1.17) as:

AxxŜxÎx +AyyŜy Îy +AzzŜz Îz =

2Azz − (Axx +Ayy)√
6

T̂2,0 +
Axx −Ayy

2

(
T̂2,2 + T̂2,−2

)
(1.42)

where Aii can be identified with the principal components of a bilinear interaction tensor, Equa-

tion (1.41). Two further properties of the interaction can be defined, namely the axiality Ax

and rhombicity Rh such that:

Ax =
1

6
(Axx +Ayy − 2Azz) (1.43)

Rh =
1

2
(Axx −Ayy) (1.44)

If S and L are the same spin, for example when describing a quadrupolar interaction, the

interaction is quadratic. This class of interaction is rarely encountered in spin chemical cal-

culation, though it has been suggested that quadrupolar interactions may act as a source of

anisotropy in RP reactions [64]. In the following those interactions which are commonly active

in spin chemistry calculations are described.

Zeeman Interaction

An effect of magnetic fields on atomic emission spectra was first observed by Zeeman [65] and

it is for him that the interaction of spin with magnetic fields is named, though of course the

physics underlying the phenomenon he observed was not explained fully until much later. Moving

charges possess a magnetic moment and for electrons and nuclei the motion is associated with

their angular momenta [10]. Electrons have two main sources of angular momentum; from their

motion within an orbital and from their intrinsic spin. Coupling with molecular rotations can

also occur but is usually only significant in the gas-phase, for example this can be an important

source of relaxation in gas-phase NMR [66]. First-order spin-orbit coupling between orbital

and spin angular momenta occurs only when the electron is found in a degenerate electronic

ground state. In most organic molecules the environment is sufficiently asymmetric to remove

the degeneracy and hence quench the orbital angular momentum. We may thus consider the
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Figure 1.6. Energy levels of singlet, S, and triplets, T0,± in an applied magnetic field, B0, in the absence
of other interactions.

electron magnetic moment, like the nuclear one, as arising solely from the inherent spin. Of

course higher order contributions to the spin-orbit coupling also occur in most radical species

and are manifest in g-values which deviate from that of a bare electron.

The magnetic moment, µ, associated with a spin, I is given by µ = gµBI where g and µB

are the g-value and Bohr magneton respectively. In EPR the g-value of an electron is akin to

chemical shielding in NMR and contains information about the local magnetic environment.

The energy operator, in angular frequency units, of the isotropic interaction of a spin with an

applied magnetic field, ~B, is given by:

ĤZeem = −γiŜ · ~B0 (1.45)

where the gyromagnetic ratio of a spin i is given by γi = giµB
~ . If the direction of ~B0 is used to

define the laboratory z-axis then the Hamiltonian reduces to:

ĤZeem = −γiŜzB0 (1.46)

for which a single electron has eigenvalues EZeem = −γeMSB0, the Zeeman energies of the states.

Fig 1.6 shows the energy levels of the RP singlet and triplet states as a function of field strength.

The two triplet states with MS = ±1 diverge in energy as B0 increases, whereas the singlet and

MS = 0 triplet remain unaffected.

In cases where the Zeeman interaction is dominant, for example in high field spectroscopy,

the field direction defines the eigenaxis of the system. However, at low field, which is the limit

of interest in most of this thesis, the situation is distinctly more complicated.
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Hyperfine Interaction

The hyperfine interaction couples the spin of an electron and a magnetic nucleus [25]. There

are two contributions to the interaction, the first is a dipole-dipole interaction between the

two magnetic moments. Like a simple point-dipole interaction this component of the hyperfine

interaction is anisotropic, however the electron is not localised in space and to calculate the full

contribution it is necessary to integrate over the electronic distribution. For a radical rapidly

tumbling in solution this interaction is averaged to zero. The second component of the HFI

is purely isotropic, named the Fermi contact interaction, and arises from the interaction of

electronic and nuclear magnetic moments within the nucleus itself. Thus some electron density

at the position of the nucleus is required which only occurs when the electron orbital has some

s-orbital character.

The combination of the two contributions returns a 3-by-3 HFI tensor which may be used

with Equation (1.41) to form the HFI part of the Hamiltonian [67]:

ĤHFI =
∑
i

Ŝ ·Ai · Îi (1.47)

where
∑

i indicates a sum over all electron-nucleus pairs in the system.

Exchange Interaction

The exchange interaction describes the interaction between two electrons deriving from their

spin states and arises from the Pauli exclusion principle. It results in a splitting between the

triplet and singlet states under the Hamiltonian [68]:

ĤEx = −JŜA · ŜB (1.48)

For electrons in distinct orbitals that are nevertheless close in space it is normally argued that

the Pauli exclusion principle forbids two electrons of the same spin, or more precisely described

as a pair by a symmetric spin wavefunction, to exist at the same point in space. This creates

a fermi-hole in the probability distribution for both electrons coinciding and thus on average

electrons in the triplet state spend more time further apart, experience less repulsion and are

lower in energy than the corresponding singlet state. It is thus somewhat counterintuitive that

in the RP case the singlet state is normally the lower in energy, Fig 1.7.

For a RP it is necessary to remember that the electrons do not necessarily occupy distinct
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Figure 1.7. Energies of the singlet and triplet states as a function of inter-electron separation due to
exchange and Zeeman interactions

orbitals, unlike for example when justifying Hund’s rule of maximum multiplicity. Consider

instead bringing together two hydrogen atoms, each has a single electron in a 1s orbital [68]. At

a great separation there is no significant overlap of wavefunctions and the exchange interaction

is negligible; however, as they get the closer the orbitals overlap. Two molecular orbitals (MOs)

begin to form [69]: one bonding and one antibonding. The lower energy state will have both

electrons in the bonding orbital – to exist in the same MO the electrons must have antiparallel

spins. Thus the singlet electron configuration is lower in energy than the triplet which must

exist with one bonding and one antibonding electron.4

Although the bonding picture in larger molecules is more complex the same principles apply –

only the singlet state can form a bonding interaction when the inter-electron distance is reduced.

The hydrogen atom model was used to derive the distance-dependence of J(r) and this model

is usually applied to all RPs in solution [14, 70]. The function is assumed to be independent of

radical orientation and to decrease exponentially with distance:

J(r) ≈ J0e
− r
rJ (1.49)

where r is the inter-radical separation, J0 ≈ 2×1017 rads−1 and rJ ≈ 50 pm is a range parameter.

The singlet and triplet states are eigenstates of the exchange coupling and hence a large

exchange interaction causes the RP system to collapse into this basis. This has the dual effect of

removing the coherences between the singlet and triplet states and suppressing further evolution

4Of course within the electronic configuration 1σ12σ∗1 the triplet spin state is lower in energy than the
corresponding singlet for the normal reasons – this second excited singlet does not appear in normal RP reactions
as vibrational relaxation following photoexcition is assumed to be rapid.

23



between the states of different spin multiplicities. There can be no MFEs if the electrons are not

sufficiently far apart, for radicals in solution it is usually an acceptable approximation to ignore

exchange coupling, assuming it only comes into play when the radicals approach close enough

to react anyway.

Dipolar Interaction

Each electron feels a magnetic field from its partner [71], at sufficient separation this may be

approximated as the interaction between two point-dipoles [60]:

ĤD =
µ0γ

2
e

4π~2r3

[
ŜA · ŜB −

3

r2
(ŜA · ~r)(ŜB · ~r)

]
(1.50)

where µ0 is the permeability of free space, r is the inter-electron separation and ~r is a unit

vector along the spin-spin direction. When treating the electrons as point-dipoles the inter-

radical separation is estimated from the centre of the electron distribution, though strictly this

should be integrated over. Like the exchange coupling a strong dipolar interaction suppresses

singlet-triplet interconversion and will prohibit the observation of a MFE, it too is considered

negligible in most calculations. It has also been suggested that at certain separations the dipolar

and exchange interactions effectively cancel out and have no overall effect on RP spin dynamics

[21].

1.3.4 Liouville Space Simulations

Thus far all the influences on the radical pair have affected only the coherent evolution. When

incoherent processes are considered, for example non-exponential reaction kinetics, relaxation

and spatial diffusion, the Liouville-von Neumann equation, Equation (1.18), is no longer linear

and the approach to its solution outlined above is no longer possible. In order to solve the

equation in Hilbert space a numerical integration procedure over a time-propagated singlet

probability is required [72]. Hence, under these conditions it is more convenient to move the

simulation into Liouville space in which the spin dynamics can again be described by a linear

equation but now incoherent as well as coherent terms appear in the equation of motion. The

stochastic Liouville-von Neumann equation is defined as:

dρ̂

dt
= −i

ˆ̂
L(t)ρ̂(t) (1.51)
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in which
ˆ̂
L(t), the Liouvillian, is given by:

ˆ̂
L(t) =

ˆ̂
H(t) + i

ˆ̂
K + i

ˆ̂
R+ i

ˆ̂
Γ (1.52)

where
ˆ̂
H = Ĥ⊗ 1̂− 1̂⊗ ĤT is the commutator superoperator of the coherent Hamiltonian,

ˆ̂
K is

the kinetic superoperator,
ˆ̂
R is the relaxation superoperator and

ˆ̂
Γ describes radical pair motion

[73]. ρ̂ is the state vector and is the Liouville space equivalent of the density matrix in Hilbert

space; it is formed from the density matrix by row-wise flattening. That is:

|ρ̂〉 =



ρ11

ρ12

...

ρ21

ρ22

...

ρnn



(1.53)

where ρij is the element in the ith row and jth column of the density matrix, 〈i| ρ |j〉 and |i〉 are

the basis states in Hilbert space.

The general solution of the Liouville-von Neumann equation is of the form:

ρ̂(t) = T̂ exp

−i

t∫
0

ˆ̂
L(t′)dt′

 ρ̂(0) (1.54)

and the expectation value of an observable is given by:

Pi(t) =
〈
Q̂†i |ρ̂(t)

〉
(1.55)

where Q̂i is the projection operator for the observable.

There are several possible ways of computing the time-dependence of the density operator

numerically. Equation (1.54) could be treated using any ordinary differential equation (ODE)

solving algorithm such as Runge Kutta. More commonly, a method of direct propagation is

adopted. In this case the Liouvillian, Equation (1.51), is discretised in time, as in Equation

(1.21), such that over a given period, ∆t = t
n , it is independent of time. The density operator
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is then given by:

ρ̂(t) = exp
{
−i

ˆ̂
L((n− 1)∆t)∆t

}
exp

{
−i

ˆ̂
L((n− 2)∆t)∆t

}
· · · exp

{
−i

ˆ̂
L(0)∆t

}
ρ̂(0) (1.56)

It is not necessary to step evenly in time, for example in cases of different pulsed NMR and

EPR experiments the Hamiltonian is piece-wise constant over blocks of time that are rarely equal

in duration. To evaluate Equation (1.56) the starting vector is multiplied sequentially by the

exponentials of the Liouvillians, known as propagators, until
∑

n ∆tn = t. A time-independent

Liouvillian, whose evolution is described by ρ̂(t) = exp
{
−i

ˆ̂
Lt
}
ρ̂(0), may be solved by any of

the techniques outlined, though of course the application of the propagator occurs only once.

The integral over all time, required to calculate the total yield of a chosen observable, usually

singlet product, is best solved by taking a Laplace transform, with s→ 0, such that:

ΦS = k
〈
Q̂S

∣∣∣(sˆ̂
1+ i

ˆ̂
L)−1

∣∣∣ ρ̂(0)
〉

(1.57)

which can be efficiently computed using a left product function, for example the MATLAB

‘backslash’ function [74].

1.3.5 Reaction Kinetics

Traditionally, reaction kinetics with non-equal rate constants for the singlet and triplet channels

have been accounted for using the Haberkorn kinetic superoperator [75]:

K̂ρ = −kS
2

(
Q̂Sρ+ ρQ̂S

)
− kT

2

(
Q̂Tρ+ ρQ̂T

)
(1.58)

where kS and kT are the singlet and triplet rate constants respectively. This can be more

conveniently used in terms of anti-commutation superoperators (
ˆ̂
Qi = Q̂i ⊗ 1̂ + 1̂ ⊗ Q̂i) in

Liouville space where:

ˆ̂
Kρ̂ =

(
−kS

2
ˆ̂
QS −

kT
2

ˆ̂
QT

)
ρ̂ (1.59)

This form of equation reduces to exponential decay in the limit that kS = kT .

This method of simulating reaction processes, via projection operators, has recently been

called into question. It is claimed that the Haberkorn equation does not account for quantum

measurement effects to which end an alternative definition was proposed by Kominis [76–78],
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which has incited much discussion but attracted little support in itself. A second master equation

was proposed by Jones and Hore following from quantum measurement arguments. For the full

derivation see Ref [79] from which only the final result is reproduced here:

K̂ρ = −(kS + kT )ρ+ kSQ̂TρQ̂T + kT Q̂SρQ̂S (1.60)

which in Liouville space is written as:

ˆ̂
Kρ̂ = −(kS + kT )ρ̂+ kS

(
Q̂T ⊗ Q̂TT

)
ρ̂+ kT

(
Q̂S ⊗ Q̂TS

)
ρ̂ (1.61)

where the subscript denotes the spin-state and the superscript T indicates a transpose.

Several independent researchers have rederived the Haberkorn master equation by consider-

ing the RP as coupled to vibrationally excited states of the ground state [80, 81]. It has also

been suggested that different reaction mechanisms may require different master equations, see

Refs [82–84] an idea also supported by the derivation of
ˆ̂
K from a quantum optical approach by

Tiersch [85] which arrives at the Haberkorn and Jones-Hore equations as two limiting cases.

In practice the only difference between the Haberkorn and Jones-Hore equations is a factor of

two in the decay of S-T coherences. These coherences are also eroded by any relaxation processes

at work in the system and so an experimental scheme by which the two may be distinguished

is hard to envisage. Given the very small differences between the two master equations the

simulations in this thesis use the traditional Haberkorn master equation.

1.3.6 Relaxation

Although we would often like to think that spin systems are isolated from the rest of the

universe this is never the case in reality. Most spin systems are constantly interacting with their

surroundings incurring time-dependent fluctuating interactions that bring about relaxation. It

should be noted that we use the term relaxation to mean all dissipation processes, rather than

decoherence induced by chemical reaction, by which we mean any incoherent processes which

alter the populations of states or coherences between them.

Relaxation Mechanisms

In most cases the time-dependence of an interaction is generated by random thermal motion of

the system or surroundings (or both), through translational and rotational diffusion in liquids or
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lattice vibrations in the solid state. Translational motion and vibrations bring about fluctuation

in the orientation and separation of two magnetic species which will lead to modulation of the

distance-dependent interactions, such as dipolar and exchange couplings. Modulation of these

interactions can also be achieved through electron transfer processes (Chapter 5). Anisotropic

interactions are modulated by rotational diffusion, i.e. molecular tumbling. Such interactions

include the Zeeman interaction when the g-tensor is anisotropic though the size of this contribu-

tion is strongly dependent on field strength. As organic radicals tend to have small anisotropies

in their g-values this mechanism is usually insignificant for radicals at low field. Considerable

anisotropic nuclear Zeeman interactions are rare and the effective nuclear equivalent of the elec-

tron g-tensor is the chemical shielding anisotropy. Again this is also only really important at high

field where it is often the major contributor, along with rotational modulation of the direction-

dependent dipole-dipole interaction, to relaxation in NMR experiments [86]. Modulation of the

field-independent HFI is usually considered the dominant relaxation mechanism for radical pairs

in solution.

There are some other more exotic relaxation mechanisms which are effective under specific

conditions. For example, spin-rotation interaction, whereby molecular rotation causes the mo-

tion of the electrons and nuclei which, being charged, can induce small local magnetic fields

which fluctuate in time and hence can cause spin-relaxation [66]. Degenerate electron exchange

between radicals and their closed shell counterpart removes all coherence between the electron

and its nuclei on the occurrence of every electron ‘hop’ – the effect of which is also relaxation

[72].

Relaxation at High Field

Relaxation at high field is well understood and has been dealt with extensively [26, 60, 66, 86].

It is often described in terms of two distinct processes. The first is longitudinal or spin-lattice

relaxation which is the return of a system to its equilibrium magnetisation, i.e. returning the

populations of the α and β states to their Boltzmann equilibrium. For example in NMR, this is

manifest as the build up or loss of magnetisation when the field is turned on or off respectively.

This process requires an exchange of energy with the environment/lattice and is described by a

characteristic time, T1.

The second process is transverse or spin-spin relaxation which is the removal of coherences

between spins. At high field this can be visualised using the vector model by considering the
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precession of the magnetisation around the applied field direction at a rate dependent on the

field strength. The magnetisations of all spins are produced in phase with one another, but

fluctuations in the local field strength of each spin will cause them to experience varying Larmor

frequencies, that is, precession at slightly different rates. As time goes on this will result in the

randomisation of all phases, the coherences between spins are lost. This does not require energy

transfer and is characterised by a time, T2.

As T1 and T2 processes have very different energy dependencies, the two relaxation time

scales can be several orders of magnitude apart, resulting in some experiments where only one

form of relaxation is observed.

Relaxation at Low Field

At low field, when the applied field is less than or at most equal to the HFI strength, the pic-

ture is no longer so clear. To consider T1 and T2 processes in the same terms is unhelpful as

the laboratory z-axis is no longer the eigenaxis of the system. The two radicals of a solution

phase RP, with different nuclei and negligible exchange/dipolar interaction, will have different

eigenaxes, hence the axis along which the spin angular momenta are quantised will be unique

to each radical. There is no sense in describing the spin-lattice relaxation as a decay of mag-

netisation in such a system. However, a parallel may be drawn between the high and low field

situations by generalising the T1 process to the equilibration of populations in the eigenbasis of

the system. At high field this coincides with the laboratory axis and at low fields is a composite

of all interactions. The physical interpretation of the eigenstates of a low field system is rarely

obvious. The T2 process at low field is more readily extrapolated; we must now consider the

coherences to be between the eigenstates of the system, not between the magnetisation of each

spin.

In the density matrix formalism T1 type processes evolve the diagonal elements, in the

eigenbasis of the Hamiltonian, and T2 processes erode the off-diagonal elements.

Lindblad Operators

In order to describe any system and its surroundings (environment) quantum mechanically it is

necessary to make some approximations. In quantum optics a premium is placed on maintaining

complete positivity (CP) throughout the course of system evolution. A density matrix that is

completely positive for all time will always have real positive eigenvalues. The Lindblad master
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equation was proposed as a form of dynamical map to propagate the system in time. For a very

readable derivation see [87] Chapter 3, the most general result of which (Equation 3.66, p117)

is reproduced here:

LρS = −i [H, ρS ] +

N2−1∑
k=1

Γk

(
AkρSA

†
k −

1

2
A†kAkρS −

1

2
ρSA

†
kAk

)
(1.62)

where Ak are the Lindblad operators, formed from linear combinations of the spin operators, and

Γk are often considered in terms of correlation functions and may be seen as effective relaxation

rates. The second term of Equation (1.62) when describing relaxation processes only (and not

reaction) is often called the dissipator term. It is often convenient to use Equation (1.62) with

artificial operators, i.e. not derived from a true description of the system, to describe relaxation

phenomenologically, or to observe the effect of a particular form of dephasing [88].

One difficulty of using quantum dynamical semi-groups to derive a master equation for a

particular system is in deriving the relevant Lindblad operators [89]. A microscopic derivation

(Ref [87] p125) attempts to derive a master equation with a clear physical interpretation. In the

process a series of approximations is applied and in so doing the guarantee of complete positivity

is lost and the Redfield master equation is rederived.

Redfield Theory

There have been many treatments of relaxation in a spin dynamics context but the most preva-

lent description follows the work of Bloch, Redfield and Wangsness, often called BRW theory

or simply Redfield theory [90, 91]. This accounts for relaxation through coupling of the system

to an external classical bath or lattice and treats the latter perturbatively. For a system under-

going time-dependent fluctuations the Hamiltonian is written as the sum of time-independent

Ĥ0 and time-dependent Ĥ1 terms. An excellent review of the theory of spin-lattice relaxation is

provided by Goldman in Ref [92]. The assumptions made in the course deriving Redfield theory

are summarised:

1. The Hamiltonians are in the perturbative limit i.e. ‖Ĥ1‖ � ‖Ĥ0‖.

2. The perturbing Hamiltonian has a zero ensemble average.

3. There are only weak correlations between the spin system and the bath, i.e. the system

is in the weak coupling limit.
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4. Noise functions are stationary.

5. Correlation functions decay much faster than the system evolution due to relaxation.

(2-5 together are also known as the Born-Markov approximation). The regions of applicability

of these assumptions for low field simulations have recently been investigated [93] with the

conclusion that Redfield theory is usually accurate well beyond the normally expected range. At

high magnetic field several further approximations are possible which allow for ready evaluation

of the relaxation effects, most commonly the secular approximation. However at low field no

terms may be discounted. Redfield theory of relaxation will be presented in more detail in

Chapter 2.

1.4 Summary

This chapter has aimed to briefly introduce spin chemistry both as an experimentally observed

phenomenon and as a well-developed area of quantum mechanical study. Despite being a thesis

concerned exclusively with the theoretical description of spin dynamical processes all calculations

are carried out with a view to better understanding the physical processes occurring in both

laboratory experiments and in biological processes.

Chapter 2 describes the use of state-space restriction techniques to improve the efficiency

of spin dynamics calculations, with particular application to radical pair reactions. A method

to produce superoperators directly into an analytically derived reduced state-space is presented

which greatly improves the efficiency of Liouville space spin chemical calculations [94]. A brief

overview of the spin dynamics software library Spinach (http://spindynamics.org/Spinach.php)

[95], in which this work is implemented, is given.

Chapter 3 introduces the concepts of coherence and entanglement and seeks to understand

their role in the magnetic field sensitivity of the radical pair mechanism. The inherent anisotropy

of the triplet states is explored as a source of directional information in RP reactions.

In Chapter 4 the avian magnetocompass is introduced along with an overview of the be-

havioural data collected to date. The main work of this chapter is concerned with understand-

ing the influence of oscillating fields on RP reactions, particularly with a view to explaining the

remarkable apparent sensitivity of birds to weak radio-frequency fields at the Zeeman resonance.

The suggestion of oxygen or superoxide as a potential partner in the putative RPM is investi-

gated [96]. Furthermore we explore whether it is possible to expect orientation from birds under
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radio-frequency fields alone.

Chapter 5 reports the attempts to model MFE data recorded by co-workers in the Tim-

mel group for Escherichia coli photolyase and Arabidopsis thaliana cryptochrome 1. Several

relaxation models were trialled with only one particular form of dephasing fitting the data to a

satisfactory degree.

In Chapter 6 the amplification of anisotropic MFEs for RPs with strong isotropic magnetic

field-strength dependence using the direction dependent field-strength from nearby magnetic

nanoparticles is considered. We investigate both one and two nanoparticle systems.

Chapter 7 takes a step away from radical pairs and weak magnetic fields. In this chapter we

make use of the spin dynamics software Spinach to investigate the symmetry requirements of

long-lived nuclear spins states in NMR systems [97].
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Chapter 2

State Space Restriction

2.1 Introduction

The field of spin dynamics was developed to describe the interaction of electron and nuclear

spins with their magnetic environment and with each other. This physical formalism, which was

introduced in Chapter 1, has been used, for example, to simulate magnetic resonance experiments

and the outcome of radical pair reactions. Ideally, we would like to be able to exactly simulate

the spectra of any realistic molecule and to calculate the magnetic field effect on any chemically

feasible radical pair. In reality this is rarely possible.

Every spin has an associated angular momentum, I, and correspondingly 2I + 1 projections

onto the laboratory frame. To describe one spin of spin I we require a 2I+1 by 2I+1 matrix, for

example a lone spin-1
2 is described by the 2× 2 Pauli matrices. To describe the dynamics of two

spins with spin angular momentum quantum numbers I and J , we must take direct products

of the individual matrix representations and reach a representation of size (2I + 1)(2J + 1).

The state-space associated with a particular problem scales exponentially with the number of

spins involved. The blue line of Fig 2.1 shows the Hilbert state-space size for a calculation of a

system of spins-1
2 . For calculations carried out in Liouville space, as is necessary if incoherent

processes need to be included, the situation is even worse. The matrix dimensions in Liouville

space are the square of those in Hilbert space, thus for the previous IJ system the Liouville

space representation is now (2I + 1)2(2J + 1)2, i.e. the state-space size now scales with the

square of the spin multiplicities. The green line in Fig 2.1 shows the Liouville space matrix size

as a function of the number of spin-1
2 .

Naturally, computers cannot manipulate enormous matrices. While very large (≈ 100, 000×
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Figure 2.1. Matrix size for n spin- 12 in Hilbert space blue, 2n and Liouville space green, 4n. The
black dotted line indicates the approximate limiting size for normal workstation matrix manipulation in
MATLAB.

100, 000) sparse matrices can often be stored, carrying out operations on them increases the

memory requirements and processing power needed. Matrix diagonalisation and multiplication,

which are required for radical pair simulations in Hilbert space, scales as O(N3), thus swiftly

becomes prohibitively large. In addition diagonalisation even of sparse matrices produces dense

eigenvectors which are much more memory-expensive to store.

The exponential scaling problem of spin dynamics calculations is well-known and there have

been many ‘tricks’ suggested for reducing the size of the matrix representation describing the

problem. In this chapter we have sought to investigate several state-space restriction (SSR)

techniques, that had previously been applied with some success to Liouville-space NMR sim-

ulations [98, 99] to spin chemical problems. In the light of these results new techniques were

developed for SSR in spin chemistry which could be extended to reduce matrix dimensions

in other spin dynamics simulations. A procedure has been developed to analytically reduce

the state-list of a simulation and subsequently to form the requisite operators directly into

the reduced state-space and this was reported in Ref [94]. These techniques have been ex-

tended to include relaxation and chemical kinetics in the Liouvillian superoperator describing

system evolution. Many of the procedures outlined in this chapter have been implemented in

the Spinach library of codes, a spin dynamics software package which can be downloaded from

http://spindynamics.org/Spinach.php and which was described in Ref [95].
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2.1.1 Basis States

Many different sets of basis states can be used to carry out spin dynamics simulations. The

most natural is perhaps the MS basis (αs and βs for spin-1
2) in which the Pauli operators are

defined but this is by no means the only possibility.

Hilbert Space Transformation

In order to transform between bases it is necessary to write a transformation matrix, Ω̂, in

which the columns give the linear combination coefficients of the new basis state expanded in

terms of the original basis states. For example, it is often deemed convenient to carry out

Hilbert space calculations in the ST (singlet-triplet) basis instead. The singlet and triplet states

of a two-spin system in terms of αs and βs were defined in Equations (1.3) and (1.4). For

the transformation of basis {|αα〉 , |αβ〉 , |βα〉 , |ββ〉} → {|S〉 , |T+〉 , |T0〉 , |T−〉}, this leads to the

transformation matrix:

Ω̂αβ→ST =



0 1 0 0

1√
2

0 1√
2

0

− 1√
2

0 1√
2

0

0 0 0 1


(2.1)

such that, ÂST = Ω̂†ÂαβΩ̂, where Â is an arbitrary operator.

Liouville Space Transformation

A basis transformation superoperator,
ˆ̂
Ω, in Liouville space can be formed in one of two ways.

The first makes use of the Hilbert space transformation operator which is simply is scaled up,

ˆ̂
Ω = Ω̂ ⊗ Ω̂. Alternatively

ˆ̂
Ω can be formed following the same procedure as was used for

Equation (2.1), i.e. the new basis vectors are written in terms of linear combinations of the

original Liouville space basis vectors (which will often be the products of Hilbert space basis

vectors, |ijk · · · 〉 〈i′j′k′ · · · |). The transformation is then carried out according to:

ˆ̂
Anew =

ˆ̂
Ω†

ˆ̂
Aold

ˆ̂
Ω (2.2)
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Irreducible Spherical Tensors

For our purposes, the normalised irreducible spherical tensors (nISTs), Equation (1.11), have

proven particularly convenient as a basis set.1 They are directly proportional to the spin op-

erators, are normalised and have well defined properties under 3D rotations [12]. The trans-

formation matrix from the αβ product basis to nIST basis is formed by row-wise stretching

the nIST operators defined in the αβ basis and then concatenating the resulting vectors into a

matrix. For a spin system comprising one spin the Liouville space transformation superoperator

for {|α〉 〈α| , |α〉 〈β| , |β〉 〈α| , |β〉 〈β|} →
{
T̂0,0, T̂1,1, T̂1,0, T̂1,−1

}
is:

ˆ̂
Ωαβ→IST =



1√
2

0 1√
2

0

0 −1 0 0

1√
2

0 − 1√
2

0

0 0 0 1


(2.3)

For multi-spin systems the full basis set is made from the series of direct products of all 4N

combinations of the nISTs. These can be made by taking direct products of the constituent

nISTs in Hilbert space and then stretching and concatenating the resulting matrices. The

transformation matrix will be analogous to that of Equation (2.3) but larger.

Basis Indexing of nISTs

Each nIST can be uniquely identified by its rank, l, and order, m, thus it is possible to describe

the basis vectors in terms of an indexing system rather than saving the matrices themselves,

reducing the memory requirement. For example, a three spin-1
2 system has 64 basis states,

formed from all combinations of the four possible nISTs associated with each spin:



T̂0,0

T̂1,1

T̂1,0

T̂1,−1


⊗



T̂0,0

T̂1,1

T̂1,0

T̂1,−1


⊗



T̂0,0

T̂1,1

T̂1,0

T̂1,−1


(2.4)

where the first index represents the rank, l and the second index the order, m.

The 64 states may be indexed either via (l,m) or to further simplify the matter the indexing

is linearised such that the nISTs are ordered in terms of increasing rank, and within rank in

1The ISTs must be normalised or the transformation matrix will not be unitary.
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terms of descending order, and then consecutively numbered from 0 upwards. For example, the

first four nISTs are given by T̂0,0 ⇒ 0, T̂1,1 ⇒ 1, T̂1,0 ⇒ 2, T̂1,−1 ⇒ 3 in the linear indexing

form. Examples of basis indexing are shown for a three spin-1
2 system in Table 2.1. The order of

labelling in the state description defines the order of tensors to be included when they are put

together by direct product, for example (123) defines the basis state which is given in Hilbert

space as the tensor product operator:

Ô = T̂1,1 ⊗ T̂1,0 ⊗ T̂1,−1 (2.5)

Another useful property is that the nISTs are eigenstates of
ˆ̂
Lz:

ˆ̂
LzT̂l,m = mT̂l,m (2.6)

and by extension a state formed from the direct product of n nISTs (one for each spin) has the

eigenvalue
∑n

i=1mi where mi is the order of each nIST.

Before embarking on the SSR techniques applied in this chapter we briefly outline two

other techniques already in use for radical pair reaction simulations within the Hore group,

and elsewhere.

2.1.2 Separating the Radicals

In systems where the two electrons are non-interacting it is possible to reduce the matrix size

of the problem by treating the two electrons (each with their coupled nuclei) separately [62].

Assuming that exchange and dipolar interactions are negligible it is possible to write the Hamil-

tonian as:

Ĥ = ĤA + ĤB (2.7)

Ĥ i is the Hamiltonian for the ith electron and in general comprises a sum over the hyperfine

interactions (HFI) and a Zeeman interaction. The probability of finding the radical pair born

as a pure singlet in the singlet state at time t is given by (from Equations (1.24) and (1.23)):

PS(t) =
〈
Q̂S

〉
(t) = Tr

{
ρ(t)Q̂S

}
(2.8)

=
1

M
Tr
{

e−iĤtQ̂S eiĤtQ̂S

}
(2.9)
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Table 2.1. Basis indexing of the full 64 state state-space of a three spin- 12 system. Tl,m is an nIST of
rank l and order m.

State

(
l
m

)
Indexing Linear Indexing State

(
l
m

)
Indexing Linear Indexing

T̂0,0T̂0,0T̂0,0

(
0 0 0
0 0 0

)
000 T̂1,0T̂0,0T̂0,0

(
1 0 0
0 0 0

)
200

T̂0,0T̂0,0T̂1,1

(
0 0 1
0 0 1

)
001 T̂1,0T̂0,0T̂1,1

(
1 0 1
0 0 1

)
201

T̂0,0T̂0,0T̂1,0

(
0 0 1
0 0 0

)
002 T̂1,0T̂0,0T̂1,0

(
1 0 1
0 0 0

)
202

T̂0,0T̂0,0T̂1,−1

(
0 0 1
0 0 −1

)
003 T̂1,0T̂0,0T̂1,−1

(
1 0 1
0 0 −1

)
203

T̂0,0T̂1,1T̂0,0

(
0 1 0
0 1 0

)
010 T̂1,0T̂1,1T̂0,0

(
1 1 0
0 1 0

)
210

T̂0,0T̂1,1T̂1,1

(
0 1 1
0 1 1

)
011 T̂1,0T̂1,1T̂1,1

(
1 1 1
0 1 1

)
211

T̂0,0T̂1,1T̂1,0

(
0 1 1
0 1 0

)
012 T̂1,0T̂1,1T̂1,0

(
1 1 1
0 1 0

)
212

T̂0,0T̂1,1T̂1,−1

(
0 1 1
0 1 −1

)
013 T̂1,0T̂1,1T̂1,−1

(
1 1 1
0 1 −1

)
213

T̂0,0T̂1,0T̂0,0

(
0 1 0
0 0 0

)
020 T̂1,0T̂1,0T̂0,0

(
1 1 0
0 0 0

)
220

T̂0,0T̂1,0T̂1,1

(
0 1 1
0 0 1

)
021 T̂1,0T̂1,0T̂1,1

(
1 1 1
0 0 1

)
221

T̂0,0T̂1,0T̂1,0

(
0 1 1
0 0 0

)
022 T̂1,0T̂1,0T̂1,0

(
1 1 1
0 0 0

)
222

T̂0,0T̂1,0T̂1,−1

(
0 1 1
0 0 −1

)
023 T̂1,0T̂1,0T̂1,−1

(
1 1 1
0 0 −1

)
223

T̂0,0T̂1,−1T̂0,0

(
0 1 0
0 −1 0

)
030 T̂1,0T̂1,−1T̂0,0

(
1 1 0
0 −1 0

)
230

T̂0,0T̂1,−1T̂1,1

(
0 1 1
0 −1 1

)
031 T̂1,0T̂1,−1T̂1,1

(
1 1 1
0 −1 1

)
231

T̂0,0T̂1,−1T̂1,0

(
0 1 1
0 −1 0

)
032 T̂1,0T̂1,−1T̂1,0

(
1 1 1
0 −1 0

)
232

T̂0,0T̂1,−1T̂1,−1

(
0 1 1
0 −1 −1

)
033 T̂1,0T̂1,−1T̂1,−1

(
1 1 1
0 −1 −1

)
233

T̂1,1T̂0,0T̂0,0

(
1 0 0
1 0 0

)
100 T̂1,−1T̂0,0T̂0,0

(
1 0 0
−1 0 0

)
300

T̂1,1T̂0,0T̂1,1

(
1 0 1
1 0 1

)
101 T̂1,−1T̂0,0T̂1,1

(
1 0 1
−1 0 1

)
301

T̂1,1T̂0,0T̂1,0

(
1 0 1
1 0 0

)
102 T̂1,−1T̂0,0T̂1,0

(
1 0 1
−1 0 0

)
302

T̂1,1T̂0,0T̂1,−1

(
1 0 1
1 0 −1

)
103 T̂1,−1T̂0,0T̂1,−1

(
1 0 1
−1 0 −1

)
303

T̂1,1T̂1,1T̂0,0

(
1 1 0
1 1 0

)
110 T̂1,−1T̂1,1T̂0,0

(
1 1 0
−1 1 0

)
310

T̂1,1T̂1,1T̂1,1

(
1 1 1
1 1 1

)
111 T̂1,−1T̂1,1T̂1,1

(
1 1 1
−1 1 1

)
311

T̂1,1T̂1,1T̂1,0

(
1 1 1
1 1 0

)
112 T̂1,−1T̂1,1T̂1,0

(
1 1 1
−1 1 0

)
312

T̂1,1T̂1,1T̂1,−1

(
1 1 1
1 1 −1

)
113 T̂1,−1T̂1,1T̂1,−1

(
1 1 1
−1 1 −1

)
313

T̂1,1T̂1,0T̂0,0

(
1 1 0
1 0 0

)
120 T̂1,−1T̂1,0T̂0,0

(
1 1 0
−1 0 0

)
320

T̂1,1T̂1,0T̂1,1

(
1 1 1
1 0 1

)
121 T̂1,−1T̂1,0T̂1,1

(
1 1 1
−1 0 1

)
321

T̂1,1T̂1,0T̂1,0

(
1 1 1
1 0 0

)
122 T̂1,−1T̂1,0T̂1,0

(
1 1 1
−1 0 0

)
322

T̂1,1T̂1,0T̂1,−1

(
1 1 1
1 0 −1

)
123 T̂1,−1T̂1,0T̂1,−1

(
1 1 1
−1 0 −1

)
323

T̂1,1T̂1,−1T̂0,0

(
1 1 0
1 −1 0

)
130 T̂1,−1T̂1,−1T̂0,0

(
1 1 0
−1 −1 0

)
330

T̂1,1T̂1,−1T̂1,1

(
1 1 1
1 −1 1

)
131 T̂1,−1T̂1,−1T̂1,1

(
1 1 1
−1 −1 1

)
331

T̂1,1T̂1,−1T̂1,0

(
1 1 1
1 −1 0

)
132 T̂1,−1T̂1,−1T̂1,0

(
1 1 1
−1 −1 0

)
332

T̂1,1T̂1,−1T̂1,−1

(
1 1 1
1 −1 −1

)
133 T̂1,−1T̂1,−1T̂1,−1

(
1 1 1
−1 −1 −1

)
333
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where M is the number of nuclear states over which the initial singlet must be normalised and

Q̂S is the singlet projection operator. Writing out the singlet projection operator in full gives:

PS(t) =
1

M
Tr

{
e−iĤt

(
1

4
1̂− ŜA · ŜB

)
eiĤt

(
1

4
1̂− ŜA · ŜB

)}
(2.10)

=
1

M

{
1

16
Tr
{
1̂
}
− 1

2
Tr
{
ŜA · ŜB

}
+ Tr

{
e−iĤtŜA · ŜBeiĤtŜA · ŜB

}}
(2.11)

The trace of the unit operator is simply equal to the size of the matrix which is 4M for electrons

and nuclei. The spin operators are traceless and it follows that any direct product of them must

be likewise – removing the second term of Equation (2.11). Given Equation (2.7) the propagator

is readily rewritten in terms of the two electrons separately, and as operators acting on different

objects must commute it is possible to rewrite the third term of Equation (2.11) as:

∑
p,q=x,y,z

Tr
{
ŜAp e−iĤAtŜAq eiĤAt

}
Tr
{
ŜBp e−iĤBtŜBq eiĤBt

}
(2.12)

Substituting in for each of the three terms gives:

PS(t) =
1

4
+

1

M

∑
p,q=x,y,z

Tr
{
ŜAp e−iĤAtŜAq eiĤAt

}
Tr
{
ŜBp e−iĤBtŜBq eiĤBt

}
(2.13)

Thus the size of the matrices to be used has been reduced to just the size of the spin system of

each individual radical. Of course, the work required to recouple the two electrons to find the

overall singlet yield is not inconsiderable, and much effort has gone into improving the efficiency

of that procedure [100].

The same procedure can be followed for calculations in Liouville space, see Ref [93], to give:

σS(t) =
1

4
+

1

M

∑
p,q=x,y,z

〈
ŜA†p

∣∣∣ e−i
(

ˆ̂
HA+

ˆ̂
RA

)
t
∣∣∣ŜA†q 〉〈ŜBp ∣∣∣ e−i

(
ˆ̂
HB+

ˆ̂
RB

)
t
∣∣∣ŜBq 〉 (2.14)

where
ˆ̂
Ri is the relaxation superoperator for the ith radical assuming it results from modulation

of the interactions within that radical only, e.g. rotational modulation of anisotropic HFIs,

hence
ˆ̂
R =

ˆ̂
RA +

ˆ̂
RB. In Ref [93] this expression is used for the derivation of a simple formula

for the total singlet yield which makes use of the block diagonal nature of the operators. The

resultant expression gives significant reduction in the matrix size of the problem, to which we

shall return later.
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2.1.3 MS Block Diagonalisation

The αβ basis is useful as the basis vectors are eigenstates of the individual spin projection op-

erators, Ŝiz and the total spin projection operator, ŜTotal
z =

∑
i Ŝ

i
z. It is obvious, therefore, that

any operators built from Ŝz operators cannot change the spin state, i.e. are always diagonal in

this basis. It is the raising and lowering operators which cause spin flips α↔ β, the representa-

tions of these operators in this basis are not diagonal. For the case of solely isotropic HFIs the

Hamiltonian is given by:

ĤHFI =
∑

X=A,B

∑
i

aXi

(
ŜXz Î

Xi
z +

1

2

(
ŜX+ Î

Xi
− + ŜX− Î

Xi
+

))
(2.15)

where aXi is the isotropic coupling constant of the ith nucleus on radical X and ÎXi+,−,z the corre-

sponding nuclear operators. Inspection of Equation (2.15) shows that the raising and lowering

operators always work in concert, that is the hyperfine interaction brings about complimentary

spin flips in a coupled electron-nucleus pair. Thus the total projection of spin angular momen-

tum on the laboratory frame z-axis is unchanged by the HFI. The isotropic HFI Hamiltonian

therefore commutes with the total spin projection operator:

[
ŜTotal
z , ĤHFI

]
= 0 (2.16)

and it is correspondingly clear that the total Hamiltonian in this case is block diagonal with

respect to MTotal
S [58, 101]. For example a three-spin system has a full Hilbert state-space size of

eight, but block diagonalisation reduces the system to a direct sum of four blocks {1, 3, 3, 1}. If

the calculation is scaled up into Liouville space the individual blocks are {1, 9, 9, 1} as opposed

to 64 for the full state-space.

This block diagonalisation is not possible in the case of anisotropic HFIs as these no longer

have perfectly countered raising and lowering operators, and by extension relaxation superop-

erators arising from random modulation of anisotropic HFIs are also not block diagonal with

respect to MTotal
S . However, the singlet and triplet projection anti-commutator superoperators

required to account for non-exponential reaction kinetics are block diagonal with respect to the

total spin angular momentum projection.

Formation of the reduced operators in Liouville space is achieved most readily by simple

scaling up of the individual blocks directly from Hilbert space. In Hilbert space it is possible to

form the reduced operators directly into the smaller blocks. Though having a smaller memory
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footprint, this has proved slower than normal operator generation followed by transformation

into the block diagonal form.

2.2 Initial Aims

Two procedures for SSR of NMR simulations were proposed in Refs [98] and [99]. These methods

had been implemented in MATLAB in the first incarnations of the spin dynamics software

Spinach. NMR systems tend to be sparsely coupled with each spin linked to only a small number

of others. Spin chemical systems are somewhat different with each electron connected, to varying

extents, to every nucleus in the radical and it was not clear whether the same techniques could

be successfully applied to speed up spin chemical calculations. It was the initial aim of the work

of this chapter to investigate the application of clusterisation and zero-track elimination to spin

chemistry simulations and in doing so to contribute to the development of the spin chemistry

section of the Spinach library.

The SSR techniques are briefly outlined in the following subsections along with their appli-

cation to magnetic field effect (MFE) calculations of radical pair reactions.

2.2.1 Clusterisation

In the simulation of NMR spectra it is quite normal to calculate the spectra for small parts

of the molecule individually, decided upon by chemical intuition, and simply add the results.

This idea was extended in Ref [98] to provide an alternative means of dividing up the system of

interest. If the spin system is considered as an interaction graph where nodes show spin position

and connectors indicate a direct interaction, two criteria can be used to eliminate states from

the basis (defined in terms of the nIST operators):

• Coherences between spins that are far apart on the interaction graph are unlikely to build

up on the normal timescale of an NMR experiment.

• High-order coherences, that is across many spins, accumulate slowly but are relaxed

rapidly.

Both statements are reasonably intuitive: to build up a coherence between far separated spins

each individual pair-wise interaction along the connecting chain must have time to act. Sim-

ilarly for high-order coherences several pair-wise interactions must have time to act but will

concurrently be being relaxed by modulation of each individual interaction and thus undergo
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rapid decoherence. A more formal mathematical justification was very recently reported and

can be found in Ref [102].

The above criteria were implemented in Spinach by considering the spin coupling graph

limited to clusters of n spins, where n could be defined by the user. Alternatively it was

possible to input manually defined clusters. The full basis was then generated for each cluster

and subsequently the clusters were recoupled to form the complete reduced state-space, and

similarly the operators were recoupled.2

Application to Spin Chemistry

This procedure was shown to work well for NMR simulations [98], however it was unclear if

the same approximations could be satisfactorily applied to spin chemical calculations. Initial

consideration might suggest that in a densely coupled system, where every spin within a radical

is only two interactions from any other spin, neither of the criteria listed above is likely to be

satisfied.

Initially only coherent processes and equal rate constants from both spin states were consid-

ered for simplicity. State-space restricted Liouville space calculations could then be compared to

the exact simulation carried out in Hilbert space, which is always much quicker. Many different

systems were tested; the number and distribution (across the two radicals) of HFIs were varied

as were the strengths of the couplings and magnitude of the rate constants. In addition the

cut-off size of the clusters was also changed. An example is shown in Fig 2.2. As a general rule,

the faster the rate constant the better the fit when using clusterisation SSR, and in such cases it

was often just the fine structure of the simulation, which might not be resolved in experimental

data, that was not reproduced.

In recent months, the clusterisation comparisons have been revisited by Edwards and Kuprov

[103]. They have found that if relaxation is included in the simulations and rate constants are

reasonably rapid (> 107 s−1) it is possible to achieve reliable convergence of MFE calculations

when the cluster size reaches eight. These calculations were carried out on the Cloud computing

system (Amazon EC2). Given that in general a single system (one cluster) of eight spins would

exceed the memory of a normal workstation this conclusion is not at present of practical use.

Overall it appeared that clusterisation would not produce significant reduction in the state-

2The original method of recoupling the operators was far from optimum and now makes use of the procedure
derived later in this chapter for the formation of operators directly into a reduced basis when the state-list for
that basis is defined.
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Figure 2.2. Isotropic MFE simulations for a four-nucleus system. Two nuclei on radical A both have
a = 0.295 mT and the two nuclei on radical B have a1 = −0.714 mT and a2 = 0.714 mT. A range of rate
constants were used, k

106 = [0.176 0.88 1.76 3.52 8.80 17.6 35.2 52.8] s−1, these are assigned to the curves
ascending up the graph, i.e. the faster k the greater the singlet yield, ΦS . The simulations were run for
clusters of size n, i.e. including n spins. a) Exact simulation, n = 6 (⇒ 100% of the 4096 states), b)
n = 5 (⇒ 82.2%), c) n = 4 (⇒ 46.6%) and d) n = 3 (⇒ 16.9%). The clusters themselves were generated
automatically by the Spinach codes according to the procedure in Ref [98].

space and does not reliably reproduce the exact simulation results. This avenue of state-space

restriction was not considered further.

2.2.2 Zero-Track Elimination

Having observed that the operators resulting from the clusterisation SSR on NMR systems were

still sparse Kuprov proposed (in Ref [99]) a second procedure to further prune the state-space.

Clusterisation prunes the state-space based upon an analysis of the spin system. Zero-track

elimination (ZTE) trims the state-space at the trajectory level. During this procedure the states

43



that are not populated during the simulation, and thus cannot contribute to any observable, are

removed.

There exist efficient methods for the evaluation of the outcome of a matrix exponential on

a vector which avoids actually calculating the matrix exponential itself (a process that, like

matrix diagonalisation, scales as O(N3)) [104]. These were implemented by Kuprov in the

Spinach ZTE module to allow efficient calculation of the Krylov subspace of the trajectory. For

a time-discretised simulation the full system trajectory can be defined as [99]:

{
ρ̂0, e

−i
ˆ̂
L∆tρ̂0, e

−2i
ˆ̂
L∆tρ̂0, · · · , e−ni

ˆ̂
L∆tρ̂0

}
(2.17)

where
ˆ̂
L is the system Liouvillian, ρ̂0 is the starting vector, ∆t is the time-step and t = n∆t

is the end point of the calculation. Each of the states in the series above can be inspected for

basis vectors which are consistently zero and these can be projected out, reducing the size of

the system. Of course in practice, if one has already propagated the full system through its

full time span there is little left to calculate so reducing the system size at that point gives

little advantage. However, a compromise is available; propagating the full system through m

time-steps (where m� n) and inspecting the m+1 resulting state vectors for basis states which

are never populated. This will give the Krylov subspace which spans:

{
ρ̂0, e

−i
ˆ̂
L∆tρ̂0, · · · · · · , e−mi

ˆ̂
L∆tρ̂0

}
(2.18)

Strictly speaking, for zero-track elimination one propagation, assuming a time-independent su-

peroperator, should be sufficient. If a state is not populated initially and is not populated at all

by the action of the superoperator then it can never be populated unless the system interactions

change. In practice for NMR simulations there were few basis states which were identically zero

but it was also possible to eliminate those states which are populated to a very small degree [99].

This latter case is of course an approximation, the accuracy of which is defined by changing the

degree of population required for a state to be kept and by altering the number of steps, m over

which the initial screening propagations are run.
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Figure 2.3. Isotropic MFE simulation for a four-nucleus system. Two nuclei on radical A both have
a = 0.295 mT and the two nuclei on radical B have a1 = −0.714 mT and a2 = 0.714 mT. A range of rate
constants were used, k

106 = [0.176 0.880 1.76 3.52 8.8 17.6 35.2 52.8] s−1, these are assigned to the curves
ascending up the graph, i.e. the faster k the greater the singlet yield, ΦS . The solid black line indicates
the exact simulation (state-space 4096) and the green indicates the zero-track eliminated state-space (757
states ⇒ 18.5%) which runs identically over it.

Application to Spin Chemistry

Initially the ZTE procedure was applied to a conventional isotropic MFE (also known as MARY)

simulation with zero ZTE tolerance, that is looking for the exactly zero basis states only.3 The

result of simulating the same system as in Fig 2.2 with ZTE is shown in Fig 2.3. Clearly there

is a significant reduction in the state-space of the calculation with no loss of accuracy in the

simulation whatsoever. Relaxing the tolerance of the ZTE analysis so as to remove additionally

any low populated states made no difference to the state-space for a tolerance smaller than 10−4.

A tolerance of 10−4 removed only an extra 60 states at the expense of the simulation accuracy

at low field. This SSR technique is clearly much more promising for isotropic spin chemistry

calculations than the clusterisation.

2.2.3 Anisotropic Calculations

As a brief aside we note that clusterisation did not work any better for calculations of MFEs as

a function of field direction with respect to anisotropic HFIs than for the MARY calculations

above which had isotropic HFIs but changed the field strength. Furthermore, ZTE returned

much less significant reductions for anisotropic MFE calculations than for the isotropic case.

We therefore concern ourselves in the main with purely isotropic calculations hereafter.

3ZTE tolerance was set to machine precision in the calculation.
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2.3 Summary One

Having at this point completed the initial aims of this project it is useful to summarise the key

findings before continuing. Firstly the two SSR techniques that had been successfully applied

to NMR simulations by Kuprov, [98, 99] were applied to MARY simulations in spin chemistry.

Clusterisation proved ineffective at reducing the state-space of the simulation without affecting

the accuracy. However, ZTE significantly compressed the state-space of the calculation with no

cost to the accuracy at all. In fact, it was possibly to achieve an ≈ 80% SSR by removing only

states which are precisely zero throughout the course of the simulation, i.e. that are literally

never populated. Thus, the ZTE elimination as used here is an exact SSR technique with no

approximations at all. The natural question arising from this observation relates to the nature of

the states that are never populated. Analytical criteria for removing redundant states would be

more efficient than carrying out the Krylov propagations required for numerical determination

of the minimal basis set. Therefore, the next section is concerned with the identification of the

non-populated states and investigating the underlying cause of their isolation.

2.4 Unpopulated States

We begin with the simplest possible system; two electrons, one coupled to a single isotropic spin-

1
2 nucleus and the other bare. The full state-space has 64 states, Table 2.1, which is reduced to

13 following ZTE. The retained and lost states are summarised in Table 2.2.

The most obvious common feature of the retained states is that they all have zero coherence

order, that is, M =
∑
m = 0. Dozens of other systems were investigated, varying all parameters

and the numbers of nuclei included, and it was seen that this selection criteria always held true.4

This can be justified in much the same way as the MS block diagonalisation. For isotropic MFE

calculations all raising and lowering operators act together in pairs as in Equation (2.15). Such

operators bring about pair-wise spin flips, the electron may change α → β but the coupled

nucleus simultaneously undergoes a change β → α, thus overall there is no change in the total

Ms or M by the action of these operators. Anisotropic systems however, do have unpaired

4The state-lists for these simulations are not included because they are simply too long.
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raising and lowering operators. Even for one simple HFI tensor:

A =


Axx 0 0

0 Ayy 0

0 0 Azz

 (2.19)

the HFI Hamiltonian is given by:

ĤHFI =
1

4

(
(Axx −Ayy)

(
Ŝ+Î+ + Ŝ−Î−

)
+ (Axx +Ayy)

(
Ŝ+Î− + Ŝ−Î+

))
+ AzzŜz Îz (2.20)

which clearly does not have all raising and lowering operators partnered, and hence the total M

of the system is not conserved. This explains why the ZTE procedure brings about a smaller

reduction for anisotropic spin systems.

Table 2.2. Fate of states after ZTE for a three spin- 12 system. Spins are listed electron 1, electron 2,
nucleus 1 (coupled to electron 1).

Retained States
∑
m Lost States

∑
m

000 0 001 1
013 0 002 0
022 0 003 -1
031 0 010 1
123 0 011 2
130 0 012 1
132 0 020 0
213 0 021 1
220 0 023 -1
231 0 030 -1
310 0 032 -1
312 0 033 -2
321 0 100 1

101 2
102 1
103 0
110 2
111 3
112 2
113 1
120 1
121 2
122 1
131 1
133 -1
200 0
201 1
202 0
203 -1
210 1
211 2
212 1
221 1
222 0
223 -1
230 -1
232 -1
233 -2
300 -1
301 0
302 -1
303 -2
311 1
313 -1
320 -1
322 -1
323 -2
330 -2
331 -1
332 -2
333 -3
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Having deduced that only the zero coherence order states are retained we might expect that

all such states would be required for the calculation. However, it is clear from inspection of the

second column in Table 2.2 that this is not the case. Seven states with M = 0 are discarded.

Six of them have all zeros on one of the two radicals, i.e. have T̂0,0 ∝ 1̂ on all the spins coupled

to one of the electrons. In seeking to justify this observation there are three facts to remember:

• There are no operators acting to connect the two radicals, no exchange or dipolar coupling

for example.

• The unit operator cannot evolve under any operation.

• The only initially populated state with unit operators on all spins of a radical is the unit

state which has 1̂s on every spin of the entire system.

Hence, we may consider the operators as acting distinctly on the two radicals. No operator can

evolve a radical into its fully mixed state (1̂ on each spin) unless it begins as such, and the initial

singlet state has only one state with a fully mixed radical – the state which is fully mixed on

both radicals (000) and does not evolve at all. Thus any state which has all zeros on one radical,

but not on both, can be eliminated, and indeed this was seen to be true in all simulations of this

kind. By similar arguments we can see that no state with all ‘Z’s (Ŝz = 1√
2
T̂1,0) on the spins of

one radical can be populated, with the exception of a bare radical which starts with a ‘Z’ state

in the initial singlet and does not evolve because it experiences no interactions. As the ‘all-Z’

case is not true in general for all RPs this was not used as a criterion for analytical basis set

construction. These arguments will be revisited using path tracing procedures, section 2.5.1.

2.4.1 Conservation Laws

The loss of all M 6= 0 states (Table 2.2) through ZTE can be justified by consideration of

conservation laws. All states that violate a conservation law can be eliminated from the state-

space. An observable corresponding to operator Â is conserved if Â commutes with the system

Hamiltonian:

[
Ĥ, Â

]
= 0 (2.21)

which can be alternatively formulated in Liouville space as:

ˆ̂
LÂ = 0 (2.22)

48



where we are now interested in operators which commute with the full system Liouvillian. States

which do not have the same expectation value as the initial state of the system do not conserve

that property, violate the conservation law and can be eliminated. The active, populated,

subspace is then the intersection of states with expectation values arising from all operators

that commute with the Hamiltonian matching those of the initial starting state. All other states

can be discarded.

In the special case that the initial density matrix, ρ̂(0) is an eigenstate of the commutation

superoperator defined by
ˆ̂
A then the expectation value of Â is the eigenvalue:

ˆ̂
Aρ̂(0) =

[
Â, ρ̂(0)

]
= aρ̂(0) (2.23)

and we may now consider the conservation of the eigenvalue of the chosen operator:

ˆ̂
Aρ̂(t) =

[
Â, e−iĤtρ̂(0)eiĤt

]
= e−iĤt

[
Â, ρ̂(0)

]
eiĤt

= e−iĤtaρ̂(0)eiĤt (2.24)

= aρ̂(t)

In this case subspaces of states may be defined according to common eigenvalues under the

operator Â (or under a common combination of eigenvalues arising from a set of operators

commuting with the system Hamiltonian), and the simulation is confined to those subspaces

which coincide with the eigenvalues of the initial density matrix. These subspaces, defined by

the different values of a, do not interconvert.

Finding the conserved observables can be challenging, but we have already observed one

in action. ŜTotal
z =

∑
i Ŝ

i
z, the total projection of spin angular momentum along the z axis

commutes with the system Hamiltonian, and thus M is a conserved eigenvalue as we observed

in Table 2.2.

Hence, the use of the nISTs as basis vectors is particularly useful as they are eigenstates of

ˆ̂
Sz. The

 l

m

 state labelling shown in Table 2.1 provides an especially convenient means of

inspecting the basis states for inclusion. The second row of the matrix, which lists the rank,

m, of every state, can be summed over. If the result is not zero the state is excluded from the

reduced basis.
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2.5 Separating the Singlet State

The initial singlet state is formed from four constituents:

P̂S =
1̂

4
− ŜAz ŜBz −

1

2
ŜA+Ŝ

B
− −

1

2
ŜA−Ŝ

B
+ (2.25)

=
1

2
T̂0,0T̂0,0T̂0,0 −

1

2
T̂1,0T̂1,0T̂0,0 +

1

2
T̂1,1T̂1,−1T̂0,0 +

1

2
T̂1,−1T̂1,1T̂0,0 (2.26)

=
1

2
((000)− (220) + (130) + (310)) (2.27)

where the final line of Equation (2.27) gives the short hand notation of the basis vectors for a

three-spin system (Table 2.1). As the singlet yield, ΦS , is linear with respect to the starting

vector it is possible to separate the calculation into four parts:

ΦS ((000)− (220) + (130) + (310)) = ΦS (000)− ΦS (220) + ΦS (130) + ΦS (310) (2.28)

We performed ZTE on the four calculations of singlet yield arising from splitting up the initial

singlet vector and inspected the states retained from each starting vector, Table 2.3. There are

no states which appear in more than one of the lists, that is, four independent, non-overlapping,

subspaces are populated. This is shown schematically in Fig 2.4, which traces the connectivity

of the states for a three-spin-1
2 system Liouvillian through the reduced basis remaining after

ZTE. Only the HFI part of the Liouvillian is shown as the Zeeman operator is diagonal and

therefore only connects a state with itself. There are clearly four distinct subspaces even within

this already reduced state-list. Larger spin systems return the same subspaces. Finding the non-

interacting subspaces in this way is entirely equivalent to block diagonalisation, but provides an

easier method for establishing what the blocks should be.

The singlet yields resulting from a system beginning in states (130) and (310) are equal. The

Table 2.3. States retained from different parts of an initial singlet for a three spin- 12 system. Spins are
listed electron 1, electron 2, nucleus 1 (coupled to electron 1). The states found in the singlet itself are
shown in bold.

000 220
022
123
321

130 310
031 013
132 213
231 312
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Figure 2.4. Connectivity of the HFI Liouvillian through the 13 states retained after ZTE was applied to
a three spin- 12 system. Different colours indicate the different non-interacting subspaces, the thin black
line shows that the unit state converts with nothing else. The arrows indicate the flow of basis state
populations through the matrix with the large arrows indicating the initially populated states.

non-evolving unit state always contributes 1
4 to the total, thus the MFE calculation which in

the full space uses 64×64 operators can be calculated exactly using:

ΦS =
1

4
− ΦS(220) + 2× ΦS(130) (2.29)

where ΦS(220) and ΦS(130) both use only 4×4 matrices.5 This is a massive reduction in the

state-space, a factor 16 in terms of operator size which would result in a speed-up of ≈ 4000

5For implementation purposes the ΦS(220) sub-space includes the state 222. The criterion which would remove
states which have all ‘Z’s on either radical is not generally applicable to all types of RP (a radical carrying no
magnetic nuclei is the exception to the rule) and so is best avoided. Application of a subsequent ZTE procedure
will remove the few states that remain unpopulated for this reason.
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in matrix-matrix multiplications, matrix diagonalisations and inversions. It should be noted at

this point that this reduction equals that achieved by separating the radicals and exploiting

matrix block diagonality, as described at the end of Section 2.1.2.

Conservation Laws and Non-Interacting Subspaces

It is fruitful, having discovered that there are non-interacting subspaces to try and understand

the physical justification for them. In order to do this we consider again conservation of eigen-

values of the spin angular momentum projection operators. Not only does ŜTotal
z commute with

the system Hamiltonian, but so too do ŜAz =
∑
mA
i and ŜBz =

∑
mB
i :

[
Ĥ, ŜAz

]
=
[
Ĥ, ŜBz

]
= 0 (2.30)

Inspecting the subspaces of Table 2.3 for their quantum coherence (MA and MB) on each radical

reveals that indeed these quantities are conserved within the subspaces:

(
000

)
⇒MA = 0,MB = 0,



220

020

123

321


⇒MA = 0,MB = 0,



130

031

132

231


⇒MA = +1,MB = −1,



013

213

310

312


⇒MA = −1,MB = +1 (2.31)

Thus we may more formally rewrite Equation (2.29) as:

ΦS(P̂S) =
1

4
+ ΦS(MA = 0,MB = 0) + 2ΦS(MA = +1,MB = −1) (2.32)

where ΦS(MA,MB) indicates the subspace into which the operators and vectors have been

projected.6 Once again the

 l

m

 style state-list provides an efficient way of screening states for

which subspace they belong in, the orders m on each radical are simply summed over individually

6Note this definition is essentially the same as Equation (2.29) but here we define the subspaces analytically
by value of M on each radical. This has the advantage that the signs of the contributions in Equation (2.29) fall
out naturally when the singlet state is projected into each subspace.
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and unless the combination of (MA,MB) is (0, 0) or (+1,−1) the state is discarded. Such an

analysis can then be used to form a reduction projection matrix, and to form the reduced

state-list directly.

2.5.1 Path Tracing

Looking at the connectivity of even the reduced Liouvillian shows that the operator is still

sparse and each state connects only with a few others, Fig 2.4. It was noted by Kuprov that the

‘connect-the-dots’ approach to connectivity analysis used in Fig 2.4 is equivalent to performing a

graph-theoretical path tracing procedure through the matrix [105]. The basis states are treated

as the nodes of a graph and off-diagonal elements in the Liouvillian as edges which connect

the nodes. The Liouvillian can then be treated as the adjacency matrix describing the flow of

magnetisation through the system as a result of a propagation step which drives it through the

connections of the graph.

This procedure for SSR was implemented by Kuprov in the Spinach library and has been

successfully used for the SSR of many spin dynamics calculations [94], not at all limited to spin

chemistry. In fact, for spin chemistry the path tracing above which separates the subspaces

according to the radical coherence orders is the best that can be achieved in the nIST basis

for MFE calculations. It is perhaps worthwhile noting at this point that the path tracing

protocol applied to isotropic MFE calculations in the αβ basis not only returns the MS block

diagonalisation of section 2.1.3, but goes further and finds even more independent subspaces,

see also Fig 3.2 in Chapter 3.

2.6 Summary Two

In the second part of this chapter we have identified the redundant states that are removed by

ZTE analysis of the system Liouvillian from a singlet starting vector. Two types of states are

never populated in this regime:

• States with non-zero coherence order, (M 6= 0).

• States which do not have combinations of individual radical quantum coherences of (0,0),

(+1,−1) or (−1,+1).
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Both criteria can be analysed directly from the list of basis vectors in the state-space written

in the

 l

m

 form, by summing over the relevant m’s. This provides an easy means to find the

indices of the retained states so that a reduction projection operator can be constructed, and

hence the full matrix size can be reduced before the main work of the simulation is done.

However, given the exponential scaling of the problem it is often the case that the initial full

matrix cannot be stored by the computer in the first place, or that, even if it is stored the matrix

multiplications required to reduce its size are prohibitively slow or memory consuming. It would

be far better to produce the vectors and matrices directly into the reduced state-space. The

next section of this chapter is concerned with deriving a method for making operators directly

into a reduced basis, without the need to make the full operators first.

2.7 Formation of Operators Directly into the Reduced Basis

It is clearly advantageous to produce the Liouvillian directly in the reduced state-space. We

are working in the normalised IST basis, where every state is the direct product combination of

the nISTs as written in the state definition. Similarly, any operator, or density matrix, can be

written as a linear combination over the direct product combinations of nISTs on each spin, the

tensor product operators (TPOs), Ôk.

Ôk =

N⊗
i=1

B̂i (2.33)

where B̂i are the generating operators i.e. the nISTs.

To begin, the density matrix, ρ̂(t) is expanded as a time-dependent linear combination of

the normalised TPOs:

ρ̂(t) =
∑
k

bk(t)Ôk (2.34)

where bk(t) are the time-dependent expansion coefficients, most of which will be zero. The above

may be substituted into the Hilbert space Liouville-von Neumann equation:

dρ̂(t)

dt
= −i

[
Ĥ, ρ̂(t)

]
(2.35)
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such that:

∑
k

dbk(t)

dt
Ôk = −i

∑
n

bn(t)
[
Ĥ, Ôn

]
(2.36)

Pre-multiplication by ÔTm, and taking a trace on both sides gives:

∑
k

dbk(t)

dt
Tr
{
ÔTmÔk

}
= −i

∑
n

bn(t)Tr
{
ÔTm

[
Ĥ, Ôn

]}
(2.37)

which, on noting the orthonormality of the normalised ISTs, can be simplified to:

dbm(t)

dt
= −i

∑
n

bn(t)Tr
{
ÔTm

[
Ĥ, Ôn

]}
(2.38)

Comparison of this expression with that for the Liouville-von Neumann in the αβ product basis

in Liouville space:

d |ρ̂(t)〉
dt

= −i
ˆ̂
L |ρ̂(t)〉 (2.39)

gives, in the nIST basis:

ˆ̂
Lmn = Tr

{
ÔTm

[
Ĥ, Ôn

]}
(2.40)

The Hamiltonian may also be written as a linear combination of TPOs:

Ĥ =
∑
h

ahÔh (2.41)

and substitution of this into Equation (2.40) allows the calculation of the Liouvillian, element

by element according to the following:

ˆ̂
Lmn =

∑
h

ahTr
{
ÔTm

[
Ôh, Ôn

]}
(2.42)

Expanding the commutators, cyclically permuting the operators (allowed under a trace) and

reforming a commutator gives:

ˆ̂
Lmn = −

∑
h

ahTr
{[
ÔTm, Ôn

]
Ôh

}
(2.43)
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An element is only non-zero if the commutator of its basis operators contains the transpose of

an operator in the Hamiltonian.

If the commutator in Equation (2.43) is split into its two parts it is possible to calculate the

left and right acting parts of the Liouvillian separately, which is particularly useful when dealing

with anti-commutator superoperators as is required by the kinetics superoperator. The left and

right acting Liouvillians are defined as:

L̂ρ⇒ ˆ̂
LLρ̂ (2.44)

ρL̂⇒ ˆ̂
LRρ̂ (2.45)

respectively. Then the commutation superoperator is simply
ˆ̂
LL − ˆ̂

LR. The elements of each of

these operators can be extracted from Equation (2.43) to be:

ˆ̂
LLmn = −

∑
h

ahTr
{
ÔTmÔnÔh

}
(2.46)

ˆ̂
LRmn = −

∑
h

ahTr
{
ÔnÔ

T
mÔh

}
(2.47)

The mixed product property of direct products allows the separation of the multiplication

of two TPOs into normal matrix multiplications of the pairs of basis generators on each spin,

numbered 1,2,3· · · :

ÔTmÔn =
(
B̂T
m1 ⊗ B̂T

m2 ⊗ B̂T
m3 · · ·

)(
B̂gen
n1 ⊗ B̂n2 ⊗ B̂n3 · · ·

)
(2.48)

=
(
B̂T
m1B̂n1

)
⊗
(
B̂T
m2B̂n2

)
⊗
(
B̂T
m3B̂n3

)
· · · (2.49)

Additionally, the product of any pair of basis generators is a linear combination of the other

operators in the set:

B̂T
i B̂j =

∑
k

ci
T ,j
k B̂T

k (2.50)

where

ci
T ,j
k = Tr

{
B̂T
i B̂jB̂k

}
(2.51)

These are known as the structure coefficients of the nISTs and are independent of multiplicity,
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i.e. the structure coefficients of T̂m,lT̂m′,l′ are functions of m,m′, l, l′ with no dependence on the

actual size of the matrices. We remember that the operators of the Hilbert space Hamiltonians

are direct products of relevant combinations of the Pauli spin operators, which are directly

proportional to the normalised ISTs, and hence that Equation (2.41) can also be expanded

according to Equation (2.33). Thus the elements of the left acting Liouvillian can be defined as:

ˆ̂
LLmn = −

∑
h

ahTr

{(∑
k1

cm1T ,n1
k1 B̂T

k1B̂h1

)
⊗

(∑
k2

cm2T ,n2
k2 B̂T

k2B̂h2

)
⊗ · · ·

}

= −
∑
h

ahTr

{∑
k1

cm1T ,n1
k1 B̂T

k1B̂h1

}
· Tr

{∑
k2

cm2T ,n2
k2 B̂T

k2B̂h2

}
· · ·

= −
∑
h

ah

(∑
k1

cm1T ,n1
k1 Tr

{
B̂T
k1B̂h1

})
·

(∑
k2

cm2T ,n2
k2 Tr

{
B̂T
k2B̂h2

})
· · ·

= −
∑
h

ahc
m1T ,n1
h1 cm2T ,n2

h2 · · · (2.52)

and similarly the right acting superoperator is:

ˆ̂
LRmn = −

∑
h

ahc
n1,m1T

h1 cn2,m2T

h2 · · · (2.53)

Putting these together to form the Hamiltonian commutator superoperator gives:

ˆ̂
Lmn = −

∑
h

ah

nspins∏
i=1

cmi
T ,ni

hi +
∑
h

ah

nspins∏
i=1

cni,mi
T

hi (2.54)

where nspins is the number of spins in the system.

The left and right acting superoperators can be formed for any operator built from a linear

combination of the direct products of spin operators. Such operators are necessary, for example,

for the construction of kinetic superoperators in the Jones-Hore master equation [79, 82, 84] and

for Lindblad type relaxation [87].

In this section we have outlined a method for the production of superoperators directly into

state-space-reduced basis, which is applicable to any number of any kind of spin. This method

may be applied to any reduced basis sets, not limited to the subspaces required for spin chemical

calculations.

2.7.1 Implementation

Tables of the structure coefficients ci
T ,j
h can be compiled for all the nISTs, i.e for each combina-

tion of generators, i, j, h, which can then be used with Equation (2.54) to form the Liouvillian
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by walking through the reduced state-list element by element accounting, in the constant ah,

both for the proportionality constant between the normalised ISTs and the spin operators and

for the system-dependent variables (Larmor frequency and HFIs etc.). As the operators are at

most bilinear, Liouvillian generation may be accelerated by screening any pairs of states with

more than two positions different. In addition the structure coefficients are saved and reloaded

as necessary to make the required product. However, even with these accelerations the process

of Liouvillian generation is fairly slow because it is necessary to loop over the state-list twice

to fill in every element, i.e. to get every combination of states m,n one must loop over the

state-list within a loop of the state-list.

An alternative, more efficient implementation of the theory outlined in this section for the

construction of superoperators in the reduced basis was proposed by Kuprov and is currently

used in the kernel of the Spinach library, in the code p superop.m.

2.8 Symmetrisation

Many molecules possess some intrinsic symmetry, and if this property extends to the magnetic

equivalence of different spins the symmetry may be harnessed to bring about further reductions

in the size of the problem to be solved [106]. Two distinct methods for symmetry-derived SSR

are discussed in this section.

2.8.1 Symmetry Adapted Linear Combinations

It is possible to make use of the magnetic equivalence of spins to form symmetry-adapted basis

sets. That is, symmetry adapted linear combinations (SALCs) of states which differ only be

a permutation of nISTs on the equivalent nuclei are formed according to the normal group

theoretical procedure [10]. Naturally the resulting SALCs belong to different irreps, i.e. have

different behaviour under different symmetry operations, cannot interconvert and thus form non-

interacting subspaces. This procedure is not limited to Liouville space and was implemented for

both Hilbert and Liouville spaces in the Spinach libraries by Kuprov; who went on to observe

that only the A1g irrep is populated in spin dynamical simulations performed in Liouville space.

A full derivation of the procedure can be found in Ref [94], and is not reproduced here. It is

sufficient for the purposes of this thesis to note two things:

• Retaining only the totally symmetric irrep, A1g is equivalent to symmetrisation of the

basis.
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• All characters pertaining to the A1g irrep are equal to 1.

Given that only one state from all symmetry adapted linear combinations is retained on

symmetrisation of the basis the resulting reduction was extremely large. It seemed sensible

therefore to investigate whether symmetrisation could be performed analytically on the state-list

in such a way that the superoperators could be formed directly into the symmetry reduced state-

space. It was found to be possible to do this, and an overview of the successfully implemented

procedure is given in the remainder of this section for completeness, however, both formation of

the state-list and of the superoperators becomes extremely slow for the large systems where it

would be useful and it has proved more efficient to content ourselves with forming the operators in

the {MA,MB} blocks and subsequently performing the symmetry reduction on those operators

before embarking on the main part of the simulation.

Analytical Symmetrisation of Basis States

Magnetically equivalent spins can be permuted without affecting the system. Hence, to sym-

metrise the basis, all states which are equivalent but for a permutation of the nISTs describ-

ing the magnetically equivalent spins in the state are added together with equal coefficients

(only the A1g irrep is populated and so the coefficients for forming the SALCs are +1 for ev-

ery symmetry operation) to form the symmetric linear combination. For example, within the

{MA = 0,MB = 0} subspace for a RP with two equivalent nuclei on radical A the states:

0202

0220

 (2.55)

where the spins are ordered: eAeBnA1nA2, are reduced simply to 1√
2
(0202 + 0220) following

symmetrisation (the factor of 1√
2

ensures the state is normalised). Saving a linear combination

of states in one reduced state list is difficult (the indexing is likely to become extremely complex).

Instead the symmetrised state may be represented in the new state list by just one of the basis

states from the linear combination. We know that all the other states in that linear combinations

are related to the stored one by a permutation of nIST-operators on the equivalent spins. That

is, in the symmetry-reduced state-list only 0202 is actually retained in the list, but it is known

to now represent the symmetric sum over both permutations of nISTs on the equivalent spins

(02 and 20). In order to account for the normalisation of the symmetric linear combination it

is necessary to have a coefficient associated with each state retained in the basis, equal to the
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number of permutation-related states it represents. For systems with many sets of symmetric

spins the coefficient on each state is simply the product of the coefficients with respect to each

symmetry group.

To form the reduced state-list the states are added to the list one at a time. If a new state

is only a permutation of equivalent spins away from a state already in the list the new state is

not added itself, but +1 is added to the coefficient of the pre-listed state. For large spin systems

this procedure turns out to be extremely slow in practice. Though in terms of the spin system

memory this procedure is very efficient this is at the expense of a slow calculation time the first

time a particular spin topology is simulated.

Forming Operators Directly in the Symmetry Reduced State-Space

Unfortunately, although it is sufficient for the purposes of state indexing to include just one

state from the symmetric linear combination, this is not true when forming the operators.

In order to calculate the matrix element
ˆ̂
Lmn it is necessary to expand the m-state into all

the states it represents, calculate the coefficient of each ‘hidden state’ with each state represented

by the n-state add them together and normalise with respect to the number of states hidden by

each. Thus one element of the matrix is formed. Although this method has been successfully

implemented, and gives a significant advantage to the memory footprint of a simulation this

gain is at the expense of an extremely slow procedure for forming both the basis state-list and

the operators. Saving the operators for each spin system topology brings some advantage but

really, given the rapidity of symmetrisation codes and the sparsity of the matrices this pre-

symmetrisation routine is somewhat redundant.7

2.8.2 Clebsch-Gordon Symmetrisation

An alternative method for symmetry reducing the basis is to combine the spin angular momenta

of the equivalent spins by Clebsch-Gordon addition [11], the resulting angular momentum can

be assigned to a single ‘effective’ spin. For example, two equivalent spin-1
2 :

1

2
+

1

2
→ (1, 0) (2.56)

can be described by a spin 1 and spin 0. For a RP reaction which has two equivalent nuclei

on one radical the yield calculated for those spins explicitly included, ΦS

(
1
2 ,

1
2

)
is equal to

7It was satisfying to prove it could be done however.
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3
4ΦS(1) + 1

4ΦS(0) where the coefficients account for ‘un-normalising’ the initial singlet with

respect to the effective system nuclei and re-normalising with respect to the true full system, i.e.

the spin multiplicity of a spin-1 and spin-0 space is 3 and 1 respectively, but the spin multiplicity

of two spin-1
2 is 4, and this must be accounted for when the sum over the simulations is taken. In

terms of SSR the reduction in Hilbert space is matrix size of 16→ 12 + 4 which when scaled into

Liouville space is 256 → 144+16. Obviously, the larger the number of magnetically equivalent

nuclei the bigger the reduction. Furthermore, in systems where Clebsch-Gordon addition gives

multiple equal effective spins only one instance need be calculated and the contribution to the

total is then scaled by the number of times that effective spin recurs. For example, for a three

spin-1
2 system:

1

2
+

1

2
+

1

2
→ (1, 0) +

1

2
→
(

3

2
,
1

2
,
1

2

)
(2.57)

ΦS

(
1

2
,
1

2
,
1

2

)
=

1

8

(
4× ΦS

(
3

2

)
+ 2× 2× ΦS

(
1

2

))
(2.58)

In addition it is perfectly simple to apply this procedure to a series of symmetry groups, but all

combinations of the resulting effective spins must be calculated over.

This procedure is well-known and has been often used for spin chemical calculations. Our

contribution to the method has been to implement it in a manner compatible with the Spinach

library and thus in combination with the analytical pre-reduction methods outlined above. To-

gether it is possible to bring about massive reductions in the matrix size of spin chemical

calculations with the relevant operators and vectors formed directly into the reduced basis.

2.9 Relaxation

Many theoretical treatments have been proposed for the description of relaxation, dephasing

and decoherence processes a selection of which were used in the simulations of Chapter 5. For

the moment however we concern ourselves solely with formulations built upon the perturbative

treatment of a fluctuating magnetic interaction. The most general treatment of a perturbative

time-dependent interaction fluctuation is via general cumulant expansion theory [107]. However,

for most purposes Redfield theory is deemed sufficient [90], and is equivalent to truncating the

cumulant expansion at second order, with some additional approximations. It is to Redfield

theory that we restrict ourselves in the work that follows.
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2.9.1 Redfield Theory

There are many excellent discussions of the derivation of Redfield theory in the literature and

text books. However, for clarity we include here an outline of the derivation following, for the

most part, the introduction of a very readable review by Goldman in Ref [92]. Although this

derivation is given in Hilbert space the Liouville space analogue is readily extrapolated.

The Hamiltonian is divided into two terms, a static part (for RPs this includes the electronic

Zeeman interactions and isotropic parts of the hyperfine interaction) and a time-dependent

spin-lattice coupling term (usually for RPs arising from modulation of the anisotropic HFIs, in

NMR systems this term will include rotational modulation of chemical shift anisotropies and

dipole-dipole interactions):

Ĥ = Ĥ0 + Ĥ1 (2.59)

We then move into the interaction representation to remove the effects of the static Hamiltonian.

All operators, Q̂ in the laboratory frame are replaced with:

˜̂
Q(t) = eiĤ0tQ̂e−iĤ0t (2.60)

We can now rewrite the Liouville-von Neumann equation for the evolution of the density matrix

in this representation as:

dρ̃(t)

dt
=

d

dt

{
eiĤ0tρ(t)e−iĤ0t

}
(2.61)

= iĤ0ρ̃(t) + eiĤ0tdρ(t)

dt
e−iĤ0t − iρ̃(t)Ĥ0 (2.62)

= i
[
Ĥ0, ρ̃(t)

]
− ieiĤ0t

[
Ĥ0 + Ĥ1, ρ(t)

]
e−iĤ0t (2.63)

and given that e−iĤ0teiĤ0t = 1̂ we can rewrite the final term of Equation (2.63):

eiĤ0t
[
Ĥ0 + Ĥ1, ρ(t)

]
e−iĤ0t =

[
Ĥ0 +

˜̂
H1(t), ρ̃(t)

]
(2.64)

so that overall Equation (2.63) becomes:

dρ̃(t)

dt
= −i

[
˜̂
H1(t), ρ̃(t)

]
(2.65)

The perturbation part of the Hamiltonian,
˜̂
H1(t) now has two sources of time dependence, both
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from its own random fluctuations and from moving to the interaction representation. Formally

integrating Equation (2.65) and substituting the result back into the right side of (2.65) gives:

dρ̃(t)

dt
= −i

[
˜̂
H1(t), ρ̃(0)

]
−
∫ t

0

[
˜̂
H1(t),

[
˜̂
H1(t′), ρ̃(t′)

]]
dt′ (2.66)

Up to this point we have made no approximations and the above expression is exact, within

the assumptions of perturbation theory, i.e. that ||Ĥ0|| � ||Ĥ1||. We now make a modification.

Firstly an ensemble average is taken to account for the random processes being, by the very

nature of randomness, different across the ensemble, symbolised by an overbar. As all parts

begin in the same state, ρ̃(0) and as
˜̂
H1 is assumed to a stationary Markov process it has a

vanishing average and the first term of Equation (2.66) goes to zero. Thus we obtain:

dρ̃(t)

dt
= −

∫ t

0

[
˜̂
H1(t),

[
˜̂
H1(t′), ρ̃(t′)

]]
dt′ (2.67)

Next, we expand Ĥ1(t) as a sum over the spin operators, V̂α, with time-dependent coefficients,

Fα(t):

Ĥ1(t) =
∑
α

V̂αFα(t) (2.68)

At this point in the Goldman review [92] the operators V̂α are defined in the eigenbasis of Ĥ0.

This proves very convenient for simplification later in the derivation, but at the expense of

diagonalising Ĥ0 which is straightforward when a high-field Zeeman interaction dominates, but

is non-trivial at low field when the isotropic HFIs are comparable in strength. Instead here we

follow Refs [93, 108, 109] and use, as in Equation (2.41), the tensor product operators:

Ĥ1(t) =
∑
α

ÔαFα(t) (2.69)

With that in place we continue with the standard derivation. Substitution of Equation (2.69)

into Equation (2.67) gives:

dρ̃(t)

dt
= −

∑
α,β

∫ t

0

[
˜̂
Oα(t),

[
˜̂
O†β(t′), ρ̃(t′))

]]
Fα(t)F ∗β (t′)dt′ (2.70)

If the time-dependent interaction is just a scalar quantity then the Ĥ1(t) at different times

commute with each other and Equation (2.70) is readily solved. However, modulation of aniso-
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tropic interactions is more frequently encountered, and unfortunately the time-dependent fluc-

tuations at different times then do not commute. Exact solution of Equation (2.70) is no longer

possible and instead certain approximations must be applied. Firstly, that the fluctuation of the

interaction is rapid compared to the evolution of the system. During the correlation time, τc,

of a fluctuation, the product F̂α(t)F̂ ∗β (t′) has decayed significantly. We assume that τc is short

compared to the timescale of evolution of the system, and choose t� τc. As ρ̃(t) is assumed to

evolve slowly compared to τc, it is reasonable to assume that ρ̃(t′) = ρ̃(t) and this substitution

is made. Secondly, as t� τc any density matrix ρ̃(t) has experienced many τc’s worth of relax-

ation and over such a long time the effect of random evolutions will cancel out. Thus ρ̃(t) can

be replaced by ρ̃(t). This acts to decouple the system (spin part) and lattice so that Equation

(2.70) can be rewritten:

dρ̃(t)

dt
= −

∑
α,β

∫ t

0

[
˜̂
Oα(t),

[
˜̂
O†β(t′), ρ̃(t)

]]
Fα(t)F ∗β (t′)dt′ (2.71)

We make the substitution τ = t− t′ and note that as t� τc we can extend the integral from t to

∞, removing the dependence on t within the integral. In addition we remember that the random

fluctuations are assumed to be stationary and memory-less, hence Fα(t)F ∗β (t′) = Fα(t′)F ∗β (t) =

Gαβ(τ). This is called the correlation function. Converting back into the laboratory frame gives

us finally:

dρ(t)

dt
= −i

[
Ĥ0, ρ(t)

]
−
∑
α,β

∫ ∞
0

[
Ôα,

[
e−iĤ0τ Ô†βeiĤ0τ , ρ(t)

]]
Gαβ(τ)dτ (2.72)

the Redfield master equation. In Liouville space the first term above leads to the Hamiltonian

superoperator and the second term is
ˆ̂
R the relaxation superoperator:

ˆ̂
R = −

∑
α,β

∫ ∞
0

ˆ̂
Oαe−i

ˆ̂
H0τ ˆ̂

O†βei
ˆ̂
H0τGαβ(τ)dτ (2.73)

2.9.2 Generating the Full Relaxation Superoperators

As aforementioned, the spin operators in Equation (2.73) are not written in the eigenbasis of

ˆ̂
H0 and so there is no easy way to remove the time dependence from the integral. A numer-

ical integration procedure was reported in Ref [109] which avoids numerical diagonalisation.

This is currently implemented in the Spinach library’s relaxation module and was used for the

investigation of long-lived states in NMR systems presented in Chapter 7 of this thesis.
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Extreme Narrowing Limit

In this section we make use of a result derived in the thesis of Wagner-Rundell, [93], specifically

for low-field RP relaxation, and the following is reproduced from that work. At low field it is

often true that the energy-level differences between eigenstates is very small, of the order of a

few MHz. Thus for reasonably small molecules tumbling in solution the frequency of fluctuations

is much larger than the coherent dynamics frequency of the system, and the system is in the

extreme narrowing limit [110]:

τ2
c ω

2
αβ � 1 (2.74)

where ωαβ is the largest eigenvalue difference in the system. If the static Hamiltonian is diag-

onalised by the unitary matrix X̂ such that X̂T Ĥ0X̂ = Λ̂ where Λ̂ is the diagonal matrix of

eigenvalues, it is possible to rewrite the relaxation part of Equation (2.72) as:

ˆ̂
Rρ(t) = −X̂X̂T

∑
α,β

∫ t

0

[
Ôα,

[
e−iĤ0τ Ô†βeiĤ0τ , ρ(t)

]]
Gαβ(τ)dτX̂X̂T

= X̂
∑
α,β

(∫ ∞
0

X̂T ÔαX̂X̂
T e−iĤ0τ X̂X̂T Ô†βX̂X̂

T eiĤ0τ X̂Gαβ(τ)dτX̂Tρ(t)X̂

+ · · · ) X̂T (2.75)

where in the second line we have expanded the commutator and removed ρ(t) from the integral

as it has no dependence on τ . Letting Kαβ be the integral over each term of the commutation

expansion, and writing X̂T ÔiX̂ = Ô
(0)
i then the first term is written as:

Kαβ =

∫ ∞
0

Ô(0)
α e−iΛ̂τ Ô

†(0)
β eiΛ̂τGαβ(τ)dτ (2.76)

An element of Kαβ is then given by:

Kαβ
nm =

∫ ∞
0

∑
j

[
Ô(0)
α

]
nj

e−iωjτ
[
Ô
†(0)
β

]
jm

eiωmτGαβ(τ)dτ

=

∫ ∞
0

∑
j

[
Ô(0)
α

]
nj

[
Ô
†(0)
β

]
jm

e−iωjmτGαβ(τ)dτ (2.77)
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where ωi are the eigenvalues of the static Hamiltonian and ωjm = ωj − ωm. Finally, we assume

an exponentially decaying correlation time, such that:

G(τ) ∝ e−
τ
τc (2.78)

Substitution of this into Equation (2.77) and evaluation of the integral, ignoring the imaginary

parts which describe only small dynamic frequency shifts, gives:

Kαβ
mn = τc

∑
j

[
Ô(0)
α

]
nj

[
Ô
†(0)
β

]
jm
G′αβ

1

τ2
c ω

2
nj + 1

(2.79)

where G′αβ accounts for the other, time independent, parts of the correlation function. Finally

we note that in the extreme narrowing limit 1
τ2c ω

2
nj+1

≈ 1 so that:

Kαβ
mn = τc

∑
j

[
Ô(0)
α

]
nj

[
Ô
†(0)
β

]
jm
G′αβ (2.80)

The same can be done to each term of the commutation superoperator, and we can then trans-

form it back out of the eigenbasis of Ĥ0 to give us finally, in the extreme narrowing limit:

dρ(t)

dt
= −i

[
Ĥ0, ρ(t)

]
− τc

∑
α,β

[
Ôα,

[
Ô†β, ρ(t)

]]
G′αβ (2.81)

from which it is possible to write the relaxation superoperator in terms of the perturbation

Hamiltonian as [93]:

ˆ̂
R =

ˆ̂
H1

ˆ̂
H1 (2.82)

Wigner Rotations and Correlation Functions

At low-field, the main source of relaxation for RPs is through the modulation of the anisotropic

components of the HFIs.8 As was noted in Chapter 1 any bilinear interaction can be expanded

as a sum over the rank-2 spherical tensors, Equation (1.42), and these are therefore the natural

operators to use in Equation (2.68) with time-dependent Wigner coefficients arising from the

rotational motion. Of course, Equation (1.42) is true only in an interaction’s own principal axis

frame (PAF), and in cases where there is more than one interaction it is highly unlikely that the

PAF’s are aligned. For such systems it is much more convenient to work with each interaction

8It should be noted that rotational modulation of any other bilinear interaction can also be modelled thus.
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in the same molecular frame (MF) where they are non-diagonal. Equation (1.42) then needed

to be generalised to give:

ĤBilin =
1

2
(A1,1 −A2,2 − 2iA1,2) T̂ ′2,2

− (A1,3 − iA2,3) T̂ ′2,1

+

√
3

2
A3,3T̂

′
2,0

+ (A1,3 + iA2,3) T̂ ′2,−1

+
1

2
(A1,1 −A2,2 + 2iA1,2) T̂ ′2,−2 (2.83)

where the ISTs are as defined in Equation (1.17) and are directly proportional to the normalised

ISTs which define the basis. A rotationally random perturbation Hamiltonian Ĥ1 is then the

sum over all anisotropic interactions in the molecular frame rotated into a random orientation

with respect to the laboratory frame:

Ĥ1 = R̂zyz (α(t), β(t), γ(t)) ĤBilin (2.84)

It is then necessary to make use of the rotation properties of the spherical tensors. Under a

rotation, R̂zyz, T̂l,m is transformed into a linear combination over all the ISTs of that rank [11]:

R̂zyz (α(t), β(t), γ(t)) T̂ ′l,m =
l∑

m′=−l
D(l)
m′,m (α(t), β(t), γ(t)) T̂ ′l,m′ (2.85)

where D(l)
m′,m (α(t), β(t), γ(t)) are the time-dependent Wigner coefficients of the Euler angles,

(α(t), β(t), γ(t)) = Ω(t) which are randomly changing over time due to the rotational motion.

The correlation functions to be evaluated in forming the Redfield theory relaxation matrix

are simply correlation functions of the time-dependent Wigner coefficients and conveniently

analytical expressions for these are already known. We assume here isotropic rotational diffusion,

which gives [11, 93]:

Gm′,m,k′,k = Dm′,m (Ω(0))D∗k′,k (Ω(τ)) (2.86)

=
1

5
δm ′,k ′δm,ke−

τ
τc (2.87)

Using this result with Equations (2.83) and (2.81) it is possible to calculate the relaxation su-

peroperator. This was implemented efficiently by Wagner-Rundell and Kuprov using a symbolic
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processing procedure [93, 108] which recognised the correlation function relationship of Equation

(2.86) and instead of evaluating it explicitly merely made a replacement with Equation (2.87).

It is possible to separate out the contributions to the correlation function from the Wigner

correlation functions and from the system-dependent coefficients. Rewriting Equation (2.83),

with c
(j)
m representing the coefficient of the m-order tensor on the jth nucleus, gives:

Ĥ1 =

nspins∑
j

2∑
m=−2

c(j)
m T̂

′(j)
2,m (2.88)

which when applying a time-dependent rotation gives:

Ĥ1(t) =

nspins∑
j

2∑
m′=−2

2∑
m=−2

c(j)
m Dm′,mT̂

′(j)
2,m′ (2.89)

Then Equation (2.82) becomes:

nspins∑
j

nspins∑
j′

2∑
m′=−2

1

5
T̂
′(j)
2,m′ T̂

′(j′)
2,−m′ (−1)−m

′
χj,j′ (2.90)

χj,j′ =

2∑
m=−2

(−1)m cjmc
j′

−mτc (2.91)

making use of the property:

Dk′,k = (−1)k
′−k D∗−k′,−k, (2.92)

Equation (2.87) and noting that the system is in the extreme narrowing limit. The quantity

χj,j′ now contains all the system-dependent information.

2.9.3 Relaxation Superoperators Directly in the Reduced State-Space

When the relaxation superoperator was made using the procedure of Refs [93, 108] and included

in the MFE calculations the ZTE procedure and path tracing returned the same SSR as in the

absence of
ˆ̂
R. The relaxation superoperator does not change the overall coherence order of the

states and nor does it change the overall coherence order of each radical. This is in agreement

with the observation of Wagner-Rundell that when the radicals were treated separately, as was

described in Subsection 2.1.2, the matrices were block diagonal. In addition it was observed that

symmetrisation of the basis with respect to equivalent spins, that is retaining only the states

belonging to the A1g irrep, is still sufficient for an exact calculation. That is, the relaxation
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superoperator does not introduce coherences between states of different symmetry [94].

We, in this instance, however are not satisfied with forming large matrices and shrinking them

to the minimal possible basis. It is the aim here to form the matrices directly into that minimal

state-space. In the extreme narrowing region the relaxation superoperator is essentially the

time-dependent Hamiltonian squared, Equation (2.82) and we are interested in at most bilinear

interactions, thus there cannot be more than four spins involved in any one correlation in the

relaxation matrix. In addition the two radicals are assumed to be non-interacting and the

interactions between the nuclei are negligible therefore each correlation must include one (and

only one) of the electrons and at most two nuclei. We are limited to three-spin correlations.

In addition, there are just two kinds of three-spin combinations. Either electron-nucleus

1 electron-nucleus-1 (i.e. a self-correlation) or electron-nucleus 1 electron-nucleus 2 (i.e. a

cross-correlation), with relaxation rates χj,j′ = χ1,1 and χ1,2 respectively, Equation (2.91). It

is possible to divide the full relaxation matrix into a sum over self- and cross-correlation terms

on different combinations of spin. A and B are the two electrons with nuclei A1, A2 · · · and

B1, B2 · · · respectively:

ˆ̂
R = χA1,A1

ˆ̂
RA1,A1 + χA1,A2

ˆ̂
RA1,A2 + χA2,A2

ˆ̂
RA2,A2 + · · · (2.93)

With this in mind it is convenient to generate the sub-relaxation matrices for each part of

the above equation separately for a given spin topology and simply reload them and multiply

by the spin-dependent variables in the different χ’s to give the appropriate total relaxation

superoperator.

In the relaxation superoperator any element which connects two states with the nIST on more

than three spins different must be zero. Furthermore, any element can be filled in by reference to

either a two or three spin system reference for self- and cross-correlations respectively. That is,

just like the structure coefficients were used as templates for the non-zero elements of coherent

evolution superoperators so a small relaxation matrix calculated for two or three spins (for the

RP one electron and two nuclei at a time) is the template for larger relaxation superoperators.

Naturally, the multiplicity of the spins must be reflected in the multiplicity of the spin used to

calculate the template but fortunately the Wigner correlation functions are dependent only on

the rank and order of the two Wigner coefficients and are independent of the matrix multiplicity.

In order to form the templates, the relaxation matrices are generated according to the sym-

bolic processing procedure in Mathematica [111] for a single radical at a time, transformed into
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the nIST basis and then ‘copied and pasted’ into MATLAB for subsequent referencing.

Initially this was implemented by walking through the state-list element by element, expand-

ing out any symmetry-hidden states, and cross-referencing between the nISTs of the active spins

in the states defining a particular element and the corresponding entry in the template. Thus

the relaxation sub-matrices were built up, (and stored) and then multiplied by the relevant value

of χ derived for a particular system.

If pre-symmetrisation was excluded a more rapid method for forming the relaxation sub-

matrices can be implemented by direct analogy with Kuprov’s implementation of formation of

the left and right superoperators which proved to be much more efficient. This method is the

fastest implementation of forming Redfield relaxation superoperators in the extreme narrowing

limit at low field, however it should be noted that Kuprov’s numerical implementation of Redfield

theory is applicable beyond the extreme narrowing limit and is only marginally slower. The

recent implementation of that in Spinach really renders the above somewhat redundant, but it

was useful before it became out-dated.

2.10 Reaction Kinetics

As was discussed in Chapter 1, a major reason for moving to Liouville space is to be able to

model reaction kinetics that are not mono-exponential decays with the same rate constant from

both singlet and triplet species while maintaining a linear equation of motion. Equations (1.58),

(1.59), (1.60) and (1.61) give the two currently favoured expressions for the kinetic superoperator

[75, 79, 82, 84].

2.10.1 State-Space Restriction of Kinetic Superoperators

Both the Haberkorn and Jones-Hore descriptions require a commutator superoperator form of

the singlet and triplet projection operators. These operators are built from products of operators

across the pair of electrons, the radicals can no longer be considered independently and as

expected the path-tracing approach to SSR does not return the four independent subspaces

typical of the normal exponential model. Despite the fact the the singlet and triplet projection

operators do not commute with the individual radical angular momentum projection operators,

they do commute with L̂Total
z and so the zero coherence order screening is still viable. Reaction

kinetics of course cannot affect the symmetry of the system as it reacts as a whole, and the

symmetry derived SSR is still significant in systems with equivalent spins.
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The anti-commutator superoperators are readily built into the reduced state-space simply

by adding the left and right acting operators rather than taking the difference. The Jones-

Hore master equation may be rewritten from Equation (1.61) in terms of left and right acting

superoperators:

ˆ̂
Kρ̂(t) = −(kS + kT )ρ̂(t) + kS

ˆ̂
QLeft
T

ˆ̂
QRight
T ρ̂(t) + kT

ˆ̂
QLeft
S

ˆ̂
QRight
S ρ̂(t) (2.94)

which are formed according to Equations (2.52) and (2.53)

2.11 Summary Three

In the previous few sections we have investigated which states were eliminated by ZTE and

determined that only the states with zero coherence order are necessary for an exact simulation

of an isotropic MFE. This brings about a reduction of approximately a factor of four in the

matrix size. In addition we have noted that the separate terms of the singlet starting vector

may be simulated separately resulting in a further quartering of the state-space, though two

simulations of this size must be run. As advantageous as it is to reduce the matrix size at all, it

is even better to form the matrices directly into the reduced state-space and a means of doing

so has been derived and implemented. This procedure is entirely general for any number of any

type of spin. Two methods for symmetry factorisation have been presented both of which can

be carried out before forming the full operator matrices. The reductions brought about by these

reduction methods, considering the A1g style symmetrisation, for some example RP simulations

are given in Table 2.4.

In addition to simple coherent evolution we have also investigated the possibility of SSR on

Table 2.4. Examples of the reductions in the Liouville state-space for RPs containing different numbers
of equivalent spin- 12 nuclei. The final two columns show the size of the retained state-list, the number in
brackets is the percentage of the full state-space retained.

Radical A Radical B Full state-space MA = MB = 0 MA = +1,MB = −1

C2 - 256 11(4.3%) 9 (3.5%)
C3 - 1024 19(1.9%) 16(1.6%)
C3 C2 16,384 209(1.3%) 144(0.88%)
C3C3 - 65,536 291(0.44%) 262(0.40%)
C4 C3 262,144 551(0.21%) 400(0.17%)

C2C2C2C2 - 1,048,576 6843(0.65%) 6254(0.60%)
C6 C2 1,048,576 605(0.058%) 441(0.042%)
C8 - 1,048,576 89(0.0085%) 81(0.0077%)
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relaxation and kinetic superoperators. The same reductions are possible for relaxation superop-

erators as for the Hamiltonian commutator superoperators, and a procedure has been presented

to form the relaxation matrix, again for any number of any type of spin, directly into the re-

duced state-space. The kinetic superoperators gain only from the zero coherence order filter and

symmetry factorisations, but both of these can be exploited by forming the anti-commutator

and left/right acting superoperators directly into the reduced basis set.

At this point it seems fruitful to compare the SSR techniques arising in this chapter, and

Table 2.5 presents a summary of the techniques and when they are most beneficial for RP

reaction yield calculation. Anisotropic RP reactions gain somewhat from ZTE, like the isotropic

case any states with all 1̂s on either radical, except for the all 1̂ state itself are cut as are all

states with Ŝz’s on each spin of the radical (except when one radical bears no nuclei), but the

zero coherence order filter and path-tracing do not help. Symmetry factorisation is possible

for anisotropic systems, though exact magnetic equivalency is less likely to be found when full

interaction tensors are considered.

It is clear from Table 2.5 that the optimum basis set for one problem is not necessarily

the same for all problems. It is also possible that an alternative basis set, that has not been

considered thus far, might bring about improved reductions in some cases.

Table 2.5 Summary of state-space restriction techniques and which procedure is most efficient.

Isotropic Only Relaxation
Reaction
Kinetics

Anisotropic

Zero-Track
Elimination

3 3 3 3

Zero-Quantum
Coherence Filter

3 3 3 5

Path-Tracing 3 3 5 5

Symmetrisation 3 3 3 3

Ms Block
Diagonalisation

3 5 3 5

Most Efficient
Method

Hilbert space
Liouville Space
nIST basis

Liouville Space
αβ basis

Hilbert space
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2.12 Spinach

The overall aim of this chapter was to investigate SSR techniques for spin chemical simulations

with a view to developing the spin chemistry part of the Spinach library. Spinach has been

mentioned at several points through the chapter and it is pertinent at this point to briefly

introduce this piece of software.

Due to the wide-ranging applications of magnetic resonance techniques many different sim-

ulation packages have been published (in addition to which it is likely that most groups have

their own internal code libraries). SIMPSON provides a versatile environment for the accurate

numerical simulation of solid state NMR spectra. This software can in principle deal with any

spin type and number of spins, limited only by the exponentially scaling state-space [112]. An-

other numerical package focusing on, but not limited to, solid state NMR is SpinEvolution [113]

which makes use of matrix sparsity in order to accelerate the simulations. An example of a

symbolic software is MathNMR [114], implemented in Mathematica, which deals with operator

formation and manipulation for spin-1
2 and spin-1. In a slightly different area EASYSPIN al-

lows numerical simulation of liquid and solid state EPR and electron-nucleus double resonance

(ENDOR) spectra, as well as providing data analysis tools and usefully is available as a toolkit

for MATLAB. This software is general for any number of nuclear and electron spins, limited

only by the computing power. The examples mentioned in this paragraph are just the tip of the

iceberg of spin dynamics simulation functionalities available. However, a comprehensive review

is beyond the scope of this thesis.

Spinach is yet another library of codes for the numerical spin dynamical simulations. Writ-

ten in MATLAB, Spinach aims to improve the efficiency of such calculations by performing all

calculations using the smallest possible matrices with maximum sparsity. The spin system of

a particular problem, be it NMR, EPR or spin chemistry, is entered and the function create.m

writes the parameters into the Spinach ‘spin system’ structure. Various options exist for the

description of the basis set, from which the reduced state-list is formed. Using this, and the

procedures presented in Section 2.7, the superoperators are formed directly into the reduced

state-space. Additional ZTE and path-tracing can then be performed to weed out any other

unpopulated states. Symmetrisation of the basis and projection of the operators into the sub-

space belonging to the A1g irrep brings about the final reduction. Having formed the minimal

operators any calculation can be carried out with them, and many possible experiments are

already implemented in the Spinach ‘exp’ folder. Alternatively, the operators may be exported
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Figure 2.5 Benzyl radical. The HFI, in mT, of each nucleus is shown [115].
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Figure 2.6. MFE on the recombination of a benzyl radical (HFI shown in Fig 2.5) with a radical
bearing no signficant magnetic nuclei. The RP is born in a singlet starting state, and the singlet yield
ΦS calculated. The exact Hilbert space calculation is exactly reproduced despite the SSR applied.

from Spinach and used in any other simulation environment.

A full introduction can be found in Ref [95] and the codes themselves can be downloaded

from http://spindynamics.org/Spinach.php. Of course development of Spinach is an enormous

collaboration orchestrated by Kuprov with contributions from Hogben, Krzystyniak, Charnock,

Hore and more recently Edwards and Karabanov. Work is ongoing to extend the scope of

Spinach and to improve the efficiency of each stage of the calculation.

2.13 Some Examples

In order to demonstrate the scope of the techniques developed above we include here a few

example simulations of radical pair reaction yields [94].9

The yield of singlet product formed from the recombination of a benzyl radical with a radical

carrying only negligible HFIs is shown in Fig 2.6. Isotropic hyperfine couplings, Fig 2.5, were

9Dozens of examples of different types of spin dynamics simulations can be found in the Spinach examples
folder.
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Figure 2.7. Dimethoxyphosphonyl and p-acetylbenzyl RP, HFIs that are greater than 0.1 mT are shown
for each nucleus (in mT) [115, 116].
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Figure 2.8. Simulated MFE on the singlet yield of a dimethoxyphosphonyl - p-acetylbenzyl RP. The
relaxation rate, χ was varied as shown. k = 106 s−1 and HFIs are as shown in Fig 2.7.

taken from the work of Dust and Arnold [115] and for these simulations relaxation was assumed

to be negligible and exponential kinetics were used. The reduced state-spaces have dimensions

of 2933 and 2646, about 90 times smaller than the full Liouville space of 49 = 262,144. The

dependence on the magnetic field strength and the recombination rate constant is completely

identical to the results of Hilbert space calculations.

One of the main motivations for performing simulations in Liouville space, rather than the

much smaller Hilbert space, is to include incoherent processes such as spin relaxation. Fig 2.8

shows the MFE on singlet yield for a radical pair comprising dimethoxyphosphonyl and p-

acetylbenzyl, Fig 2.7, the simulation of which requires reduced lists of just 3875 and 2764 states

(the full state-space is again 262,144). Isotropic hyperfine coupling data were taken from Refs

[115] and [116], and nuclei with couplings less than 0.1 mT were neglected. The phosphorus in

dimethoxyphosphonyl has a much larger anisotropic hyperfine interaction than any other nuclear

spin and is thus expected to dominate the spin relaxation arising from rotational modulation of

HFIs and therefore all other hyperfine anisotropies were neglected. The parameters, correlation

time, τc = 2.4 ps and [A : A] = 186 mT2 = 1.46×1016 Hz [116] were used to ensure we are in the
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Figure 2.9. Simplified reaction scheme proposed to explain the magnetic isotope effect observed in the
phosphorylation of ADP. k−1 is the recombination reaction rate constant and kP the rate constant for
formation of product.

extreme narrowing limit. In addition using χ = 1
6

(
Ax2 + 3Rh2

)
τc (= [A : A] τc = 3.5×105 s−1)

we estimated the relaxation rate, χ, and then varied it in this region. The very steep low-field

effect probably arises because the phosphorus isotropic HFI is so much larger than the other

HFIs and thus the system is somewhat similar to the one-nucleus RP case which often exhibits

a strong magnetic field dependence at very low field. As expected, an increase in the relaxation

rate causes the singlet product yield to approach the statistical value of 0.25 and faster relaxation

also attenuates the low field effect and smooths out the fine structure.

A third example seeks to exhibit some more complicated reaction kinetics and the involve-

ment of nuclei with I > 1
2 . To this end we consider a slightly controversial example. The

magnetic isotope effect, and MFE, observed for the kinetics of enzymatic synthesis of adenosine

triphosphate (ATP) from adenosine diphosphate (ADP) proposed to arise from the RP inter-

mediate
[
Mg•+ADP•−

]
. The magnetic isotope effect arises because 25Mg has spin-5

2 and 24Mg

and 26Mg are non-magnetic [58, 117]. The proposed reaction scheme is shown in Fig 2.9. This

leads to the kinetic superoperator, using the traditional Haberkorn method:

ˆ̂
K = −kP1̂−

k−1

2

(
Q̂S ⊗ 1̂+ 1̂Q̂TS

)
(2.95)

where k−1 is the reverse reaction rate constant and kP the rate constant for formation of product.

The isotope effect (IE) on the steady state rate of product formation was calculated, as a

function of the applied field B, as [57]:

IE(B) =
Tr
(

25 ˆ̂
L(B)−1Q̂S

)
Tr
(

24,26 ˆ̂
L(B)−1Q̂S

) (2.96)

where the superscript identifies the magnetic isotope.
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Figure 2.10. MFE on the Mg IE of the reaction in Fig 2.9. A range of relaxation rate values, χ were
used for P and Mg. k−1 = 1010 s−1 and kP = 108 s−1, aP = 3 mT, aMg = 21 mT. The isotope effect is
defined in Equation (2.96). The extreme narrowing limit is not strictly valid for all parameters, so that
the simulations are likely to overestimate relaxation effects, particularly at high field.

The rotational correlation time of the enzyme-ATP complex was estimated at ≈ 30 ns [118].

As the anisotropy of the magnesium HFI is expected to be approximately ten times smaller

than that of the phosphorus this ratio was reflected in the choice of relaxation rates chosen for

the two nuclei. The isotropic hyperfine couplings and rate constants were taken from Ref [57]:

k−1 = 1010 s−1, kP = 108 s−1 and isotropic hyperfine interactions aP = 3 mT, a25Mg = 21 mT.

As the isotropic coupling of Mg is very large, as are some of the static fields, it is unlikely that

we are truly in the extreme narrowing limit and hence the relaxation in these simulations is

likely to be an overestimate.

These calculations have full state-spaces of 64 and 2304 for 24,26Mg and 25Mg respectively

which can be reduced to 20 and 324 by the SSR techniques presented in this chapter. The results

are shown in Fig 2.10. As expected, when the relaxation rate becomes faster than the smaller

of the two rate constants, kP, the effect is to attenuate the calculated magnetic isotope effect.

Further examples of the application of SSR techniques and use of the Spinach library can

also be found in the rest of this thesis. Chapter 7 is concerned with finding long-lived states in

NMR systems which resist relaxation arising from the modulation of dipole-dipole interactions.

Chapter 3 uses the path tracing procedure to analyse state connectivities with a view to under-

standing the role of entanglement. In Chapter 5 we attempt to model some experimental data

which has complicated reaction kinetics and required the inclusion of relaxation processes.

77



2.14 Conclusion

In conclusion we have shown that drastic speed-ups are possible for RP reaction simulations

using a variety of state-space restriction techniques, and that it is possible to optimise the

reduction through a judicious choice of basis. We have derived a series of criteria for reducing

state-lists without performing any operator manipulation, and have proceeded to work out a

method for forming operators directly into the reduced state-space. We have also made use of

symmetrisation and path tracing techniques to carry out large scale spin chemical calculations.

A procedure to form Redfield relaxation superoperators, in the extreme narrowing limit, into a

reduced basis has been described and can be implemented for any number of any kind of spin.

The spin dynamics software Spinach includes many aspects of the spin chemical calculations

included in this chapter and the method for forming reduced state-space operators is in use for

all operator formation in Spinach as it requires only a state-list and is otherwise general for any

spin superoperator, commutator, anti-commutator, left or right acting for any kind of nucleus

and any number of spins. There continues to be much development of the Spinach library and

its functionality continues to grow.

In terms of spin chemistry, it would be wonderful to find a better method of restricting the

state-space of anisotropic interactions. In neither the αβ product nor the nIST bases is there

much scope for simulation acceleration, but that does not mean that there is no basis which

would allow for significant ZTE or path tracing reduction. This would certainly be a very useful

area for further work.
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Chapter 3

Entanglement, Triplet States and the

Radical Pair Mechanism

3.1 Introduction

Spin-correlation between the electrons of the radical pair (RP) is vitally important for magnetic

interactions to affect chemical reactions through the radical pair mechanism (RPM). In the most

general terms any pair of electrons described by a density matrix for which ρ 6= 1
4 1̂ may be de-

scribed as correlated.1 A perhaps more useful definition of correlation restricts the term to only

those electrons described by a density matrix which in the eigenbasis of the system Hamiltonian

has off-diagonal elements. Correlation can arise either through spin-selective formation of the

pair of radicals or through differential rates of reaction down spin-selective reaction channels.

By requiring correlation it is necessary that the spins of the two electrons be related, even if

they are not necessarily interacting directly, and that their overall spin-state has some bearing

on their reaction. It has recently been suggested that not only is correlation necessary between

the two electrons but that the electron spin-states must also be entangled [88, 119]. The orig-

inal proponents of this suggestion approached the issue from the field of quantum information

processing (QIP) and this chapter seeks to understand the argument in a form more familiar

from a spin chemistry perspective and subsequently to investigate, through simulation, what

role, if any, entanglement plays in isotropic and anisotropic magnetic field effects (MFEs). Fur-

thermore, in the course of these calculations it was observed that the triplet state itself has

1This means that the first electron, aware of its own spin state, ‘knows’ the spin state of its another with
a greater than 50% certainty. In this way even the small Boltzmann population difference across states in an
equilibrium leads to some degree of correlation by this definition.
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an inherent directionality complicating the discussion of the function of entanglement. Perhaps

more interestingly, this provides an alternative source of directionality that might be harnessed

in a chemical compass system.

3.2 Some Definitions

There are many definitions associated with the concept of entanglement and for clarity we begin

with some basic quantum mechanics and work through the definitions of interest for vector

states and density matrices [120, 121]. It should be noted that in quantum information theory,

and correspondingly many of the sources referenced in this chapter, it is conventional to refer

to the |α〉 and |β〉 spin-states as |0〉 and |1〉 but this formalism will not be used here. We

are only interested in the possible entanglement relationship between the two electrons, not

between the electrons and any coupled nuclei. This is mostly due to the fact that methods

for the quantification of entanglement have only been developed thus far for two-state two-spin

systems. To date most studies have focused on applications pertaining to two-spin systems and

so examples of such are likely to be more useful at present.

A wavefunction, |Φ〉, is a solution to the Schrödinger equation [69]. This serves well as a

descriptor of a single system but often we are more interested in an ensemble of systems to which

end the density matrix, ρ = |Φ〉 〈Φ|, is used to account for the statistical variation across the

ensemble [59]. A wavefunction, depending on the basis, may comprise a single state or a sum

over several. In the latter case the wavefunction is said to be in a superposition of two or more

states, in general defined as:

|Φ〉 =
∑
i

ci |φi〉 (3.1)

where φi are the basis vector states and ci are the expansion coefficients. Considering a two-state

basis (|a〉 and |b〉) example the coherent superposition of Equation (3.1) becomes:

|Φ〉 = ca |a〉+ cb |b〉 (3.2)

There is a phase between the states, determined by the coefficients ci and this determined phase

relationship between two (or more) states is the defining characteristic of their coherence. Hence

states which are added with fixed phase are said to be in coherent superposition. In the density
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matrix formalism (3.2) becomes:

ρ = |Φ〉 〈Φ| (3.3a)

= (ca |a〉+ cb |b〉) (c∗a 〈a|+ c∗b 〈b|) (3.3b)

= |ca|2 |a〉 〈a|+ |cb|2 |b〉 〈b|+ cac
∗
b |a〉 〈b|+ cbc

∗
a |b〉 〈a| (3.3c)

≡

|ca|2 cac
∗
b

cbc
∗
a |cb|2

 (3.3d)

where Equation (3.3d) is the matrix representation of the the operator ρ and the overbars are

omitted from b)-d) for clarity.

The off-diagonal elements in Equation (3.3d) indicate the coherences between the basis states

and the diagonal elements represent the populations of |α〉 and |β〉 states, or more precisely the

probability of finding a particular system of the ensemble in such a state. It is always possible to

diagonalise a density matrix, in which case there are no longer any coherences between the basis

states. The basis states following diagonalisation are the eigenstates but these may not always

be identified with a useful physical interpretation. Also, if the eigenstates of the density matrix

are not eigenstates of the Hamiltonian describing its evolution then they are not stationary

states and coherences are likely to develop as the system evolves. Only if the eigenstates of

the density matrix and the Hamiltonian coincide will there be no coherence and no potential

for developing it in that basis. The unit operator, 1̂, which commutes with all Hamiltonians,

is often referred to as the incoherent state – transformation of 1̂ into any imaginable basis can

never result in a coherence.

Equation (3.1) is, despite being a coherent superposition, also an example of a pure state.

A pure state is any state which can be written in the form of a wavefunction, perhaps as a

combination of other wavefunctions. Conversely, a mixed state is a density matrix which cannot

be written in the form of Equation (3.1) and can only arise from a combination of ensembles.

The most general mixed state is defined as:

ρ =
∑
i

pi|Φi〉 〈Φi| (3.4)

where
∑

i pi = 1 is the sum over the probabilities of each state i of the system and must sum

to one (i.e. trace{ρ} = 1). In comparison with the pure state of Equations (3.3c) and (3.3d) an
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example of a mixed state of similar form is:

ρ = |ca|2 |a〉 〈a|+ |cb|2 |b〉 〈b| (3.5a)

=

|ca|2 0

0 |cb|2

 (3.5b)

6= |Ψ〉 〈Ψ| (3.5c)

where Ψ is any wavefunction.

A product state, also known as a separable state, is a two-particle (or more) state which can

be described, either in wavefunction or density matrix form, as the direct product of descriptions

of the two particles separately. In wavefunction form this is defined as:

|Φ〉 = |φ1〉 ⊗ |φ2〉 (3.6)

where |φ1〉 and |φ2〉 describe particles 1 and 2 exclusively. In the density matrix form this state

is written as:

ρ = |φ1〉 〈φ1| ⊗ |φ2〉 〈φ2| (3.7)

A state which cannot be written as a product state in any basis is entangled. Entanglement is

a property arising from quantum mechanics, and with no classical analogue, which can cause, by

the outcome of a measurement on one particle, a direct effect on the outcome of a measurement

on its partner which may be physically remote from it. The states of the two particles are

somehow related to each other despite the fact that they need not be interacting, and in fact non-

interacting entangled particles are usually considered more interesting, for example for quantum

teleportation [122]. Both pure and mixed states are capable of being entangled, though entangled

pure states are usually considered to be more useful. There are several ways to determine if

a state is entangled and to what extent, and these are outlined in the next section. First we

briefly summarise the definitions arising in this section.

• Coherence: The existence of a determined phase between basis states, described either

by the expansion coefficients in a superposition or the off-diagonal elements in a density

operator. Basis dependent.
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• Pure state: A density operator which is entirely described by a single wavefunction,

defined as: ρ = |Φ〉 〈Φ|. Basis independent.

• Mixed state: A density operator which cannot be written as the product of two (or more)

wavefunctions, defined as: ρ 6= |Φ〉 〈Φ|. Basis independent; a mixed state is mixed in all

bases.

• Product/Separable state: Either a wavefunction (pure state) or a density operator

(mixed state) which may be written as the direct product of two separate systems, defined

as: |Φ〉 = |φ1〉 ⊗ |φ2〉 and ρ = |φ1〉 〈φ1| ⊗ |φ2〉 〈φ2| respectively. Basis independent.

• Entangled state: Either a wavefunction (pure state) or a density operator (mixed state)

which cannot, in any basis, be written as the direct product of two (or more) separate

systems. Defined as |Φ〉 6= |φ1〉 ⊗ |φ2〉 and ρ 6= |φ1〉 〈φ1| ⊗ |φ2〉 〈φ2|.

3.2.1 Quantifying Entanglement

It is often hard to tell at a first glance whether a particular state is entangled or not. To

avoid trying every possible basis set, several more convenient procedures have been proposed to

determine if a system is entangled [120, 121]. These will be outlined in the sections below.

Partial Trace

For a pure state the partial trace can be used to indicate if the state is entangled or not. For

any density matrix it is possible to trace out one component of a bipartite system to leave a

description of just the remaining component. The partial trace of density matrix ρ with respect

to particle B is defined as:

ρA =
∑
j

B〈j| ρ |j〉B (3.8)
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where |j〉B are the basis states of just particle B. A density matrix is defined such that:

ρ =

〈αα|

〈αβ|

〈βα|

〈ββ|



|αα〉 |αβ〉 |βα〉 |ββ〉

a b c d

e f g h

i j k l

m n o p


(3.9)

The 2-spin α,β basis is shown in Equation (3.9) for clarity. Tracing out B leaves:

ρA =

a+ f c+ h

i+ n k + p

 (3.10)

and similarly tracing out A gives:

ρB =

a+ k b+ l

e+ o f + p

 (3.11)

If the initial state was pure the matrices resulting from taking the partial trace can then

be inspected for their pure/mixed character. As has already been established, a pure density

matrix can be defined by a single wavefunction, which itself may be a linear combination over

the basis states, in addition it has the property that trace
{
ρ2
}

= 1. A pure matrix indicates

that the initial pure state was separable and a mixed matrix is indicative of entanglement.

Partial Transpose

If the matrix resulting from taking the partial transpose of a density matrix has negative eigen-

values it can no longer be considered a density matrix. The diagonal elements of a density

matrix represent populations and hence negative values are unphysical. The formation of such

a matrix on partially transposing a density matrix is thus indicative that the original state was

entangled.

The procedure to carry out a partial transpose with respect to the second particle requires

that the states are exchanged according to αB ↔ βB. For the density matrix defined in Equation
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(3.9) this procedure results in:

ρTB =



a e c g

b f d h

i m k o

j n l p


(3.12)

Similarly a partial transpose with respect to particle A, αA ↔ βA, returns:

ρTA =



a b i j

e f m n

c d k l

g h o p


(3.13)

Diagonalisation of a partially transposed density matrix allows for inspection of its eigenvalues;

if any are negative the state is definitely entangled. The degree of entanglement can be further

quantified by defining the negativity, N (ρ), as:

N (ρ) =
1

2

(
||ρTA || − 1

)
=

∣∣∣∣∣∑
i

λi

∣∣∣∣∣ (3.14)

where λi are the negative eigenvalues of ρTA , and || · · · || denotes the trace norm. The larger

N (ρ) the more entangled ρ is.

Concurrence

Concurrence provides a measure of entanglement which may be applied to pure or mixed states,

i.e. may be calculated for a wavefunction directly as well as the associated density matrix. For

a mixed state an analytical solution for the calculation of concurrence, C, has been derived for

a system with two particles each with two-levels [123, 124]:

C = max
{

0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4

}
(3.15)

where λi are the eigenvalues, in decreasing order of magnitude, of the matrix:

ρ · (σy ⊗ σy) · ρ∗ · (σy ⊗ σy) (3.16)
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and σy is the y Pauli operator. Analogously, for a pure state the concurrence is defined as:

C (Φ) = |〈Φ|σy ⊗ σy |Φ〉| (3.17)

The entanglement E is then defined, on a monotonic scale from 0 (separable) to 1 (maximally

entangled), as [124]:

E = h

(
1 +
√

1− C2

2

)
(3.18)

h(x) = −xlog2x− (1− x)log2(1− x) (3.19)

3.2.2 Singlet State

Now that the required definitions and mathematical tests have been introduced it will be useful

to apply them to the singlet state, S, ubiquitous in RP reactions and as shall be proven below,

an example of a maximally entangled state. The singlet is clearly a pure state as it can be

defined in wavefunction form, |S〉 〈S|. With the product expanded – and written in the αβ

basis: |S〉 〈S| = 1
2(|βα〉 〈βα|+ |αβ〉 〈αβ| − |αβ〉 〈βα| − |βα〉 〈αβ|) – the singlet is equally clearly

a coherent superposition which in matrix form, in this basis, is:

ρ =



0 0 0 0

0 1
2 −1

2 0

0 −1
2

1
2 0

0 0 0 0


(3.20)

As the singlet is a pure state, in order to establish whether it is entangled we can take the

partial trace over Matrix (3.20) for either the first or second spin. Each of which gives:

ρ1 =

1
2 0

0 1
2

 = ρ2 (3.21)

which is obviously a mixed state, 1
2 (|α〉 〈α|+ |β〉 〈β|). More specifically it is directly proportional

to 1̂, the completely mixed state indicating that the singlet is maximally entangled. A similar

conclusion is reached by taking the partial transpose over either spin, for example the partial
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transpose of Matrix (3.20) with respect to spin 2 is:

ρT2 =



0 0 0 −1
2

0 1
2 0 0

0 0 1
2 0

−1
2 0 0 0


(3.22)

with eigenvalues {−0.5, 0.5, 0.5, 0.5}. At least one is negative hence S is entangled, and has

N = 0.5. Finally calculating the concurrence and entanglement using Equations (3.15) and

(3.16) gives:

C = 1 (3.23)

E = 1 (3.24)

This result agrees with the result from taking the the matrix partial transpose and partial trace

– the singlet state is maximally entangled. The same procedures were applied to two further

states which will be of interest in this chapter. Firstly the MS = 0 triplet state, T0 (which is

equivalent to Tz if the triplets are defined in the Cartesian basis instead). This state has the same

components as the singlet but with opposite phase, |T0〉 〈T0| = 1
2 (|αβ〉+ |βα〉) (〈αβ|+ 〈βα|),

and like the singlet has E = 1 and is fully entangled. Secondly the combination in equal measure

of S and T0 ensembles 1
2 (|S〉 〈S|+ |T0〉 〈T0|) = 1

2 (|αβ〉 〈αβ|+ |βα〉 〈βα|) is a classically mixed

state. This state has, E = 0 and is thus completely separable i.e. not entangled.

3.3 Entanglement and the RPM

In Refs [88] and [119] it has been suggested that the entanglement between electrons in a

singlet state is required for sensitivity to magnetic fields. Calculations in Ref [119] compare the

magnitude of the LFEs for a system starting in a pure S state with that of a system born in a

classically mixed (separable) state defined above. The anisotropic response of a RP reaction to

changing field direction was also inspected.2 It was concluded that entanglement is inherently

necessary for RPs to show the field-strength-dependent MFEs under the influence of isotropic

HFIs, but not for an anisotropic response. In fact they saw that the yields from some mixed

2The authors went on to investigate the effect of ‘quantum control’ (the application of well defined RF pulses
designed to protect electron coherence) on MFEs and yield anisotropy but these results, while interesting, are not
relevant to the studies outlined in this chapter.
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Figure 3.1. Singlet yield from S, blue, T0, red, and the separable mixed state 1
2 (S + T0), purple. k is

varied as shown, a = 1 mT, B0 applied along the z-axis (the reason for specifying the axis will be made
clear later in the chapter).

states demonstrate larger angle-dependence than from the pure singlet. These studies prompted

several questions. How does the sensitivity to entanglement arise in the case of isotropic HFI

couplings? Are there any exceptions? Why should the role of entanglement be so different

between the isotropic and anisotropic cases?

3.3.1 Isotropic Low-Field Effect

It is always sensible to begin an analysis with the simplest possible system. Thus the following

calculations are concerned with a RP with identical g-values for both radicals and no dipolar

or exchange coupling between them. Radical A carries a single nucleus with isotropic HFI
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a = 1 mT and the field is applied along the z-axis. A comparison is made between the S, T0 and

1
2 (S + T0) starting state vectors. S and T0 are maximally entangled but have opposite phase

and the mixture of the two is not entangled. The singlet yield, ΦS , in the latter case is just the

average of the yields from the S and T0 starting vectors:

ΦS

(
ρ0 =

1

2
(S + T0)

)
=

1

2
ΦS (ρ0 = S) +

1

2
ΦS (ρ0 = T0) (3.25)

The simulated MARY (magnetically altered reaction yield) curves for these starting vectors

are given in Fig 3.1. There are clearly two different parts to the overall magnetic field effect; a

steep curve in the low field region (a LFE) and a shallower curve tending to ΦS = 0.5 at higher

field. The latter is present for all three starting states but the LFE is absent for the mixed state.

Understanding the Role of Coherence

To understand the roots of the two different aspects of the MFEs it was expedient to consider

the calculation in Liouville space as then each element of the density matrix may be considered

a state on which the superoperator acts; the full state-list is given in Table 3.1. Following the

procedure outlined in Chapter 2 the connectivity of the Liouvillian was analysed to identify the

nature of any independent subspaces, a scheme of this procedure is shown in Fig 3.2. As an

example we consider the path followed by the ‘population’ of population state 28, following the

yellow track of Figure 3.2. We walk horizontally through the Liouvillian matrix until we reach

Table 3.1. State-list for the three-spin system in the order electron A, electron B, nucleus on A. Numbers
highlighted ∗p are populations, and ∗c coherences, in the initial S or T0 state. The notation is such that
the state represented by αβαβαα denotes |αβα〉 〈βαα|.

1 αααααα 17 αβαααα 33 βααααα 49 ββαααα
2 αααααβ 18 αβαααβ 34 βααααβ 50 ββαααβ
3 ααααβα 19∗p αβααβα 35∗c βαααβα 51 ββααβα
4 ααααββ 20 αβααββ 36 βαααββ 52 ββααββ
5 αααβαα 21∗c αβαβαα 37∗p βααβαα 53 ββαβαα
6 αααβαβ 22 αβαβαβ 38 βααβαβ 54 ββαβαβ
7 αααββα 23 αβαββα 39 βααββα 55 ββαββα
8 αααβββ 24 αβαβββ 40 βααβββ 56 ββαβββ
9 ααβααα 25 αββααα 41 βαβααα 57 βββααα
10 ααβααβ 26 αββααβ 42 βαβααβ 58 βββααβ
11 ααβαβα 27 αββαβα 43 βαβαβα 59 βββαβα
12 ααβαββ 28∗p αββαββ 44∗c βαβαββ 60 βββαββ
13 ααββαα 29 αβββαα 45 βαββαα 61 ββββαα
14 ααββαβ 30∗c αβββαβ 46∗p βαββαβ 62 ββββαβ
15 ααβββα 31 αββββα 47 βαβββα 63 βββββα
16 ααββββ 32 αβββββ 48 βαββββ 64 ββββββ
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Figure 3.2. Path tracing, Section 2.5.1, through the isotropic Liouvillian from each of the basis states
comprising an initial S or T0 state. The black dots indicate the positions of non-zero elements in the
Liouvillian-matrix. The numbering corresponds to the state-list in Table 3.1. The large arrows indicate
the basis states that are non-zero in the starting vector. We enter our population in along a horizontal
line corresponding to a state found in the starting vector. When the horizontal track meets a node the
population is deflected and we follow the vertical line out of the matrix, this may or may not be the
same state as we began in. This represents the non-zero elements of the Liouvillian causing evolution
between states. If the exit state and entry state are not the same we repeat the process starting in the
exit state in order to observe which states that may evolve into. The small arrows represent the states
which are populated only after one (or more) trips through the Liouvillian, i.e. which would only be
populated after one or more applications of the matrix propagator. In practice it is clear that there are
several distinct subspaces with no evolution between them, none of the black dots connect states between
these subspaces. The non-interacting subspaces are shown in different colours, dashed lines are subspaces
begun as coherences (21, 30, 35, 44) in ρ0 and solid lines subspaces from populations (19, 28, 37, 46). The
thin solid lines which run through no non-zero matrix elements are the non-evolving population states
(19 and 46).
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a non-zero element (a black node on the graph), at this point we are deflected at right angles

and walk along a vertical line to the edge of the matrix, or continue until we reach another

node and then are deflected. The states at the exit points in this example are 31 and 52. The

process is then repeated beginning in these states, from state 31 we reach states 28 and 55 and

from state 52 we reach states 28 and 55. We have already begun a path at state 28, so finally

we trace through the path from state 55, this leads to states 31 and 52 which we have already

encountered. In short we have traced a path between four states (28, 31, 52 and 55) which

connect only between themselves, this is one independent subspace.

The same procedure may be begun in any state and thus the full state space is divided into

smaller subspaces, though of course we are interested mainly in those states which are initially

populated. There are in total 36 non-interacting subspaces, of which only at most eight are

populated – these are shown in Fig 3.2. Each populated subspace begins in one of the states

appearing in the starting vectors; S and T0 are linear combinations over the eight states (19, 21,

28, 30, 35, 37, 44, 46) highlighted in Table 3.1 and the mixed state is a sum over just the four

population states (19, 28, 37, 46).

To discover how each subspace contributes to the total, the singlet yield from each subspace

was calculated individually and the results are shown in Fig 3.3. There are three types of

contributions to the singlet yield and thus the subspaces may be grouped into three types:

1. Evolving populations (green-solid and yellow-solid lines in Fig 3.2). These begin from the

initial population states that have different spin-states on the paired electron and nucleus

and hence can evolve via a HFI driven spin flip: |α···β〉 ↔ |β···α〉. These states (Fig 3.3a-c)

are responsible for the smooth MFE.

2. Non-evolving populations (thin black lines in Fig 3.2). These begin from the initial popu-

lation states that have the same spin-state on the paired electron and nucleus and therefore

cannot be spin-flipped by the HFI. These states exist in a single-state subspace and con-

tribute 1
8 to the singlet yield at all field strengths.

3. Coherences (dotted-lines in Fig 3.2). These states have opposite phase (sign) for S and T0

and cancel out in the mixture. They contribute (Fig 3.3d,e) the steep MFE observable at

low field. If these states are not populated initially (Fig 3.3f) there is no LFE.

It would be interesting to understand how the contribution from the coherence depends on the

system parameters, a, k and B0 of a one-nucleus RP spin-system. Therefore one of the coherence

91



Figure 3.3. Singlet yield contribution from each type of subspace for a one-nucleus RP, a = 1 mT,
k = 1× 106 s−1. a)-c) S, T0 and mixed starting vector respectively – population subspaces (solid-green
and solid-yellow subspaces in Fig 3.2). d)-f) S, T0 and Mixed starting vector respectively – coherence
subspaces (all dashed subspaces in Fig 3.2). The solid black line one-state population subspaces of Fig
3.2 do not evolve and contribute 1

8 to the singlet yield at all fields for each starting vector.

subspaces, each of which spans only two states, is examined more closely. The reduced Liouvil-

lian spans the basis states, {|1) = |ααβαβα) = |ααβ〉 〈αβα| , |2) = |βαααβα) = |βαα〉 〈αβα|}.

These states are 11 and 35 in the state-list of Table 3.1 with 35 the initially ‘populated’ co-

herence and 11 the coherence into which it evolves. In the reduced basis the Hamiltonian

superoperator is:

ˆ̂
H =

ω − a
2

a
2

a
2 −a

2

 (3.26)

which, including kinetics, gives a reduced Liouvillian,
ˆ̂
L =

ˆ̂
H + i

ˆ̂
K:

ˆ̂
L =

ω − a
2 − ik a

2

a
2 −a

2 − ik

 (3.27)
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The starting states of interest in this basis are:

ρS0 = −1

4
|2) (3.28a)

ρT00 =
1

4
|2) (3.28b)

ρS+T0
0 = 0 |2) (3.28c)

and Q̂S is the singlet projection operator in the reduced basis:

Q̂S = −1

2
|2) (3.29)

The starting vector can be generalised so that x is the coefficient of |2) in the starting vector.

When x = 0 the state is fully mixed and when x = ±1
4 it is maximally entangled. Using the

above and Equations (1.52) and (1.57), the singlet yield is:

Φcoh
S = −kx

2

(
−ia2 + k + iω

k (k − ia) + ω
(
a
2 + ik

)) (3.30)

This is clearly a complex number but the imaginary parts cancel across the different coherent

contributions so we need only retain the real part:

Φcoh
S = −kx

2

 k
(
k2 + ω2 + a2

2 − ωa
)

(
k2 + aω

2

)2
+ k2 (ω − a)2

 (3.31)

The linear dependence on x clearly explains why opposite yields are observed from the T0 and

S starting vectors, however the expression remains complicated in terms of the other coefficients.

Table 3.2 summarises Equation (3.31) in a number of limiting cases. These values explain the

results of the simulations shown in Fig 3.3d)-f). Under the modest rate constant of that example

Table 3.2. Real part of the contributions of the coherence sub-spaces to the total singlet yield, i.e. the
coherence singlet yield Φcoh

S , for some limiting cases.

ω = 0
k � a Φcoh

S ≈ −x
4

k = a Φcoh
S = −3x

8
k � a Φcoh

S ≈ −x
2

ω = a
k � a Φcoh

S ≈ 0
k = a Φcoh

S ≈ −x
3

k � a Φcoh
S ≈ −x

2

ω � a
k � a Φcoh

S ≈ 0
k = a Φcoh

S ≈ 0
k � a Φcoh

S ≈ −x
2
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the zero-field limit is ±1
4 ×

1
4 = ± 1

16 for the singlet and triplet respectively. There is a rapid

decrease in the coherence contribution as the field increases, tending to 0 when ω � a. Thus

the singlet yield MARY curves from the three different starting states converge at high field.

This explains why only the LFE is lost when coherence (and entanglement) are removed.

It is clear that in these simulations the initial coherences are responsible for the LFE. Having

non-zero coherences is a natural result of entanglement (or perhaps entanglement is a necessary

by-product of these coherences) and hence in this situation, isotropic HFI and field applied along

the z axis, it may be concluded, in agreement with Ref [119], that entanglement is necessary for

the LFE.

3.3.2 Isotropic Low-Field Effect – The Directional Triplet

The simulation frame (SF) is defined here as the frame in which the calculation is carried out –

that is the axis along which the αs and βs (or irreducible spherical tensors, or product operators

etc.) of the basis are defined. This is introduced to account for the quantisation axis of the

initial state. For convenience this may be assumed to be coincident with either the molecular

frame (MF) of the HFI tensors or the laboratory frame (LF) defined by an external applied

field, but it does not have to be and hence it will prove useful to define a more general reference

frame.

Defined in the initial SF αβ basis neither an initial S nor Tz state has a magnetic moment

along the SF z axis. As in this frame mS = 0, the Tz state may be termed a T z0 state – the

equivalent of T0 defined along the SF z-axis rather than along the applied field. However T z0

does have a magnetic moment in the plane perpendicular to z. Importantly, by possessing a

net spin angular momentum (S = 1) the T z0 state has an inherent directionality and would be

expected to show an anisotropic response to an applied field even if the HFI remains isotropic.

The calculation for Fig 3.1d) was repeated with B0 applied along the SF x-axis, (in spherical

polar coordinates θ = π
2 and φ = 0). The resulting MARY curves are shown in Fig 3.4a).

There is now no LFE from the T z0 state despite its entanglement. The yield from this starting

state tends smoothly to zero as the field strength is increased. This is readily justified in the high

field limit where the eigenaxis of the system lies along the applied field direction (SF x-axis),

perpendicular to the SF z-axis. Transforming a T z0 state into the system eigenbasis is equivalent

to defining the x-axis as the quantisation axis and thus the original T z0 is equivalent to the linear
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Figure 3.4. Angular dependence of the singlet yield from S, blue, T z0 , red and the separable state
1
2 (S + T z0 ), purple, starting states. k = 1 × 106 s−1, a = 1 mT, Ax = 0 mT. a) B0 is applied along the
x-axis b) Spherical average over B0 orientations.

combination:

|T z0 〉 〈T z0 | =
1

2

(∣∣T x+〉 〈T x+∣∣+
∣∣T x−〉 〈T x−∣∣− ∣∣T x+〉 〈T x−∣∣− ∣∣T x−〉 〈T x+∣∣) (3.32)

where the superscript denotes the principal axis of the frame. At high field the T+ and T− states

are energetically isolated from T0 and S and thus interconversion is blocked. Hence at high field

a triplet state with its angular momentum in the same plane as the applied field (that is a T i0

state where the axis, i, along which the angular momentum projection is zero is perpendicular

to the field) cannot interconvert with the S and the singlet yield goes to zero. Of course a

triplet born by coherent interconversion from an initial S state is produced in the eigenaxis

system of the spin-system and not necessarily along the SF. In Fig 3.4a) the mixed state does

show a distinct change in gradient between low and high fields, i.e. a LFE despite its lack of

entanglement.

In order to remove the effect of triplet directionality from the MARY simulation an average

was taken over yields calculated with B0 directed across the full range of θ and φ relative to the

SF. Sampling points were defined using the 642-icosahedral grid from the Spinach library and

the spherical average yield, ΦS , was then calculated as a simple average over these data points

(with this grid no weighting factor is required). In the SF with an isotropic HFI the Tx, Ty and

Tz(= T z0 ) starting states return the same spherical average. The results are shown in Fig 3.4b).

These curves show some LFE for all three starting states. The role of entanglement in the LFE

is no longer clear, though it appears to be unnecessary in this instance.
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3.3.3 Anisotropic Reaction Yields

The singlet yield from a system evolving under an axial HFI and an applied field is sensitive to

the relative orientation of the HFI principal axis system (PAS) and the direction of the field.

Using the HFI PAS as the SF, the angle-dependent MFE curves of Fig 3.5 were calculated.

All three starting vectors display a directional response, and in some cases the mixed state

shows a greater sensitivity to the field direction than the singlet. This result agrees with the

system investigated in Ref [119] which goes on to conclude that entanglement is not necessary

for an anisotropic MFE. The authors explain the different dependencies on entanglement for the

isotropic and anisotropic systems they study on the different rate constants of reaction.

The only isotropic states are the singlet, S, the incoherent state, 1̂, and any linear com-

binations of the two, of which probably the most significant is 1̂ − S = (T+ + T− + T0) =

(Tx + Ty + Tz), the mixture of triplets. Any other state, that is, any state with non-equal

population of the triplet sub-levels will have an inherent directionality arising from its angular

momentum vector. With this in mind it is not surprising that Ref [119] found, contrary to their

result for the isotropic case, that mixed states with no entanglement are as, if not more, effective

at returning anisotropic yields than the pure maximally entangled singlet. However, there are

potentially two different sources of anisotropy present. The first is due to the relative angle

between the HFI principle axis and the applied field, which may or may not require entangle-

ment to be effective, and the second arises from directionality of the starting state. As it is not

possible to form a non-entangled mixed state which has equal triplet populations there is no way

to form a non-entangled state without an inherent directionality of its own and thus separating

the two sources of anisotropy is non-trivial. Unless a method can be identified to separate the

two factors, that is, to remove the effects of state directionality it does not seem likely that the

role of entanglement in anisotropic reaction yields can be properly isolated.

3.3.4 Entanglement Conclusion

It appears that in the absence of anisotropic HFIs and when the applied field is along the SF

z-axis a state with either no net spin angular momentum or with angular momentum in the

xy plane must be entangled in order to produce a low field effect. It is possible to identify

precisely the part of the reaction yield arising from the coherent terms and thus explain the

origin of the LFE in more detail than previously. However, the situation is more complicated

than initially anticipated due to the directionality of the triplet sub-levels. When a field is
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Figure 3.5. Singlet yield from S, blue, T z0 , red and the separable state 1
2 (S + T z0 ), purple, starting states.

a = 1 mT, Ax = −0.02 mT and Rh = 0 mT. The SF is aligned with the HFI PAS and B0 = 50 µT is
rotated around y by an angle θ (in radians) from being parallel to the symmetry axis of the axial HFI
when θ = 0 to perpendicular to it at θ = π

2 .

applied perpendicular to the axis of the initial T0 state, i.e. in the same plane as its angular

momentum vector, the LFE is lost. As the singlet state is isotropic and the mixed state is just

the average over S and T0 the mixed state then picks up some degree of LFE despite its lack

of entanglement. Entanglement is neither necessary nor sufficient for a LFE. While it is not

clear how to separate the anisotropy arising from coherent evolution driven by an anisotropic

HFI from that yielded by the directional starting vector, it is evident that there is no need

whatsoever for entanglement between the electrons in order to see an anisotropic MFE.
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3.4 The Directional Triplet

Although the exact role of entanglement remains elusive it certainly appears that it is not

necessary for the directional response of a RP reaction yield and in the process of this study we

have identified an alternative source of directional information which may be of use in producing

large anisotropic reaction yields. Ref [125] also made use of initial non-equlibrium triplet states,

though in this instance they were invoked to create a RP system that returns significantly

different reaction yields when simulated using the Kominis and Haberkorn models of reaction

kinetics. In the course of their study it was noted that an “exquisite angular sensitivity” is

achievable from such states, but this was used more as an argument for the usefulness of the

Kominis kinetic superoperator than as a point of interest in its own right. The next section of

this chapter investigates further the yield anisotropies arising from polarised triplet states.

3.4.1 Intersystem Crossing

Intersystem crossing (ISC) is a non-radiative process which transfers a molecule between states

of different multiplicity.3 For most molecular excited states ISC is driven by spin-orbit coupling

with a transition probability given by [126]:

〈
mµΓ0, γS |ĤSO|nνΓ′0, γ

′
S

〉
(3.33)

where m and n are the initial and final states, µ and ν are the initial and final spin multiplicities,

Γ0 and γS define the orbital and spin parts of the wavefunction respectively (the prime identifies

the final state wavefunctions) and ĤSO is the spin-orbit coupling Hamiltonian [127]. It is possible

to examine the symmetry of the initial state (normally the first excited singlet state S1) and

the sub-levels {τx, τy, τz} of the closest triplet state (often but not always T1) to deduce rules

for the probability of each transition, S1 → {τx, τy, τz} as was done in Ref [126]. For excited

states with some local symmetry (i.e. some symmetry in the molecular orbitals of interest) the

triplet sub-levels often transform as different irreps (irreducible representations) and hence the

transition probabilities to {τx, τy, τz} are far from being equal [126]. By convention the frame of

the triplet sub-levels is defined in the eigensystem of the zero-field splitting (ZFS), that is, the

dipolar coupling interaction between the two electrons [128].

3The normal S − T evolution encountered in the RP mechanism is in some instances referred to as ISC which
is technically not incorrect, however herein we use the term ISC only to refer to conversion between states of
different multiplicities in molecular excited states – i.e. before the radicals are formed.
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Different transition probabilities will lead to different rates of population of the three triplet

sub-levels, and thus it is often the case that a molecular triplet is born with unequal sub-level

populations. However, a state with non-Boltzmann populations in the ZFS frame (ZFSF), does

not show a net spin polarisation, i.e. no net magnetisation, which can be shown by considering

the initial density matrix transformed from the ZFSF to the eigenbasis of the Zeeman interaction

Hamiltonian (+0−) for a field applied along the ZFS z-axis:

ρZFS(0) =


px 0 0

0 py 0

0 0 pz

⇒ ρ+0−(0) =
1

2


(px + py) 0 −(px − py)

0 2pz 0

−(px − py) 0 (px + py)

 (3.34)

where pi are the populations of the triplet sub-levels. Clearly the populations of |T±〉 are equal

and no net spin polarisation will be observed, and similarly it can be shown that
〈
Ŝx

〉
=

1
2

〈
Ŝ+ + Ŝ−

〉
= 0 [129]. If the system is allowed to evolve under, for example, unequal g-

values or different HFIs, or is subject to differential relaxation, the populations alter and a

spin polarisation can be observed [130, 131]. When this is followed by permanent separation

of the electrons strong polarisation of the individual radical spins can be observed. This is the

triplet mechanism (TM) responsible for some examples of chemically induced dynamic electron

polarisation (CIDEP). It is entirely possible for the TM and the RPM (responsible for the

other observations of CIDEP) to work together, i.e. an initially polarised triplet state is the

starting state of a radical pair which subsequently undergoes coherent evolution and a spin-

sorting reaction [129].

As the ZFSF is not the eigenbasis of the full Hamiltonian the triplet states populated through

ISC are non-stationary, they are coherent superpositions over the full spin Hamiltonian eigen-

states. Quantum oscillation of the electron magnetisation was predicted as a direct result of the

coherent evolution of the non-stationary starting states [132], and such oscillations have been

observed by EPR [133]. Furthermore in Ref [133] oscillations in nuclear spin polarisation were

also observed, and could only be successfully modelled if second-order HFI were included in the

original triplet basis set, i.e. if nuclear spin-states contribute to ISC. The frame of the initial

triplet sub-level may thus need to be the eigenbasis of the extended ZFSF ĤZFS + ĤHFI. For

the purposes of the simulations in the rest of this chapter we will continue to use the SF which

may be identified with either the eigenbasis of the ZFS or the extended ZFS, or if necessary

something else.
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Figure 3.6. Singlet yield as a function of B0 and θ, the angle between the SF z axis and ~B0. k =
1× 106 s−1, a = 1 mT, Ax = Rh = 0 mT. The system starts in the Tz state defined in the SF. The black
line shows the angular dependence at 50 µT.

3.4.2 Chemical Compass

Magnetic field effects have been observed in the reaction yield of radicals from a molecular triplet

state with differential rates of ISC to the ground state [134], and a similar mechanism was once

suggested as a possible mechanism of a chemical compass [135]. However, we are concerned

predominantly with MFEs arising via the RPM which may be enhanced by a directional starting

state.

As aforementioned, a system starting in a Tz state can return a directional yield in the

absence of any anisotropic interactions. The variation of angular dependence over a range of

fields is shown in Fig 3.6 for a system with a single isotropic HFI. There is a 100% change in

the reaction yield at high field – when the field is along z, the Tz state is identical to T0 in the

eigenbasis of the interaction and there is complete mixing between Tz and S hence ΦS = 0.5.

However when a strong field is applied perpendicular to Tz there is no T0 character in the

eigenbasis of the Hamiltonian and all evolution to S is prohibited, therefore ΦS = 0.

The three-dimensional angular dependence of the yield is often depicted as a polar plot,

for a particular field. The surface position is dictated by the polar coordinates θ and φ and

|r| = ΦAniso
S = ΦS(θ, φ)− ΦS . ΦAniso

S also defines the colour, ranging from bright red indicating

the maximum yield to bright blue at the minimum. The anisotropic yields from Tx, Ty and

Tz starting vectors are shown in Fig 3.7b)-d) to have the 3D shape directed along different

axes. Obviously there is no anisotropy from the singlet state, Fig 3.7a). With such an enormous
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Figure 3.7. Polar plots for ΦAniso
S from (left to right) S, Tx, Ty, Tz pure starting vectors. The colour

indicates the magnitude of ΦAniso
S , red regions and blue regions have greater than (max = +0.16) and

less than (min = −0.08) the average singlet yield respectively – all polar plots are shown on the same
colour scale. k = 2× 105 s−1, a = 1 mT, B0 = 50 µT. a)-d) Ax = 0 mT, e)-h) Ax = −0.02 mT.

Figure 3.8. Chemical structures of 1 the flavin isoalloxazine radical anion and 2 a tryptophan radical
cation.

variation in singlet yield from any of the initial triplet states, a system with unequal populations

of the triplet states, if it could be physically realised, could make an excellent chemical compass.

In practice a spin-system is unlikely to have no anisotropic HFIs, thus Fig 3.7 e)-h) were

calculated for the four pure starting vectors with an additional axiality to the HFI, Ax =

−0.02 mT, and are shown on the same colour range as Fig 3.7 b)-d). Comparison of the

anisotropic yield limits show that the triplet states give a much larger anisotropy than the

singlet, but that all three triplets return a slightly weaker directional dependence than in the

absence of the axiality, Fig 3.7b)-d). This result is in accord with the general observation that

increasing the number of anisotropic HFI in a system, particularly if they do not align, reduces

the overall directional response [15].

To establish if a directional triplet starting state can produce any gain in anisotropy over

the pure singlet in systems with many HFIs a more complicated model system was simulated.

The [FAD•− · · ·TrpH•+] RP provides a convenient example, Fig 3.8. This particular system
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will be discussed in much more detail in later chapters. It is sufficient to note here that from

the calculations of Ref [137] there is reason to expect some anisotropy in the ISC of excited

molecular flavin S1 states to the triplet manifold. Such anisotropy is not likely to be 100%

and the competition between ISC and radical formation is likely to allow for a mixture of both

singlet and triplet starting state RPs. A general starting vector may be defined as:

|ρ〉 〈ρ| = λ |S〉 〈S|+ (1− λ) (Px |Tx〉 〈Tx|+ Py |Ty〉 〈Ty|+ Pz |Tz〉 〈Tz|) (3.35)

where 0 ≤ λ ≤ 1 and Px+Py +Pz = 1. As the singlet yield is linear with respect to the starting

vector, the yield from any mixed state may be calculated by taking appropriate sums over the

Table 3.3. Hyperfine interactions included in the simulation of Fig 3.9 for the FAD•− radical anion and
TrpH•+ radical cation. HFI were calculated, by Kuprov, using density functional theory in Gaussian 03
and using the UB3LYP/EPR-III level of theory. Numbering is as shown in Fig 3.8 and in the calculations
R = R′ = R′′ = H [136].

Radical Spin HFI / µT HFI principal axes

FAD•− N5

−100.1 0 0
0 −86.8 0
0 0 1756.9


0.9518 −0.3068 0

0.3068 0.9518 0
0 0 1



N10

−24.1 0 0
0 −14.4 0
0 0 604.6


0.6845 0.7291 0

0.7291 −0.6845 0
0 0 1



TrpH•+ N1

−63.7 0 0
0 −53.0 0
0 0 1081.2

 0.3223 0.9353 −0.1463
0.9172 −0.3468 −0.1963
0.2343 0.0710 0.9696



H10

1498.1 0 0
0 1559.0 0
0 0 1756.7

  0.2968 −0.3935 0.8701
0.8180 0.5749 −0.0190
−0.4928 0.7174 0.4925



H1

−1082.6 0 0
0 −705.4 0
0 0 −6.9

  0.7540 0.6139 −0.2336
0.2344 0.0808 0.9688
−0.6136 0.7852 0.0830



H5

−740 0 0
0 −536.0 0
0 0 −187.9

 0.5359 0.8279 −0.1653
0.2657 0.0205 0.9638
0.8014 −0.5604 −0.2089



H8

−558.2 0 0
0 −423.1 0
0 0 −109.7

 0.5779 0.7959 −0.1803
0.2498 0.0378 0.9676
0.7769 −0.6042 −0.1769
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Figure 3.9. Polar plots for ΦAniso
S from (left to right) S, Tx, Ty, Tz pure starting vectors. The colour

indicates the magnitude of ΦAniso
S , red regions and blue regions have greater than (max = +0.012) and

less than (min =−0.011) the average singlet yield respectively. All polar plots in this figure are shown
with the same colour scale. k = 2× 105 s−1, B0 = 50 µT. HFIs are detailed in Table 3.3.

yields from the pure states:

ΦS = λΦS
S + (1− λ)

(
PxΦTx

S + PyΦ
Ty
S + PzΦ

Tz
S

)
(3.36)

In the first place we assume the initial states are populated with complete selectivity and

so calculate Φi
S . This will give an indication of the likely limiting behaviour and any mixed

state chosen at this stage would be completely arbitrary. The HFI parameters included in

the simulation are listed in Table 3.3, this is the largest number of nuclear spins that could

be simulated in a sensible time-frame, and reaction kinetics were treated with the exponential

model. The results of the singlet yield calculation from each of S, Tx, Ty and Tz pure starting

states are given in Fig 3.9 and it is evident that the anisotropy of the system has generally

decreased compared to the one nucleus example. The yields from a singlet-born RP, Fig 3.9a)

and Fig 3.7e), show a decrease in anisotropy on adding more nuclei to the system. While there

is still some gain in directional sensitivity when the reaction starts in any one of the pure triplet

states, and most from Tz, this gain is extremely small (about 0.3%) in this instance. The

maximum anisotropy in reaction yield occurs when Px = Py = 0, Pz = 1.

3.5 Conclusion

In this chapter we have investigated the implications of entanglement for the RPM. It is clear

that many states commonly involved in RP reactions, of which the singlet state is the most

common, do have strong entanglement between the two electrons, but it also appears that

such entanglement is unnecessary for either field-strength or field-direction dependent MFEs.

By studying the types of terms appearing in the initial density matrices we were able to fully
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identify the origin of the LFE in the case of an isotropic HFI and an initial singlet state as

arising from the coherences, between |αβ〉 and |βα〉, and the dependence of this contribution on

rate constants, field strength and HFI was investigated.

Further analysis of the role of entanglement leads to the observation that the initial triplet

states have an inherent directionality which can lead to an anisotropic reaction yield even in

the absence of anisotropic magnetic interactions. When this effect is accounted for it becomes

difficult to isolate the role of entanglement in MFEs from the effects of relative orientation

between field (or HFI PAS) and initial state. Only for the special case which has the magnetic

field applied along the axis defining the basis states, i.e. coincident with the SF, and an isotropic

HFI is entanglement necessary for a LFE, and even then the high-field effect is retained even

for a mixed starting state. In most cases it is clear that entanglement is not required for MFEs

of any kind. It would be interesting to attempt to remove the effects of the initial directionality

from the outcome and thus probe the true role of entanglement but it is not obvious how to

proceed with this.

Finally we have briefly investigated the significance of the triplet directionality for anisotropic

RP reaction yields. Very large anisotropies are possible, but the addition of more anisotropic

magnetic interactions, namely HFIs, reduces the contribution from the initial state so that for

complex systems there is little gain in directionality from an initial triplet state compared to the

singlet. Further work in this area should establish more precisely the relationship between state

directionality and reaction yield in the presence of anisotropic HFIs with a view to identifying

a potential candidate system for experiment. Such a system must be born in a polarised triplet

state, will ideally have predominantly isotropic HFIs, and hence might then be expected to show

large anisotropic reaction yields experimentally, i.e. the desirable chemical compass behaviour.

Further work investigating the effect on the LFE and of the anisotropy of a mixed starting

state with different proportions of the triplet sub-levels and singlets might provide an interesting

measure of the effect of state directionality on yield anisotropy. It would be interesting to

investigate the effects of, for example, relaxation and radio-frequency fields on systems born in

a polarised triplet state to understand to what extent, if any, they behave differently to the

normal singlet.
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Chapter 4

The Effects of Radio-Frequency

Fields on the Avian

Magnetocompass

4.1 Introduction to Animal Navigation

All sorts of animals across many phyla have been shown to possess the ability to respond to

magnetic fields. To name but a few examples, birds [46, 138, 139], sea turtles [49], monarch

butterflies [48], fruit flies [140], mice [141], newts [142] and bees [47, 143]. Even some strains of

bacteria are affected by magnetic fields [144].

Despite the prevalence of magnetoreception in the animal kingdom the biophysical mech-

anism which underpins it is still a matter of much contention. A wide range of behavioural

studies both in the wild and in the laboratory shed some light on the characteristics of the

various animal compasses and magnetic maps but a consensus as to the underlying mechanism

has not been reached for any animal. Magnetotactic bacteria, which strictly speaking do not

‘sense’ the field but simply align passively with it, do so due to long chains of biogenic magnetite

particles but it is certainly not clear that any animal uses a similar physical response.

It is known that animals are capable of using many cues for orientation. The sky provides

several possibilities; the sun, stars and polarised light [145, 146], and other more local visual

cues are also important. Some animals use their olfactory sense in order to successfully orientate

[147]. Many species have been shown to possess more than one of these mechanisms with

the dominant source of information depending on the environmental conditions at the time of
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Figure 4.1. Schematic of the Earth’s magnetic field. Solid lines represent magnetic flux lines and the
dashed line indicates the rotation axis. The picture of the Earth was drawn by Jason Lau.

orientation. There is also likely to be calibration between the different compasses [148, 149].

This chapter, and those that follow, are concerned only with the animal magnetic sense.

Features of the Earth’s Magnetic Field

Before moving on to discuss the biophysical mechanism of magnetoreception it is helpful to

understand the nature of the magnetic field that is to be detected. The Earth can be imagined

as a ball with a large bar magnet in the centre, from which field lines emanate, Fig 4.1. Clearly

the magnetic field lines make an angle with the surface of the Earth and this is known as the

inclination angle. Normal human compasses detect the horizontal component of the field, and

thus can distinguish north and south. It is not necessary that animals use the field in the same

way, and indeed as will be discussed subsequently, in many cases they do not.

4.1.1 Proposed Biophysical Mechanisms of Magnetoreception

Although several different mechanisms have been proposed to explain animal magnetoreception

only three have gained a significant following, only two of which can begin to explain magne-

toreception in land animals. For sharks, skates and other elasmobranch fish it was proposed

that they can detect electromagnetic fields induced in the ampullae of Lorenzini as they swim

through the geomagnetic field [150, 151]. As we are predominantly interested in avian naviga-

tion, and given that most birds do not swim significantly during migration, we focus on the two

remaining main hypotheses for the mechanism of magnetoreception, magnetite versus the radi-

cal pair mechanism (RPM). Though there is still much debate surrounding the two proposals, it

is becoming increasingly likely that both mechanisms are active in many species. It is thought
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that a magnetite-based system allows for a magnetic map function and perhaps a fixed-direction

response, while the RPM provides a compass heading [138, 152–154].

Magnetite

The magnetite mechanism is in essence the microscopic analogue of a man-made compass. The

needle, a large metal pointer with a strong magnetic moment, is replaced with a single-domain

nano-particle of magnetite, or alternatively with a chain of superparamagnetic magnetite parti-

cles that interact with each other to form one large magnetic moment [155]. Magnetite has been

located in several species for example in salmon, Oncorhynchus tshawytscha [156] and in birds

[157]. Several different transduction mechanisms have been proposed to account for experimen-

tal observations, though most centre around a magnetite particle being attached to a membrane

so that a motion in response to the applied field pulls/releases a pull on the membrane thus

changing the membrane permeability and initiating a nervous response [50]. Alternatively, it

was proposed that the magnetite may sit in between nerve cells so that as it rotates in the

Earth’s field the conductance across the synapse is altered [47].

Radical Pair Mechanism

A popular alternative to the magnetite mechanism is built upon the RPM which has already been

discussed in detail in earlier chapters. It was back in 1978 that Schulten first proposed the RPM

as a potential mediator of directional magnetic field information for animal magnetoreception

[51]. This was the first suggestion of a ‘chemical compass’, that is a chemical reaction whose

outcome is dependent not only on the strength of the applied field, but also on its direction. The

sensitivity to field direction arises from the inherently anisotropic interactions in the radicals

themselves and hence the relative orientation of the field and internal interactions affects the

coherent evolution of the RP between spin states and correspondingly the product yields. Despite

being a fascinating suggestion, and the accumulation of a wealth of experimental and theoretical

results pertaining to the RPM in vitro in intervening years [1], the chemical compass was mostly

overlooked because there was no molecule or protein suitable for the task. However, in 2000,

Ritz, Adem and Schulten proposed cryptochrome (CRY) as a candidate molecule [158]. A more

detailed discussion of the suitability of CRY in this role can be found in Chapter 5. It is sufficient

for the moment to note that it can be excited by blue light to form a radical pair [159].

For now we outline the Ritz et al. proposal in a little more detail [158]. It was proposed that
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Figure 4.2. Representation of cryptochrome (CRY) ordering around the retina, cones represent the
periodic arrangements of CRY proteins, ordered relative to the surface of the retina. Figure provided by
P. J. Hore.

the RP reactions occur in CRY molecules that are regularly spaced, and orientationally ordered,

around the retina of the eye, Fig 4.2. It has been speculated that the direction-dependent

reaction yields somehow ‘piggy-back’ on the visual system. The reaction yield at each point on

the retina will depend on the relative direction of the magnetic field compared to the CRY axis at

that point. Therefore across the whole eye a visual modulation pattern could be envisaged which

shows, perhaps, a brighter spot when the animal looks in a particular direction. It was thought

initially that almost perfect ordering of the CRYs, as is shown in Fig 4.2 would be required to

see a satisfactory response but recent work reported in Refs [160, 161] suggest that significant

disorder is possible while retaining directional sensitivity. Alternatively, work is on-going to

investigate whether it is possible that animals take advantage of the inherent polarisation of

natural light to bring about selective excitation of only certain orientations of the CRY, thus

achieving the effect of orientational ordering without actually having any order at all [162].

4.1.2 Avian Magnetoreception

Behavioural experiments to try and deduce the characteristics of the animal magnetic sense have

been carried out with many different species. However, the largest set of experimental data has

been collected from night migrant birds, in particular European robins (Erithacus rubecula), Fig

4.3. Henceforth we focus on the avian magnetocompass.

The development of new technologies has increased the number of ways to investigate bird

navigation. For example GPS (global positioning system) has been used to track the entire

routes of homing pigeons [163] and radar antennae are used to record the vanishing bearing of
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Figure 4.3 Photograph of a European robin (Erithacus rubecula).

birds as they fly away in addition to simply watching the birds with binoculars [164]. These

methods are used to study birds in the wild, however far more control over the environmental

conditions can be achieved in a laboratory environment.

In the general procedure pioneered by the Wiltschkos (eg. [165]), birds are captured during

autumn migration, undergo testing then and are held over the winter and tested again in the

spring. The light conditions are artificially controlled to mimic those the birds would experience

when it is time to begin the return leg of their migratory journey, thus inducing ‘migratory

restlessness’ in the birds. At the time of the experiment the birds are removed to the experiment

hut and placed in the bottom of an Emlen Funnel [166]. The walls of the funnel are covered

in typewriter correction paper which leaves a mark when scratched at by the birds. At dusk,

when night migratory birds such as the robins and garden warblers want to begin their flights

the birds exhibit migratory restlessness and scratch at the paper to try and get out. They tend

to scratch most frequently in the direction that they wish to migrate. Once the bird is removed

from the funnel the typewriter paper is divided into sections and the number of scratches in each

section is counted. The experiments are carried out in huts with a light source provided above

the funnel so that there are no external cues, for example sun or star compasses, for orientation

apart from the magnetic field. Once in this controlled environment other factors may be varied.

Characteristics of the Avian Magnetocompass

Unlike the familiar human compass it was shown in Ref [139] that robins derive directional

information not from the absolute polarity of the field but instead from the inclination of the

field lines relative to the ground, as shown in Fig 4.1. Presumably an internal gravitational

sense is used as a reference axis when the birds are out of sight of the ground [139]. When the

horizontal component of the field was reversed relative to the natural field (that is changing both

109



Figure 4.4. Scheme showing the preferred migratory direction (black arrow) of robins when the different
components of the geomagnetic field (horizontal shown in orange, vertical shown in blue) are varied [139].

the inclination angle and the pole) the birds were orientated 180◦ from their natural heading,

Fig 4.4. The same was true when only the vertical component was flipped. However, when both

components of the field were reversed, that is, the field line was at the same inclination but the

direction was inverted the birds were orientated as if under the natural field. As the Earth’s field

is approximately symmetric about the equator this means that birds can identify either a pole-

wards or equator-wards direction but cannot distinguish the north from the south pole. It was

suggested that this may provide an evolutionary advantage when considering that the Earth’s

magnetic field inverts every now and again [167]. This feature of the avian compass is consistent

with the RPM as anisotropic HFIs have a centre of inversion and hence all reaction yields have

inversion symmetry, consider for example the polar plots of earlier chapters. However, the RPM

is not the only way to explain the inclination compass, although magnetite is capable of detecting

field polarity, several mechanisms have been suggested that would give the observed inclination

compass [168].

The Wiltschkos also showed that the avian compass is light-dependent [165, 169–171]. An

overview of their results is shown in Fig 4.5. European robins are able to orientate under

UV, blue, turquoise and green light but are disorientated under longer wavelength light (red

and yellow). This is consistent with a light-activated RP reaction which has a chromophore

absorbing light only in the shorter wavelength range. It has also been reported that birds

left under red light can adapt and begin to orientate successfully [172]. This has lead to the

suggestion that more than one RP based compass mechanism may be in action [169].

There is a body of work that has investigated the effects of strong magnetic field pulses on

avian (and other animal’s) orientation. An excellent discussion of these studies can be found
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Figure 4.5. Orientation of European robins during their spring migration under monochromatic light
of wavelength: 373 nm, 424 nm, 502 nm, 565 nm, 590 nm and 635 nm, at 0.8× 1015 quanta s−1m−2 and
7−8×1015 quanta s−1m−2 for UV and visible light respectively. The triangles indicate the main heading
of individual birds over three recordings, the arrows represent the mean direction vector. The dotted
and solid circles represent the 5% and 1% significance border (of the Rayleigh test). Arrows beyond
these circles indicate significant orientation. Reproduced from Ref [169] with permission from the Royal
Society and R. Wiltschko.

in Ref [173]. The responses are somewhat mixed. Robins and reed warblers (Acrocephalus

scirpaceus) in the wild were shown to be disorientated by a pulse applied perpendicular to the

natural field but not by a pulse parallel or anti-parallel to it [173] . However several species

have failed to show any response at all. That under some conditions many species are affected

by a strong magnetic pulse perpendicular to the natural field is considered to be evidence for a

magnetite-involving mechanism of magnetoreception [156, 170, 173].

It has been suggested that a magnetite-derived magnetic sense in birds is conducted via the

trigeminal nerve from the upper beak [174]. Complex magnetite based structures have been

identified in the upper beak of several species [157], but these findings have not been replicated

[175]. It has been shown that severing the trigeminal nerve does not prevent a bird from

successful orientation, though lesion of the Cluster N region of the brain which is associated

with night vision [176], does cause disorientation [177]. It has also been shown that the Cluster
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N region shows high neuronal activity when night-migratory birds are carrying out magnetic

orientation [178]. This region is evidently necessary for compass-like orientation.

Birds have been shown to become disorientated when exposed to field strengths outside of the

normal functional region, that is fields varied significantly from the natural intensity. However

it was also shown that they can adapt to a field twice the normal intensity of the local Earth

field if exposed to the field for some time in advance of testing [179]. This result can perhaps

be explained by considering that the birds are capable of adapting to changes in the visual

modulation patterns proposed by Ritz et al. [158]. This was explored in Ref [15] in which the

polar plots for a RP reaction under different static fields were compared and strong differences

in the directional distribution of the product yields were predicted.

The evidence available to date is not sufficient to firmly prove or disprove either the chemical

compass or magnetite model of compass-like magnetoreception, though many aspects could be

consistent with either. The precise nature of the biophysical mechanism of magnetoreception

may yet turn out to be an entirely different mechanism but for now it is worthwhile investigating

the models we have.

Response to Radio-Frequency Fields

Perhaps the most remarkable evidence for the RPM is that birds have been shown to be disori-

entated by the application of an applied radio-frequency (RF) field. Zebra finches, Taeniopygia

guttata, are unable to orientate using their magnetic sense when exposed to a 1.156 MHz os-

cillating magnetic field at 0.47 µT amplitude (about 1% of the local static field) [181]. In Ref

[182] it was reported that robins are disorientated by an RF-magnetic field at 1.315 MHz with

an amplitude of 0.48 µT, again about 1% of the static field. This frequency matches the en-

ergy splitting arising from an electron in the geomagnetic field at the site of the experiment

(≈ 46 µT). Further work by the Wiltschkos in this area, and reported in Ref [180], showed an

even more remarkable response, Fig 4.6. European robins are disorientated by a 15 nT RF-field

applied at the Zeeman resonance frequency (1.315 MHz) of a bare electron (in the local static

field), but are well-orientated under a field of the same amplitude but at double or half the

frequency. If, however, the static field is doubled, the resonance moves to twice the frequency.

The observed ‘resonance’ in orientational capability alters with the applied field strength and

remains coincident with the Zeeman resonance.1

1Although we focus here on the bird experiments, similar results have also been reported for American cock-
roaches [183] and work is in progress to determine if similar factors affect mouse orientation [184].
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Figure 4.6. Orientation of European robins and the effects of adding oscillating fields over various
intensities and frequencies. The three columns on the left indicate responses in the local geomagnetic
field (46 µT) and the two columns on the right are the responses of the birds under a magnetic field
of twice the natural intensity (92 µT) to which the birds had been pre-exposed for three hours. The
uppermost diagrams show the orientation of the birds under static fields alone. The vector indicates the
mean direction vector. The two inner circles are 5% (dotted) and 1% significance limits. The diagrams
below show the responses when oscillating magnetic fields were added at the intensities and frequencies
shown. Figure reproduced from Ref [180] with the permission of Elsevier.

4.2 Disruption of the RPM by RF-Fields

Effects of RF (or microwave) fields on spins is the basis for all magnetic resonance. However,

the interactions are not limited to NMR and EPR spectroscopies but have been seen to affect

RP reaction yields. Reaction yield detected magnetic resonance (RYDMR) [38, 39] exploits the

effects of RF-fields on the coherent interconversion of singlet and triplet spin-states, usually at

high field, which are manifest in the reaction yields. Such experiments are sometimes referred

to as optically detected EPR [185] and at low fields (mT rather than T) these experiments are

often called MARY-ν. Independent of the name, many experiments have shown that RF-fields

can affect the outcome of RP reactions and there is no reason to believe this would not be true

for RP reactions at very low fields, such as that of the Earth, even when the RF-field power is

also weak. This was therefore proposed as a possible explanation for the disorientation of the
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birds at certain RF-field frequencies, i.e. that the behavioural experiments [180] are in fact the

first example of so-called animal-detected magnetic resonance (ADMR).

4.2.1 Calculation of Time-Dependent Field Effects Using γ-COMPUTE

The problem of efficiently simulating the yields of RP reactions under the influence of oscillating

magnetic fields was addressed by Rodgers in his DPhil thesis and associated publications [136,

180, 186]. This section presents an overview of his methods. The Hamiltonian for a radical

under the influence of an RF-field is time-dependent and may be defined as:

Ĥ = γeB0

(
sinθcosφŜx + sinθsinφŜy + cosθŜz

)
+ γeB1

(
sin (θ + ε) cosφŜx + sin (θ + ε) sinφŜy + cos (θ + ε) Ŝz

)
sin (ωRFt+ γ)

+ ĤHFI (4.1)

where θ and φ are the spherical polar angles, ε is relative angle between the static and oscillating

fields, ωRF is the frequency of the RF-field (in angular frequency units) and γ is the initial phase

of the RF-field. Strictly speaking, unless the two fields are parallel they form a 3D shape and

in order to sample all relative orientations the third Euler angle (usually α) should be invoked.

In the case of isotropic HFIs, rotating the field has no effect and the only angle of interest is

the relative angle between the fields and thus α may be neglected, such systems are the focus of

most of this chapter. The only anisotropic reaction yields under RF-fields of interest herein are

those for which the static field is set to zero and so once again only the normal polar coordinates

are required.

In addition to the difficulties associated with a time-dependent Hamiltonian such calcula-

tions are further complicated by the fact that RPs created by continuous illumination, under a

continuous RF-field, are equally likely to be formed at any time during an RF-field cycle, that

is, the singlet yield must be averaged over all possible initial phases, γ = 0→ 2π.

This system is mathematically similar to problems in magic angle spinning (MAS) NMR

of solid-state samples. There are random orientations of crystals in the sample which must be

averaged over, γ-averaging, and modulation of anisotropic interactions by the MAS causes the

Hamiltonian to be periodic, i.e. the spins evolve under a time-dependent Hamiltonian. The

COMPUTE algorithm (Calculation over One Modulation Period Using Time Evolution) was

proposed by Éden et al. [187] as an efficient procedure for simulating periodic NMR problems.
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This was extended to include γ-averaging to give γ-COMPUTE [188]. Rodgers then employed

the same methods for the problem of periodic time-dependent fields applied, without phase

locking,2 to reacting radical pairs.

It is not necessary to reproduce the derivation of the method here, Refs [136, 186–188] give

excellent accounts. However, we do highlight the main aspects of the algorithm as implemented

by Rodgers. The efficiency gains are made by exploiting the symmetry of the time-dependent

part of the Hamiltonian due to its periodicity:

Ĥ (t; γ) = Ĥ

(
t+

2mπ

ωRF
; γ

)
(4.2)

where m is an integer and ωRF is the frequency of the RF-field in angular frequency units. 2mπ
ωRF

is equal to m time periods of the oscillating field. As phase and time are related the initial phase

can also be treated as a time-shift:

Ĥ (t, γ) = Ĥ

(
t+

γ

ωRF
; 0

)
(4.3)

The propagators for system evolution are calculated for n, the discretisation parameter, steps

within one time period. The product of these propagators can be used to generate the average

Hamiltonian over one period. The singlet probability at any time t can then be calculated

by applying the average Hamiltonian for every complete period and choosing the appropriate

propagator to account for the ‘left over’ time in addition to an integer number of periods.

Furthermore, as the initial phase can be treated as a time shift this can be incorporated by

pre-multiplying the density matrix by an appropriate time propagator. The singlet probability

is combined with an appropriate recombination function, usually a simple exponential decay, to

allow the calculation of the total singlet yield.

A γ-COMPUTE ‘toolbox’ in MATLAB for RP reaction yield simulations was developed by

Rodgers and remains in use in the Hore group. Simulations carried out in this chapter made

use of these codes, incorporating some modifications to account for changes in the spin-system.

Criteria for a RF-Field Zeeman Resonance

A radical with no HFIs placed in a static field has very simple energy separations. The splitting

that arises is due only to the interaction of the electron with the static field. In the limit that

2Phase-locked systems create the radical pairs via laser-flashes synchronised to a particular phase of the RF
radiation.
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the RF-field applied is much weaker than the static field, as is the case in the behavioural

experiments, the RF-field can behave analogously to a micro-wave pulse (or continuous wave)

applied to an EPR sample at high-field and drives population transfer between energy levels, i.e.

there is an EPR-type resonance for the bare electron. This was expected to be made manifest

in RP reaction yields by a change in the product yield at the resonant frequency, and indeed

simulations by Rodgers showed this to be the case [136, 180].

For more complicated radicals, that is, those that experience one or more HFI the energy

levels are far more complicated. This is particularly true of the low static fields of interest here,

as the HFIs are often comparable, if not larger than, the static field. A radical with n spin-1
2 and

m spin-1 nuclei will have 2n+1 × 3m energy levels and hence 2n × 3m ×
(
2n+1 × 3m − 1

)
energy

separations, not all of which will be associated with allowed transitions, some of which will be

degenerate and none of which are expected to correspond exactly to the Larmor frequency. Such

a radical was not expected to show a clear Zeeman resonance in the reaction yields, and again

this proved to be the case in simulations [136, 180].

It was shown that in order for a radical pair to demonstrate a resonance at the frequency

of the Zeeman splitting it is necessary for one radical to bear either no magnetic nuclei at all,

or to have an even number of equivalent spin-1
2 [136, 180]. As was mentioned in Chapter 2,

it is possible to combine the spin angular momenta of equivalent nuclei, using Clebsch-Gordon

addition. An even number of spin-1
2 nuclei will always have an STotal = 0 component which is

equivalent to there being no nuclei at all. Of course the larger the group of equivalent nuclei

the smaller the STotal = 0 component becomes as a proportion of the whole and the smaller the

RF-field Zeeman response.

In addition, the size of the RF-field response was shown to be proportional to sin2ε where ε is

the angle between the static and oscillating field. Therefore, all simulations below were carried

out with ε = π
2 to maximise any possible response.

In order for the chemical compass mechanism of avian magnetoreception to explain the

observed in vivo Zeeman resonance the RP must have certain characteristics. Specifically one

of the two radicals must carry no magnetic nuclei, or 2n equivalent spin-1
2 nuclei. The original

proposal for the magnetically-sensitive RP was based on a flavin-tryptophan RP in CRY (which

will be discussed in much more detail in Chapter 5) but both radicals carry significant HFIs and

so cannot explain the observed resonance.3 As it is the flavin that undergoes photoexcitation

3Of course it is entirely possible that the RF-field is not affecting the actual chemical compass but rather the
transduction mechanism, or the processing of the directional information, or the birds motivation to orientate
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Figure 4.7 Reaction scheme as proposed in Ref [189] to incorporate a
[
FADH• · · ·O•−2

]
RP.

in the first place it seems unlikely that a flavin based radical is not involved in the RP. Thus

the tryptophan was demoted from an active role in the RPM and an alternative paramagnetic

species, that carries no hydrogen, nitrogen, phosphorus etc. atoms was envisaged.

4.2.2 Oxygen/Superoxide as Possible Counter Radicals

The role of oxygen or superoxide in the chemical compass was first questioned in the work by

Maeda et al. in Ref [37]. This was further investigated by Ritz et al. in Ref [180], when reporting

the remarkable observation of an in vivo Zeeman resonance.

Some of the theoretical aspects of the proposal were presented by Solov’yov and Schulten

[189] which was published while the work of this chapter was being carried out. Ref [189]

provides an assured argument detailing the maximisation of yield anisotropy when one radical

carries no magnetic nuclei, discusses the possible approach of a superoxide molecule to the flavin

in CRY and proposes a reaction scheme. We propose three further possible reaction schemes,

as will be discussed in the next subsection. However, the main focus of our study has been to

explain the Zeeman resonance observed in the Wiltschkos’ experiments, and thus we turn our

attention to the magnetic properties of oxygen and superoxide for the majority of what follows.

Chemistry

There is little purpose proposing a paramagnetic species to partner the flavin radical if there is

no chance of these species reacting. The scheme shown in Fig 4.7 was proposed by Solov’yov

and Schulten to show feasible chemistry involving a
[
FADH• · · ·O•−2

]
RP intermediate. The

reduced flavin (FADH2 or FADH•) is formed by photoreduction of the fully oxidised FAD state

or indeed something else. However, it is difficult to see why any of these would show a response to a Larmor
frequency and so we focus on the effect of RF-fields on the RPM.
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of the protein. Inspection of this scheme raises a couple of questions:

1. Why can the triplet state of the RP not undergo electron transfer (ET) to form triplet

oxygen, which is the ground state of molecular oxygen, and the fully reduced flavin?

2. What happens to the singlet oxygen following ET from the singlet state? Singlet oxygen

is toxic.

3. Does FADH• really oxidise oxygen?

The redox potentials of FAD in Arabidopsis thaliana cryptochrome 1 (AtCRY) were reported in

Ref [190] (within an estimated error of ±20%). We are interested in the excited state of the flavin

following photo-excitation and the electrode potentials from this state may be somewhat different

from the following, however to the best of our knowledge no excited state electrode potentials

have been reported. The electrode potentials for the oxidation of oxygen and superoxide are

also shown (at pH 7) [191]:

FAD + e− + H+ 
 FADH• E = −150 mV

FADH• + e− 
 FADH− E = −160 mV

3O2 + e− 
 O•−2 E = −180 mV (4.4)

1O2 + e− 
 O•−2 E = +810 mV

O•−2 + e− + 2H+ 
 H2O2 E = +910 mV

The first thing to note from these is that the reverse reaction of superoxide to singlet oxygen is

rather disfavoured thermodynamically and for the reaction:

FADH• + O•−2 
 FADH− +1 O2 (4.5)

E = −970 mV. As ∆G = −nEF (where n is the number of electrons involved in the reaction

and F is the Faraday constant) and reactions with positive free energy changes do not occur

spontaneously, this reaction is not likely to proceed. The reaction to form triplet oxygen however

has E = 20 mV and is thermodynamically feasible from the consideration of these electrode

potentials. The major difference in free energy change could lead to significant differences in the

reactivity of the two spin states and hence could allow for a MFE, if the reaction scheme in Fig

4.7 is modified very slightly . However, there is greater precedent for the oxidation of reduced
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Figure 4.8. Three reaction schemes including a spin-correlated paramagnetic intermediate [96], either[
FADH• · · ·3 O2

]
(a) or

[
FADH• · · ·O•−2

]
(b,c). The reduced flavins are formed on photoreduction of

FAD.

flavins by molecular oxygen [192]. Although from the electrode potentials of Equation (4.4)

the formation of the fully oxidised FAD coupled to O2/O•−2 is not favourable (E = −30 mV),

the reduction potentials for the FAD/FADH• couple in LOV domains, BLUF proteins and in

the free flavin are significantly less than −180 mV [193], suggesting that a small change in the

flavin environment can alter the balance of potentials significantly. In addition acidic conditions

favour the reduction of oxygen to superoxide and would also shift the conditions in favour of

flavin oxidation. Finally we note that the resting state of flavin in cryptochromes is known to be

the fully oxidised form [194, 195]. The oxidation of FADH• by molecular oxygen therefore seems

rather likely. Even more favourable by thermodynamic arguments is the oxidation of FADH• by

superoxide, for which E = 1060 mV. Bearing these facts in mind we proposed in Ref [96] three

possible reaction schemes which we consider more likely, Fig 4.8.

Ignoring the underlying chemistry and considering only the components in terms of the

RPM, schemes b) and c) in Fig 4.8 are identical to the scheme in Fig 4.7. That is, they consider

the
[
FADH• · · ·O•−2

]
RP with forward reaction only possible from the singlet state. In order

to see a MFE, there must be spin correlation between the two radicals.4 This can arise, as in

Fig 4.8c) due to spin conservation in the step forming the RP intermediate. Alternatively, if

the two radicals meet by diffusion as an F-pair we assume that the spin-allowed reaction occurs

immediately so that only the unreactive spin-state remains after the initial encounter. The

4It should be noted that hereafter for convenience we use the word radical to describe both triplet oxygen and
superoxide though strictly the former is a bi-radical triplet.
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Figure 4.9 Molecular orbital diagram of molecular oxygen.

unreacted RPs have now gained spin-correlation and can evolve and react as normal.

An additional simplification must be made to the kinetics of the reaction schemes to allow

the simulation to occur in Hilbert space (for which γ-COMPUTE was designed). It is necessary

to assume that the rate constants of reaction from both spin states are identical and that

each state can follow only one reaction path. To this end we assume that only the singlet (or

doublet) state can progress to product while the triplet (or quartet) state alone undergoes a

reverse reaction. We treat both reactions with the same rate constant and with the exponential

model. As the RF field affects the coherent evolution, and should have no effect on kinetics,

this approximation will not change the existence or position of a resonance, however it may well

affect the magnitude. For now we are interested only if a Zeeman resonance of any kind can be

predicted for superoxide/oxygen RPs rather than seeking an accurate estimation of its size.

Oxygen

Fig 4.9 shows the molecular orbital (MO) diagram for molecular oxygen from which it is clear

that, as has already been mentioned, the ground state of molecular oxygen has two unpaired

electrons and is a triplet state, 3Σg. Although we would like to be able to treat oxygen as a simple

triplet (i.e S = 1) spin species subject only to external magnetic factors this unfortunately is

not the case.

The two unpaired electrons of ground state 3O2 experience a strong dipolar coupling, and

some spin-orbit coupling, giving D ≈ 4.24 T (= 119 GHz = 3.96 cm−1 = 0.019 kBT at room

temperature) [196], which is is massively larger than the applied field (Earth-strength ≈ 50 µT).

The zero-field splitting (ZFS) in the oxygen causes a splitting between the MS = ±1 and MS = 0

sub-levels of the electronic triplet state, Fig 4.10, with the energy levels of the states given by:

E = D

(
M2
S −

2

3

)
(4.6)
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Figure 4.10. Energy level splittings of 3O2 in zero-field and under a static magnetic field, B0 applied
at an angle θ to the molecular frame and assuming g = 2.0.

Due to the axial molecular symmetry, the dipolar interaction is directed along the internu-

clear axis, and thus the total spin is quantised in the molecular frame along this axis as well.

Therefore, the angle, θ, that the static field, B0, makes with the molecular axis affects the Zee-

man splitting. In addition, of course, the T0 state is far removed in energy from the T± states

and there is no chance that the allowed ∆Ms = ±1 transition that might be driven by an applied

RF field will be at the Zeeman frequency. Even if a ∆Ms = ±2 transition was not formally

forbidden, the transition between the T± states would occur at the Zeeman resonance only when

the field was directed at θ = π
3 to the molecular axis. It seems unlikely that a triplet oxygen

partner for the flavin radical could be responsible for the observed in vivo Zeeman resonance.

To confirm this the γ-COMPUTE toolbox of MATLAB codes was modified to calculate

the yield of doublet product from a system undergoing coherent evolution between doublet and

quartet spin states. In order to start with a spin-correlated state, pairs of radicals encountering as

doublets were assumed to react immediately thus the initial vector was defined by the unreacted

quartet states. In addition, in order to be able to use the normal exponential model, and hence

perform the calculation in Hilbert space, the scheme of Fig 4.8a) was simplified such that the

only reaction route available to intermediates in the doublet spin state was forward reaction to

product. The projection operators for doublet and quartet states are as follows:

Q̂D =
1

3
1̂− 2

3
ŜA · ŜB (4.7)

Q̂Q = 1̂− Q̂D =
2

3
1̂+

2

3
ŜA · ŜB (4.8)

where ŜA · ŜB = ŜAx Ŝ
B
x + ŜAy Ŝ

B
y + ŜAz Ŝ

B
z . These projection operators were simply used in

place of the singlet (and triplet) projection operators in the normal product yield calculations.

Defining the system in the principal axis system (the molecular frame of oxygen) of the dipolar
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Figure 4.11. Doublet yield from a
[
3O2 · · ·B•

]
RP reaction where a) radical B is a bare electron and b)

radical B carries two nitrogen atoms (Table 4.1). Red is the RF turned on for both radicals, blue shows
the yield when the RF field is turned on for the bare electron counter radical only (this runs directly over
the red curve) and green is the doublet yield when the RF field is turned on for the 3O2 only. The black
dashed line is at νRF = 1.4 MHz. k = 2× 105 s−1, ε = π

2 , θ = 0, B0 = 50 µT, B1 = 0.3 µT, D = 4 T and
n = 4096.

interactions, the Hamiltonians for the spin-1 oxygen moiety and counter radical are respectively:

ĤA = D

((
ŜAz

)2
− 2

3
1̂

)
+ ω0

(
ŜAx sinθ + ŜAz cosθ

)
+ ĤA

RF (4.9)

ĤB = ĤHFI + ω0

(
ŜBx sinθ + ŜBz cosθ

)
+ ĤB

RF (4.10)

where θ is the angle between the inter-oxygen axis and the applied field. Fig 4.11a) shows the

results of calculating the doublet product yield, ΦD, using the modified γ-COMPUTE for the

simplest possible case, that in which there are no magnetic nuclei on the counter radical. In

order to locate the source of the resonance we have repeated the calculation with the RF field

turned on for both radicals, just the oxygen moiety (A) and just the electron (B). The latter

two cases are achieved by manually zeroing ĤB
RF and ĤA

RF respectively within the simulation.

From Fig 4.11a) it is clear that the Zeeman resonance (at 1.4 MHz for an Earth-strength field

of 50 µT) arises solely from the bare electron, there is no resonance in this range of frequencies

arising from interaction of the RF field with the triplet oxygen.

Repeating the calculation with a more realistic counter radical, one bearing some HFIs,

should remove the Zeeman resonance from radical B. There is no longer a clear EPR transition

at that frequency once the additional hyperfine splittings are considered, and there is no reason

to expect any change in the response of the oxygen. In order to test this two reasonably
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realistic nitrogen HFIs were added to the counter radical, listed in Table 4.1. For the purpose

of this calculation the readily available theoretical HFIs were perfectly sufficient to demonstrate

the expected behaviour, though experimentally determined FAD•− nitrogen HFIs have been

reported [197]. The results of this simulation are shown in Fig 4.11b). It is clear that there is

indeed no longer a Zeeman resonance, though the counter radical displays a RF-field response

corresponding to some of its many energy gaps.

The evidence thus far does not favour the proposal that oxygen is involved in a chemical

compass sense which is sensitive to RF fields at the Zeeman resonance. In the next section we

move on to access the role of superoxide in this response.

However, first we make a a brief aside to consider the possibility of using the orientational

dependence of the Zeeman interaction of the T± levels as a source of directional information.

Polar plots representing the singlet product yield were introduced in Chapter 3; here we are

interested in the doublet yield but the anisotropy of a reaction yield is defined in the same way,

as the difference between the reaction yield, Φ (θ, φ) and the spherically averaged reaction yield,

Φ:

ΦAniso(θ, φ) = Φ(θ, φ)− Φ (4.11)

where θ and φ are the spherical polar coordinates representing the orientation of the applied

field with respect to the molecular frame. As before, ΦAniso gives the distance from the origin to

the surface and its colour at that point, bright red indicating the maximum and bright blue the

minimum yields. Fig 4.12 shows the anisotropic yields derived from oxygen with a bare electron

co-radical and from a RP consisting of oxygen with the 2N-radical of Table 4.1. In the former

case it is clear that there can be a large directional response arising from the axiality of the

dipolar interaction, however, when additional anisotropic HFI are included, as in Fig 4.12b) the

directional response is diminished to a range (the anisotropic yield now varies from −0.008 to

Table 4.1. Example theoretical nitrogen HFIs reported in Ref [15] as the two dominant anisotropic HFI
of FAD•−, chosen as a reasonably realistic example of a slightly more complicated counter radical species.

Nucleus HFI tensor / mT aiso / mT

N1

−0.098853 0.003884 0
0.003884 −0.088056 0

0 0 1.7569

 0.5233

N2

−0.018967 −0.004841 0
−0.004841 −0.019578 0

0 0 0.60458

 0.1887
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Figure 4.12. Polar plots showing the doublet yield relative to the spherical average, both plots are
shown on the same colour scale for ready comparison from bright red (max = 0.037) to bright blue
(min = −0.0740). a) O2 and bare electron RP and b) O2 and radical with the 2 N’s of Table 4.1.
k = 2× 105 s−1 and B0 = 50 µT.

+ 0.0048) almost ten times smaller than the oxygen-bare electron pair.

Superoxide

Consultation of the MO diagram for superoxide, Fig 4.13, reveals that this species has an

unpaired electron in one of a pair of degenerate π orbitals and therefore the ground state is

2Πg. Thus, in contrast to most organic radicals, superoxide has a significant component of

orbital angular momentum which is not quenched by a low symmetry environment that would

remove the degeneracy of the π-orbitals. Hence, there is a spin-orbit coupling between the spin

and orbital angular momenta which complicates the magnetochemistry. The spin-orbit coupling

constant is λ ≈ −153 cm−1 (=−164 T = − 0.74 kBT at room temperature) [20, 198].

In linear diatomic molecules there is axial symmetry and hence only the component of the

orbital angular momentum, L, along the molecular axis is a constant of motion [199], that is, L

precesses around the internuclear axis. The projection of the orbital angular momentum along

the axis is Λ = ±1 and therefore there is a magnetic moment along the internuclear axis. As

the spin-orbit coupling is strong, it causes a precession of the resultant spin angular momentum

about the same axis and S becomes a poor quantum number. However, Σ (the projection

of S onto the internuclear axis) remains a constant of motion. The total electronic angular

momentum along the internuclear axis is Ω = |Λ ± Σ| [199]. The ground state of superoxide is

2Π 3
2

and the excited state is 2Π 1
2
, both are doubly degenerate.

When the axial symmetry of the radical is not removed, for example by asymmetric coor-

dination of the radical, the spin angular momentum is quantised along the internuclear axis

and hence the radical g-tensor is strongly anisotropic, a property we shall return to later. Ro-

tational motion of the radical brings about modulation of the anisotropic Zeeman interaction
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Figure 4.13 Molecular orbital diagram of superoxide.

which results in relaxation. Perhaps even more significantly, asymmetric hydrogen-bonding of

the superoxide in aqueous solution (or to positively charged protein residues) temporarily re-

duces the cylindrical symmetry of the radical and hence quenches, to some extent, the spin-orbit

coupling. The superoxide is therefore likely to experience strong fluctuation of its spin-orbit cou-

pling strength which in turn brings about rapid electron spin relaxation, predicted to occur on

the same timescale as molecular rotation (i.e. picoseconds) [200].

Karogodina et al. recently reported the observation of a high-field MFE for a reaction

involving NO• and O•−2 as radical intermediates [200, 201]. The different g-values of the two

radicals allow for fast coherent spin-state interconversion, comparable to the relaxation time,

when the applied field is very large but this is not likely to be significant at weak field where

relaxation times need to be closer to microseconds for MFEs to be seen [15]. Solov’yov and

Schulten did not consider relaxation effects in their discussion of the role of superoxide in the

magnetocompass though they were principally concerned with a superoxide reversibly docked

in a protein binding pocket [189]. Binding a superoxide to a protein by means of asymmetric

hydrogen-bonding for the duration of the RP reaction should reduce the modulation of the g-

tensor and of the spin-orbit coupling strength, and will minimise fluctuation of the spin-orbit

coupling constant, thus spin-relaxation may be considered slow compared to the timescale of

the reaction. For simplicity we choose to investigate the magnetic properties of RPs involving

superoxide in the limit of negligible spin relaxation however it is important to remember that

relaxation effects are likely to be significant except in the conditions outlined above.

It is possible to quench the orbital angular momentum of the superoxide unpaired electron by

removing the axial symmetry, that is, by forming asymmetric bonds. The crystal field splitting,

∆ arising from asymmetric coordination of the superoxide leads to the mixing of 2Π 1
2

and 2Π 3
2
.

The new levels have energies [202]:

E±
~

= ±1

2

√
λ2 + ∆2 (4.12)
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Applying a magnetic field removes the degeneracies and allows the EPR spectrum of superoxide

complexes to be measured [203]. The electron can be treated with an effective spin-1
2 which has

g-values defined by the positive square root of [96]:

g2
± (θ, α) = g±,zz(α)2cos2θ + g±,xx(α)2sin2θ (4.13)

where θ is the angle between the field and the internuclear axis and [202]:

tan2α =
λ

∆
(4.14)

g±,zz(α) ≈ 2 (1± sin2α) = 2∓ 2

√
λ2

∆2 + λ2

g±,xx(α) ≈ g±,yy(α) = 2cos2α = 2

√
∆2

∆2 + λ2
(4.15)

Table 4.2 gives a summary of the g-value components and the energy levels in the three limiting

cases, ∆ � |λ|,∆ = |λ| and ∆ � |λ|. When ∆ is small the upper level is dominated by 2Π 1
2

character which has no magnetic moment, g+,xx = g+,zz = 0, and so does not contribute to

the MFE, despite being significantly populated. When ∆ is very large ∆E will be much larger

than kBT and the higher energy level will be barely populated. For intermediate values of ∆

the situation is a little less clear but for simplicity, in the simulations that follow only the lower

energy level is considered as it gives a fair representation of the range of Zeeman splittings likely

to be encountered and thus is sufficient to model the response of the MFE to a RF field.

The Hamiltonian for the interaction of the effective spin-1
2 of the lower level with a static

applied field is now described by the Hamiltonian:

ĤA =
γe
2
g−,xxB0sinθcosφŜAx +

γe
2
g−,yyB0sinθsinφŜAy +

γe
2
g−,zzB0cosθŜAz (4.16)

Table 4.2. Summary of g-tensor components and energy levels (in units of ~) in the limiting cases of
the magnitude of ∆ the ligand field splitting.

∆� |λ| ∆ = |λ| ∆� |λ|
g+,xx 0 1√

2
2

g+,zz 0 2−
√

2 2
g−,xx 0 1√

2
2

g−,zz 4 2+
√

2 2

∆E λ (≈ 0.74 kBT)
√

2λ (≈ kBT) ∆ (� kBT)
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where g−,ii are as defined in Equation (4.15). The time-dependent Hamiltonian describing the

interaction of the RF-field also uses an effective spin-1
2 and the g-values defined above. Fig

4.14 shows the singlet yield (from a triplet born RP) as a function of the RF-frequency and

the magnitude of the ligand field splitting for superoxide paired with a bare electron and with

the 2-nitrogen radical of Table 4.1. When the radical B bears no nuclei, Figure 4.14a)-c), the

Zeeman resonance can be observed from the counter radical, but this is lacking when nuclei

are added Figure 4.14d)-f). In Figure 4.14 the static field is applied along the molecular axis

of the superoxide (θ = 0) and thus we are probing the Zeeman splitting dependent on gzz and

the RF-field is applied perpendicular to that (ε = π
2 ). When there is no quenching gzz = 4

and a Zeeman resonance would appear at 2.8 MHz. However, as the RF field is applied along

the x-axis it cannot interact with the superoxide because gxx = gyy = 0 and this transition is

therefore not observed Figure 4.14a) and d). As we would expect, increasing ∆ causes gxx and

gyy to increase from zero, facilitating the interaction of the RF field with the superoxide spin

and hence leading to a Zeeman resonance. In Figure 4.14 b) and e) the resonance occurs at a

frequency less than 2.8 MHz because increasing ∆ also reduces gzz from its limiting value of 4.

As ∆ is further increased all three g-values to tend towards the normal electron value (ge = 2)

and thus in both RPs there is a (relatively) strong resonance near the Zeeman resonance of a

free electron in an Earth-strength magnetic field (50 µT → 1.4 MHz) in Figure 4.14c) and f).

Considering just the superoxide radical, diagonalising the Zeeman interaction Hamiltonian

gives the energy levels as a function of the g-values and θ:

E±
~

= ±
√
ω2

0 (g2
xx + g2

zz + (g2
zz − g2

xx) cos2θ)

32
(4.17)

⇒ ωRF =
∆E

~
=

√
ω2

0 (g2
xx + g2

zz + (g2
zz − g2

xx) cos2θ)

8
(4.18)

where ω0 = γeB0. The Zeeman resonance occurs when the frequency of the RF-field matches the

energy separation between the electron energy levels. In order to explain the in vivo resonance

we require that ω0 = ωRF = 2πνRF . Solving Equation (4.18) for the values of θ for which this
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Figure 4.14. Singlet yield from a
[
O•−2 · · ·B

•] RP reaction, where red is the RF turned on for both
radicals, blue shows the yield when the RF field is turned on for radical B only and green is the singlet
yield when the RF field is turned on for the O•−2 only. The black dotted line is at νRF = 1.4 MHz. B
carries: a)-c) no nuclei, d)-f) Two nitrogens as in Table 4.1. a) and d) ∆ = 0, b) and e) ∆ = −λ, c) and
f) ∆ = −20λ. k = 2×105 s−1, ε = π

2 , θ = 0, B0 = 50 µT, B1 = 0.3 µT, λ = −153 cm−1 and a)-c) n = 32,
d)-f) n = 128.
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Figure 4.15. Expected RF-field resonance frequency (in linear Hz) arising from the O•−2 as a function
of θ and ∆ according to Equation (4.18). The mesh shows the νRF = 1.4 MHz plane. B0 = 50 µT.

is true gives:

θ = ±1

2
cos−1

(
−8 + g2

xx + g2
zz

g2
xx − g2

zz

)
(4.19)

= ±1

2
cos−1

−∆2 − λ2 + ∆2
√

λ2

∆2+λ2
+ λ2

√
λ2

∆2+λ2

∆2

 (4.20)

assuming gxx 6= gzz. There is a clear angle dependence for the resonance unless gxx = gzz = 2.

Figure 4.15 shows the dependence of the resonance frequency νRF on θ and ∆. As would be

expected, the angle-dependence of the resonance frequency decreases as the ligand-field splitting

increases and correspondingly all three components of the g-tensor tend to the free-electron

g-value. Thus, when ∆ is large, and the orbital angular momentum is predominantly quenched,

the superoxide radical gives rise to a change in the singlet yield when exposed to a RF-field at

1.4 MHz (in a 50 µT field). This would account for the observed in vivo Zeeman resonance.

In order to achieve a ligand-field splitting of 20λ or greater, as is required to see a strong

resonance near the ge = 2 Zeeman splitting, the superoxide must experience reasonably strong

asymmetric coordination. It was shown in Ref [203] that strong hydrogen bonds, as are formed

when superoxide is solvated in water, lift the degeneracy of the π orbitals and thus quench

the orbital angular momentum − g-values observed in frozen protic solution are often not far

from two. The protein binding pocket proposed for the approach of superoxide to the flavin

[189] is very different from frozen aqueous solution. However, in order for the superoxide to
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remain at a suitable distance from the flavin co-factor it may be fixed, at least temporarily, by

hydrogen bonding to positively charged protein residues [189]. Hydrogen bonding would solve

many difficulties associated with the superoxide model as the bonds are likely to be formed

asymmetrically and so should lead to the required Zeeman resonance. Fortunately these condi-

tions coincide with those expected to slow the electron spin relaxation of a superoxide radical,

as the relatively long-lived hydrogen bonds both limit the rotational motion of the superoxide

and minimise the fluctuations in spin-orbit coupling strength.

However, forming hydrogen bonds will necessarily spread some of the electron density onto

the hydrogens, the radical is therefore likely to experience some hyperfine interactions. Kuprov

performed a DFT calculation (B3LYP/EPR-II) for superoxide solvated by four water molecules,

which predicted HFIs of up to 3.3 MHz (120 µT). Such large couplings would significantly split

the Zeeman resonance of the superoxide and it would no longer be expected to occur sharply

at 1.4 MHz. From the behavioural studies the maximum width of the Zeeman resonance can

be estimated at less than 0.7 MHz (28 µT) [180]. HFIs smaller than this will tend to broaden

the expected response to RF-fields but larger values will cause a significant splitting and the

Zeeman resonance will no longer remain.

It is very difficult to envisage a biologically sensible situation whereby the superoxide is

sufficiently strongly coordinated to achieve a g-value of approximately two without forming

hydrogen bonds which incur HFIs that remove the resonance.

4.2.3 Other Possible Candidates

Having shown that molecular oxygen and superoxide are not terribly promising in the role

of flavin counter-radical, though of course they should not be entirely dismissed, some other

potential candidates were considered.

OH•

OH• occurs biologically, via the Fenton reaction [204], and is known to damage the optic nerve

as well as causing other site-dependent problems [204]. Reactive oxygen species (ROS) (such as

OH•, O•−2 etc.) can react with transport proteins altering Ca2+ homeostasis [205], can act as

messengers for signal transduction [206], and in heart cells OH• acts as a signal agent [207].

The first requirement, that OH• is biologically occurring, has been met. However, like

superoxide this species has a 2Π ground state and is unlikely to have g = 2, added to which
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there is a significant HFI and OH• is known to experience very rapid relaxation [200]. However,

it was shown by Rodgers [136] that a radical with two equivalent hydrogen nuclei is capable

of showing a Zeeman resonance at the appropriate frequency. This arises from the 1
2 −

1
2 = 0

component of total spin angular momentum from the Clebsch-Gordon addition. Thus perhaps if

OH• were to form a strong hydrogen bond the two H atoms might become almost equivalent, and

in addition the orbital angular momentum would be at least partially quenched. Of course the

HFI tensors of the two H atoms would need to be identically orientated, which seems unlikely, for

the two protons to be truly equivalent. Although the water radical is known to occur biologically

this is almost exclusively following exposure to ionizing radiation.

CO•−2 /CO•−3

Neither of these radical species carries any magnetic nuclei, ≈1% natural abundance 13C is not

very significant, however inspection of their biological roles is not very promising. CO•−2 is a

by-product of the reaction of peroxynitrases with pyruvate [208], and it reacts with carotenoid

radicals [209]. The carbonate radical is formed by certain xanthine oxidase (which carries a flavin

in each of two subunits) reactions predominantly, but not exclusively, in the liver and intestines

[210]. The carbonate radical is strongly reducing and has a 2Π ground state, unfortunately.

A Sulphur Based Radical

Sulphur has >99% I=0 nuclei, so perhaps a radical based on sulphur could be responsible

for the observed resonance. Neither SO•2 nor CS•2 appears to occur biologically though alkyl

sulphur radicals are common [211], for example glutathione (GSH) which is an anti-oxidant

and also involved in cell signalling. However, in such radicals the unpaired electron is in an

orbital with predominately pz character, localised on sulphur, and hence spin-orbit coupling

must be considered. Sulphur has greater effective nuclear charge than oxygen and so the spin-

orbit coupling is expected to be larger. Additionally there may be some small spread of electron

density onto the alkyl chain resulting in HFI with the hydrogens.

Solvated Electron

A hydrated electron normally exists in some sort of water cluster, occupying a cavity at the

centre. This has been established for frozen alkali solution where it is possible to extract a

hyperfine coupling interaction to both the first shell of hydrogens and 17O which probably

131



Figure 4.16 Chemical structure of the FADH• radical.

relates to an approximately octahedral cavity with the ‘lone pairs’ of the oxygen pointing inwards

[212, 213]. The isotropic HFI constants are estimated at ≈0.05 mT to the nearest hydrogens and

much larger to 17O. In solution EPR only a narrow peak has been recorded with g ≈ 2.0043 [214],

which is shown to decrease in intensity on addition of inorganic salts. However, no HFI splittings

were resolved, which is promising for our purposes as this means that a Zeeman resonance might

remain. Unfortunately, there is no evidence thus far of a biologically occurring free electron in the

absence of UV (or high frequency) radiation. Tyrosine does photo-ionize to give a free electron

but only when subjected to UV photolysis [215]. Tryptophan with oxygen can be ionized with

UV irradiation to give various radical products and in the presence of chloroform there is electron

exchange followed by recombination, hence the presence of chloroform accelerates tryptophan

decay [216]. Neither of these reaction pathways is likely to occur in real biological conditions

under normal light conditions.

4.2.4 Summary

While the hypothesis of a molecular oxygen or superoxide partner for flavin was initially very

attractive in terms of maximising the anisotropy and explaining the in vivo Zeeman resonance it

appears that neither species has the requisite magnetic properties. Triplet oxygen with its strong

dipolar coupling does not have the correct energy separations and superoxide has a distinctly

anisotropic g-tensor unless its is strongly coordinated. In a biological environment it is difficult

to imagine how such a binding might occur without resorting to the formation of hydrogen-bonds

which results in the radical no longer showing the same Zeeman splittings as a bare electron, and

thus the Zeeman resonance is likely to be lost. Although there are other biologically occurring

radical species that might be involved none of those considered thus far seem very promising.

It seems that superoxide is still the most likely candidate. Perhaps it docks in the CRY

binding pocket in such a way as to form several weak hydrogen bonds which do not significantly

spread the electron density on to the hydrogens but do quench the molecular symmetry. The

conditions much also be such that relaxation is slow. It would be very interesting to carry
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out docking studies on the O•−2 -protein complex to establish its most likely binding site. The

resulting geometry could then be used in a DFT calculation to estimate the size of the HFIs.

4.3 Orientation Using RF-Fields Only

Just because we are not yet in a position to explain the in vivo resonance does not mean that

it can be ignored and the remarkable resonance does suggest some further questions in addition

to trying to explain it. If it is possible to disorientate birds by applying a RF-field at a suitable

frequency perhaps it is possible to orientate them under RF-fields alone, that is, with the static

field turned off. This section presents some preliminary work attempting to establish firstly

whether it is possible to see an anisotropic reaction yield in the absence of a static field and

secondly how this compares to a static field-only reference. In all the work that follows we assume

that the second radical bears no magnetic nuclei, though as the former discussion highlights we

do not know the identity of this species.

Table 4.3. Hyperfine interactions, included in the simulations of Figs 4.17 and 4.18, for the FADH•

radical analogue, numbering as in Fig 4.16. These data were summarised in Ref [136] from HFIs that
were calculated for a vacuum optimised geometry using density functional theory in Gaussian 98 by Kay
et al. [217, 218]. The geometry run used the PM3 semi-empirical method and the HFI calculation used
UB3LYP/EPRII. Nuclei were included in the order shown starting with just the two, almost co-axial
nitrogens.

Spin HFI / µT HFI principal axes

N5

−104.9 0 0
0 −99.6 0
0 0 1382.6

  0.4380 0.8655 −0.2432
0.8981 −0.4097 0.1595
−0.0384 0.2883 0.9568



N10

−30.5 0 0
0 −22.2 0
0 0 678.2

  0.9703 −0.2207 0.0992
0.2383 0.9426 −0.2340
−0.0419 0.2506 0.9672



H5

−1385 0 0
0 −937.2 0
0 0 14.3

  0.9819 0.1883 −0.0203
−0.0348 0.2850 0.9579
−0.1861 0.9398 −0.2864



N1

33.2 0 0
0 37.8 0
0 0 300.4

  0.7387 0.6586 −0.1437
−0.6699 0.6937 −0.2645
−0.0745 0.2916 0.9536



H6

−218.0 0 0
0 −201.6 0
0 0 −54.4

 −0.0362 0.2937 0.9552
0.7948 0.5879 −0.1507
−0.6059 0.7537 −0.2546
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Figure 4.17. Maximum anisotropic response, ∆ΦS = maxΦS(θ, φ)−minΦS(θ, φ), as a function of RF-
field frequency, νRF for four systems based upon a FADH• · · ·B• RP, where B is a radical carrying no
magnetic nuclei. The RP begins in a pure singlet state. The nuclei included in each data set are shown
on the FADH• structures with HFI from Table 4.3. B1 = 500 µT, k = 2 × 105 s−1 and n = 32. The
dashed horizontal lines indicate the static field reference, B0 = 50 µT. Angles are sampled over the range
θ = 0 to π in steps of π

20 and φ = 0 to 2π in steps of π
10 .

As ever, the exponential scaling of spin chemical calculations with system size poses a prob-

lem, particularly when we consider that γ-COMPUTE carries out n (the discretisation param-

eter) matrix exponentiations as well as the normal diagonalisation. We are interested now in

the anisotropic yield which requires recalculation of the singlet yield over a range of polar coor-

dinates and additionally the optimum RF-field frequency is unclear and thus it was necessary

to sample many frequencies. Put together these factors lead to very long simulation times. In

an attempt to overcome these problems the calculation was initially carried out on the smallest

sensible spin system, a FADH• radical (Fig 4.16) bearing just the two nitrogens that have the

largest axiality. The calculation was then repeated three further times on each occasion adding

an extra nucleus to the simulation, shown in Table 4.3.

In Fig 4.17 the maximum difference in singlet yield, ∆ΦS = maxΦS(θ, φ) − minΦS(θ, φ)

is shown as a function of RF-field frequency for the different spin systems. There is clear

convergence of the response on addition of the third, fourth and fifth nucleus. At frequencies

of approximately 2−8 MHz the maximum difference in singlet yield is quite close to that of
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Figure 4.18. Polar plots, shown on the same colour scale (from max(ΦAniso
S ) = 0.0856 to min(ΦAniso

S ) =
−0.0416) for the five nucleus spin system of Table 4.3. a) the reference static field system, B0 = 50 µT
B1 = 0 µT and b) the same system exposed to a RF-field at νRF=5.4 MHz and B1 = 500 µT, n = 32.
For both, k = 2× 105 s−1.

the static reference at B0 = 50 µT. As it was shown in Ref [180] that birds can adapt to

field intensities outside of their normal functional window, it seems plausible that birds could

potentially adapt to a different distribution of singlet yields. For the five-nucleus system the

polar plots for the static-only reference and the 5.4 MHz RF-field-only systems were compared,

Fig 4.18. Inspection of these polar plots shows that only the absolute intensity changes, not the

overall 3-dimensional pattern/shape of the yield and thus it seems plausible that the birds could

learn to orientate using RF-fields only.

4.4 Conclusions

In this chapter we have attempted to explain the remarkable in vivo Zeeman resonance observed

in the orientational ability of European robins, by considering paramagnetic species that may

be involved in a reactive RP and which bear no magnetic nuclei. Oxygen and superoxide had

previously been suggested as potential contenders for the role and their instrinsic magnetic

properties were investigated. Oxygen, with its strong dipolar coupling seems extremely unlikely

to be responsible for the observed Zeeman resonance, as the corresponding allowed transitions

between triplet sub-levels are far from the simple Zeeman splitting. Superoxide provides a

slightly more feasible explanation of the Zeeman resonance, if a chemically realistic system can

be imagined in which the superoxide is asymmetrically coordinated, but not by hydrogen bonds

which would introduce HFIs. As was mentioned earlier it would be very informative to model

the binding of superoxide in the cryptochrome near the flavin co-factor in order to establish

what type and strength of interactions exist. Although superoxide cannot be ruled out, it is

sensible to continue searching for an alternative biologically occurring radical species that bears
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no magnetic nuclei, is low spin, has a non-degenerate ground state and is slowly relaxing.

Having accepted that there is such a counter radical acting in the chemical compass, though

it has not yet been firmly identified, it was possible to investigate the yield anisotropies arising

under the influence of RF-fields but in the absence of a static field. For the FADH• radical an

RF-field of ≈ 500 µT is capable of producing a singlet yield anisotropy similar in magnitude to

the static-field-only case at Earth-strength when the RF-field frequency is around 4-8 MHz. At

higher frequency the yield anisotropy is considerably lower. In the optimum frequency range

the singlet yield distribution is very similar to the static reference though with slightly smaller

amplitude. It seems plausible that the birds could adapt to such a field and thus orientate under

RF-field-only conditions. It would be extremely interesting to see if this is true of the behavioural

experiments. If possible it would be helpful to consider the optimal RF-field frequency region

at greater resolution and for RPs carrying more magnetic nuclei, the more realistic the system

the better the guide for experimentation.
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Chapter 5

Modelling Experimentally Observed

Magnetic Field Effects in

Arabidopsis thaliana

Cryptochrome 1 and Escherichia

coli Photolyase

5.1 Introduction

Schulten first proposed the radical pair mechanism as a potential chemical compass, that is,

at the heart of a chemical reaction which is sensitive not only to the magnitude of the applied

field but also its direction, in the 1970s [51]. However, this model of animal navigation only

truly began to gain momentum after Ritz et al. Ref [158] proposed cryptochrome (CRY) as a

candidate molecule. CRY has many of the properties required of the chemical compass [219]:

• It contains a blue-light absorbing chromophore - the isoalloxazine of a flavin-adenine-

dinucleotide (FAD) co-factor.

• Upon excitation with blue light a spin correlated RP is formed [159].

• The lifetime of the radical pair (RP) is of the order of microseconds [220], theoretically

long enough to show a MFE [15].
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• The FAD radical state is thought to be involved in signalling [195].

• Several types of CRY have been found in birds’ eyes [220–222].

• In nocturnal migrants at least one type of cryptochrome has been identified at relatively

high levels in the ganglion cells co-localised with neuronal activity markers during periods

of magnetic orientation (non-migrant species show decreased CRY expression during the

night) [222].

• Genetic and behavioural studies performed on drosophila have shown that animal CRYs,

specifically types 1 and 2 from monarch butterflies, can function in magnetosensitive re-

sponses. However the wavelengths of light required for successful magnetosensitivity is not

consistent with the absorption spectrum of the fully oxidised FAD [140].

• Magnetic field effects have been observed in the growth of Arabidopsis thaliana. Inhibition

of hypercotyl (stem) growth occurred in a 500 µT field (relative to the 40 µT natural field)

under blue light but no effects were seen for plants grown in darkness or under red light

only. No MFEs were observed in CRY 1 and 2 deficient Arabidopsis species [53]. These

results could not be reproduced elsewhere [54].

• It has been found co-localised with Ultraviolet/violet cone cells [223], providing a means of

some orientational ordering required to prevent the overall directional response averaging

to zero [160, 161].

Until recently it was not known whether a CRY protein could be sensitive to magnetic field

strengths as weak as that of the Earth’s (≈ 50 µT), specifically to the direction of such a field.

However, the effect of weak magnetic fields on the outcome of RP reactions in photolyases,

specifically Escherichia coli photolyase (EcPL), has been observed by transient absorption spec-

troscopy [224]. Photolyases are structurally very similar to cryptochromes, sharing the photo-

active flavin co-factor and the chain of three tryptophans (Trp) thought to be responsible, via

sequential intramolecular electron transfer (ET) steps, for forming the spin correlated RP.

Optimising the measurements concerning EcPL magnetic field effects (MFEs) and investi-

gating the effects of magnetic fields on Arabidopsis thaliana cryptochrome 1 (AtCRY) has been

the subject of much experimentation by co-workers in the Timmel group over recent years. The

data presented in this chapter were collected by Alexander Robinson, Kiminori Maeda and

Kevin Henbest [225].
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In order to better understand the origin of the MFE and to justify theoretically the presence

of the observed, but strongly variable, low field effect (LFE) the data were modelled. The results

of modelling these data are presented in this chapter.

5.2 The Photolyase/Cryptochrome Family

5.2.1 Biological Role

Photolyases are DNA repair proteins, specifically acting to undo damage to DNA through rad-

ical reactions, usually precipitated by exposure to ultra-violet light. The two major types of

DNA damage incurred by irradiation with UV light are the formation of cyclobutane pyrimidine

dimers (CPDs) and pyrimidine adducts called 6-4 photoproducts (6-4PPs) [226]. Correspond-

ingly there are two main types of DNA PL, CPD-PL and 6-4PL, that bind selectively for their

particular form of damaged DNA. In both sub-groups a reduced flavin is excited by blue light

and subsequently donates an electron for transfer to the DNA to form a RP with one radical on

the FAD and one on the DNA. This latter electron then causes fission of the unwanted bonds,

resurrecting the DNA to a healthy state [227, 228].

Photolyases can also undergo photoactivation from the catalytically inactive FADH•. Pho-

toexcitation of the flavin is followed by sequential intramolecular electron transfers along the

chain of three Trp residues, known as the Trp-triad, which leads from the protein surface to the

flavin binding pocket buried deep in the protein (Tryptophans W382, W359 and W306 in Fig

5.1b) [229]. This ET results in restoration of the fully reduced flavin required for DNA repair

function and a TrpH• radical which is eventually quenched. To date this process has only been

observed in vitro. Given that the Trp-triad is highly conserved throughout the PL family it has

been suggested that its role may be to act in photoactivation in vivo [230] but this is still a

matter of debate.

If the flavin begins in its fully oxidised form, brought about by reaction with a chemical

oxidizing agent, photoexcitation and sequential electron transfers from the Trps results in the

formation of a spin correlated RP,
[
FAD•− · · ·TrpH•+

]
. This RP provides an interesting system

to study as it is a close relative of the RP thought, in cryptochromes, to act as a chemical

compass.

Unlike photolyases, most cryptochromes have shown no DNA repair activity. Instead they

are known to play an important role in many different physiological processes, for example in
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controlling circadian rhythms, i.e. the biological clock with an approximately daily cycle that

can be reset by exposure to light or other external signals [231]. Cryptochromes are involved in

the calibration of the clock with respect to light and it is for this purpose that cryptochromes

are expressed in a wide range of different organisms [232].

Whether CRY proteins also have a role in magnetoreception has yet to be determined. In

order to better establish if CRY provides a feasible chemical compass system work is ongoing to

explore their properties with this functionality in mind.

5.2.2 Structures of Photolyases and Cryptochromes

Not only do members of the photolyase-cryptochrome family have a strong amino-acid sequence

homology but also all structurally known members share the same overall fold, for example

see Refs [233–236]. The FAD cofactor, in a u-shaped conformation which brings the adenine

part adjacent to the isoalloxazine ring, is found in a binding pocket at the heart of the protein

and the Trp-triad chain provides an efficient ET pathway from the protein surface to the FAD.

These two components are vitally important for the formation of intramolecular RPs which have

been observed in a number of members of this protein family. The crystal structures of EcPL

and AtCRY are given in Fig 5.1 from which the similarity in structure, and in particular the

conservation of the FAD and Trp-triad can be seen.

The most significant difference in structure between photolyases and most cryptochromes is a

C-terminus extension that is only found in cryptochromes. This region seems to be intrinsically

unstructured and correspondingly the solved AtCRY structure contains only the photolyase

homology region (PHR) [233]. While it has been suggested that the C-terminal extension may

be involved in signalling in plant cells [237] its influence on the photochemistry of AtCRY (which

occurs in the PHR) is unknown. In contrast to the crystal structure, the AtCry proteins used for

the experiments modelled herein are full-length proteins containing the C-terminal extension.

5.2.3 Observation of Radical Pairs in Photolyases and Cryptochromes

As has already been mentioned members of the photolyase-cryptochrome family form radical

pairs after blue-light excitation of the the flavin co-factor and subsequent electron transfer. More

specifically, and for the purposes of this thesis more interestingly, they can form spin-correlated

radical pairs. The spin state interconversion of such RPs is susceptible to the influence of applied

magnetic fields and modelling the impact of this on reaction yields is the subject of the majority
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Figure 5.1. Crystal structures of a) AtCRY [233], (1U3D in PDB) and b) EcPL [234], (1DNP in PDB).
FAD co-factors are highlighted in blue and the tryptophan triads in red. The tryptophans are residues
324, 377 and 400 in AtCRY and 306, 359 and 382 in EcPL.

of this chapter. However, before examining the effects of magnetic fields on EcPL/AtCRY RPs

it is instructive to note briefly some of the evidence which shows that these RPs exist at all.

Transient absorption (TA) and time-resolved electron paramagnetic resonance (trEPR) spec-

troscopies have provided much of the experimental evidence for RP formation in PL and CRY.

In the presence of damaged DNA an intermolecular spin-correlated RP associated with the FAD

and CPD moieties was observed with trEPR in the protein-DNA complex of DNA PL from E.

coli [228]. When the flavin is in its fully oxidised form, and in the absence of damaged DNA,

an intramolecular ET occurs after photoexcitation of the flavin resulting in a spin-correlated bi-

radical. In Xenopus laevis PL, trEPR showed the RP to be located on the FAD and a tyrosine

(Tyr) residue [238], whereas in EcPL the RP sits on the FAD and a Trp residue (the terminal

Trp of Fig 5.1) [239]. It is interesting to note that similar proteins do not display identical ET

processes. The first direct evidence for a FAD-Trp (or possibly Tyr) RP in AtCRY came from

TA spectroscopy in 2003 [240]. This technique has also been used to observe RPs in bird (garden

warbler) CRY following excitation by blue-light flash photolysis [220]. Since then trEPR has

further characterised the light-induced spin correlated RP in cryptochromes, (Cry-DASH from

Xenopus laevis (XlCRY) [159, 241]) where the RP was shown to be singlet born. RP formation

in CRYs is extremely robust, mutagenesis of the Trp triad does not necessarily prevent ET,

though amino acid residues other than those in the conserved Trp-triad become involved [242].
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Figure 5.2. Experimental MFE data, ΦMFE , as a function of field strength, B0, for a) AtCRY and b)
EcPL. The dashed line indicates 0% ΦMFE values. Data falling below this indicate a traditional high
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2
.

5.3 Experimental Observation of Magnetic Field Effects in Pho-

tolyases and Cryptochromes

The first MFEs on this family of proteins were observed by Henbest et al. in EcPL using TA, the

methods are reported in Ref [224]. Using similar experimental techniques, Robinson, Henbest

and Maeda continued MFE studies of EcPL and began their studies of AtCRY. A detailed

account of the experimental procedure can be found in Ref [243]. The results of these studies

in EcPL and AtCRY are given in Fig 5.2. The error bars are estimated from noise levels in the

time-resolved absorption spectra.

Summarised below are the important points about the experimental procedure used to collect

the data modelled herein.

• There are several absorbing species observable in the TA spectrum.

• A secondary (non-magnetically sensitive) RP can be distinguished in the spectrum.

• Following the laser flash the absorbance of the secondary RP is recorded and time resolved

spectrum integrated over time to give the total yield, ΦRP2 from this non-spin-selective

path.
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• The magnetic field effect, ΦMFE , is defined as the percentage:

ΦMFE =
ΦRP2 (Bon)− ΦRP2 (Boff)

ΦRP2 (Boff)
× 100 (5.1)

• Boff is not zero-field but the absence of any external static field applied in addition to that

of the Earth. The local Earth-strength field is estimated to be ≈ 50 µT in Oxford. Partial

shielding of the Earth’s field is expected due to the large metal base of the experimental

setup hence the basic field is likely to be something less than this and was estimated as

≈ 40 µT by Maeda [244] and this was used in our simulations.

• Experiments were carried out at 260 K and in approximately 60% glycerol solution.

There are three main features to the the data shown. Firstly there is a strong response to

high field, secondly the maximum MFE is approached along a shallow gradient at intermediate

fields and finally there is some indication of a small inverse MFE at very weak fields, a low

field effect (LFE). For a RP to show chemical compass behaviour at the weak field of the Earth

it should show some sensitivity to changing field strengths in this vicinity. However the error

bars on the data are large in the low-field region, for most data points they extend below the

zero-line, and the existence of a genuine LFE is perhaps somewhat questionable. To establish

whether the LFE is likely to be real it was necessary to model the whole data set and ascertain

whether a model which successfully fits the intermediate and high field regions also predicts the

existence of a LFE.

The rest of this chapter is concerned with finding a model to fit the experimental data. This

was less straightforward than expected and several models were tested.

5.4 Relaxation-Free Model

Following excitation of the flavin there are three sequential transfers along the Trp triad, Fig 5.3,

resulting in a
[
FAD•− · · ·TrpH•+

]
RP, Fig 5.4. In AtCRY and EcPL the ET is sufficiently fast

to outstrip all intersystem crossing (ISC) in the flavin excited state and thus the RP is believed

to be exclusively born in the singlet, S, state. At high field evolution S → T+, T− is energetically

blocked and thus the yield of singlet product from a singlet starting state should increase. The

yield from the non-singlet path is correspondingly decreased and a negative high-field effect is

expected. The current data displays such a negative MFE, consistent with a singlet starting
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Figure 5.3. Step-wise electron transfer path to the FAD (blue) via three tryptophans (red) resulting in
RP formation in EcPL and AtCRY.

Figure 5.4. Chemical structures of 1 the flavin isoalloxazine radical anion and 2 a tryptophan radical
cation.

state. In addition, in Ref [241] trEPR studies of the XlCRY could be successfully modelled only

if the spin-correlated RP is born as a pure singlet state.

The exchange coupling between electrons for RPs on FAD and the first or second Trp is

extremely strong [21], and hence coherent evolution can only begin once the second radical is

located on the terminal Trp.

The singlet RP can undergo reverse ET along the chain or ET by some other path to return to

the diamagnetic ground state. Irreversible proton transfer, protonation of FAD•− or more likely

the deprotonation of the TrpH•+, can occur from either spin state to form the non-magnetically

sensitive secondary RP. This RP is not expected to show a MFE because it is too long lived

and simply decays slowly to the ground state. The reaction mechanisms for AtCRY and EcPL

are shown in Fig 5.5 along with the simplified scheme of reaction kinetics used in our model for

both species.

Because of the need to include reaction kinetics more complicated than the usual exponential

model, i.e. kS 6= kDP , it was necessary to carry out the simulations in Liouville space. To this

end the theory developed in Chapter 2 and now found as part of the Spinach library was used.

Theoretical ΦMFE values were calculated using the theory outlined in Chapter 1 section 1.3 and

Equation (1.37) was used to calculate the singlet yield. The yield of the secondary RP, RP2, is
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Figure 5.5. Reaction mechanism for AtCRY, EcPL and the simplified reaction kinetics sufficient for the
simulation at hand. kS and kDP are the singlet recombination and (de)protonation rates respectively.

then given simply by:

ΦRP2 = 1− ΦS (5.2)

which is used in Equation (5.1) to calculate the ΦMFE . Unless otherwise stated the reaction

kinetics were treated with Haberkorn’s master equation, Equation (1.59). Optimisation was

carried out using a non-linear least squares fitting procedure.1

Kinetic Parameters

Spin-correlated RP lifetimes and maximum ΦMFE , that is ΦMFE at the high field asymptote,

were measured for EcPL over a range of glycerol concentrations (which affects proton transfer

rates [245] as well as viscosity) and an approximately linear trend can be seen between the two

[225]. In order to see a substantial MFE it is necessary to have competitive rates of reaction

along the different reaction paths. Slowing down the rate of formation of the secondary RP

increases the MFE as the rate of return to the ground state from the singlet RP is generally

predicted to be a rather slower process [229]. At ΦMFE ≈ 8% (the high field ΦMFE observed

1The routine ‘lsqnonlin.m’ from the ‘Optimization Toolbox’ for MATLAB 2010b, The Mathworks, Inc., Natick,
MA, USA
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under the conditions of the experiment modelled here) the lifetime, τ ≈ 1/k ≈ 4 µs. This

lifetime was extracted from Figure 4B of Ref [225] the current draft of which can be found

in the appendix. Given the approximately equal solvent accessibilities of the terminal Trps in

EcPL and AtCRY this provides a sensible estimate for the rate of non-spin-selective reaction

and thus the value of kDP was fixed at kDP = 2.5 × 105 s−1. In the first case only the singlet

reaction kinetic parameters, kS was optimised, kS was unbounded in the optimisation, though

was expected to be similar to kDP in order to provide suitable competition between the the two

paths.

Hyperfine Interactions

Simulation of the full spin system of the
[
FAD•− · · ·TrpH•+

]
RP is impossible on any current

computer due to the enormous size of the full state-space. Even using the state-space restriction

techniques of Chapter 2 (of which in this case only the zero-quantum coherence was applicable)

it was only possible to include five nuclei in addition to the two electrons in the calculation.

The largest isotropic HFIs on each radical were included explicitly while the remaining

HFIs were amalgamated into one effective isotropic HFI, ã, per radical. An effective hyperfine

interaction on a given radical is calculated according to:

ã =

√
4

3

∑
i

a2
i Ii(Ii + 1) (5.3)

As the radicals are most likely the same molecular species in both proteins the same HFIs

are used in both simulations. The HFIs were taken from DFT calculations performed in Gaus-

sian 03 (and listed in Ref [136]) which were in reasonably good agreement with experimentally

determined values [197, 246]. The isotropic HFIs as used in the model simulations are listed in

Table 5.1.

For preliminary fits fewer HFIs were included explicitly in order to accelerate the optimi-

sation. If an initial fit was promising, the nuclei with the next largest HFI were added to the

simulation. Including more HFIs individually improves the accuracy of the optimised param-

eters, and the fit at very low field, but does not change the overall quality of the model, i.e.

if a model completely failed to reproduce the data including an additional HFI gave no dis-

cernible improvement. In simulations involving isotropic HFI, all HFI were accounted for in the

simulation either via an effective HFI, ã, or individually.
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5.4.1 B 1
2

The empirical parameter B 1
2

is often used to relate HFI to the observed MFE. The B 1
2

value

is equal to the magnetic field required to half-saturate the high field effect, that is, the field at

which the MFE is half the difference between high field and zero field [247], as indicated on Fig

5.2. Defined in terms of effective HFI, Equation (5.3), B 1
2

is given by [247]:

B 1
2
≈
√

3
ã2
A + ã2

B

ãA + ãB
(5.4)

where A and B are the two radicals.

Calculations by Rodgers in Ref [136] sought to evaluate the accuracy of this expression for

B 1
2
. The results are summarised here for three limiting cases: When k � ã, B 1

2
provides an

upper bound to the true value, when k ≈ ã, B 1
2

shows good correlation with the true value and

when k � ã, B 1
2

is a dramatic underestimation.

From the estimation of kDP for the two proteins it is clear they fall into the first category,

we expect the calculated B 1
2

to provide an upper bound to the experimentally observed value

(which can be estimated by extrapolation of the data to its limiting value). The calculated and

experimental B 1
2

values are summarised in Table 5.2. Clearly the calculated B 1
2

values massively

underestimate the actual value suggesting that some other process is occurring to broaden the

MFE.

5.4.2 First Optimised Fit

Having examined the B 1
2

values it seems unlikely that the initial model proposed will successfully

fit the data and indeed the ‘optimised’, fit, Fig 5.6, is extremely unsatisfactory. Clearly the

gradient of the line of best fit is far too steep from HFI-driven coherent evolution processes

only. Using this model it is possible to reproduce the absolute high field ΦMFE but at the

Table 5.1. List of isotropic HFIs included in model simulations, numbering according to Fig 5.4. ã is
the effective HFI calculated using Equation (5.3) from the remaining nuclei. (HFI were calculated, by
Kuprov, using density functional theory in Gaussian 03 and using the UB3LYP/EPR-III level of theory
and in the calculations R = R′ = R′′ = H [136].)

Radical Spin HFI / mT

FAD•− N5 0.5233
ã 1.1065

TrpH•+ H10 1.6046
H1 −0.5983
ã 0.9157
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Figure 5.6. Optimised fit (red line) of the experimental ΦMFE data using a relaxation-free model and
with fixed kDP = 2.5 × 105 s−1 for a) AtCRY (optimised kS = 2.9 × 105 s−1) and b) EcPL (optimised
kS = 6.2× 104 s−1).

expense of all other data points. Some account must be taken of the broadening observed in

the experimental data. The simplest possible cause is lifetime broadening due to rapid rates of

reaction, inconsistent with the lifetimes derived from the optimisation, and which did not result

in an improved fit anyway.

Investigations of MFEs in micellised RPs are usually described theoretically by the combina-

tion of HFI driven coherent evolution, reaction kinetics and relaxation processes. The lineshape

of the MFE is determined by the interplay of these factors. Relaxation, from modulation of

anisotropic HFI and singlet-triplet dephasing brought about by modulation of the exchange

and dipolar coupling interactions, is always required for a successful fit [248, 249]. By analogy,

relaxation processes are expected to bring about broadening of the MFE profile in the data of

interest here though the bi-radical system under consideration is very different from the organic

radicals of the micelle and it is questionable whether that the same type of relaxation process(es)

will be dominant in both. The next section outlines the different models of relaxation tested for

their fit against the AtCRY and EcPL MFE data.

Table 5.2 Calculated, using Equation (5.4), and experimentally determined, from Fig 5.2, B 1
2

values.

AtCRY EcPL

Calculated 3 mT 3 mT
Experimental ≈ 9 mT ≈ 11 mT
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5.5 Models for Relaxation

To include relaxation in the model an extra relaxation superoperator,
ˆ̂
R is added to Liouville-von

Neumann equation so altogether we must solve:

dρ̂

dt
=
(
−i

ˆ̂
H(t) +

ˆ̂
R+

ˆ̂
K
)
ρ̂(t) (5.5)

as described in Chapters 1 and 2.

5.5.1 Failed Models

Considering the system at hand, proteins tumbling in solution, rotational modulation of aniso-

tropic interactions seems most likely to be the dominant relaxation mechanism. At the low fields

of interest here any anisotropy in the Zeeman interaction is unlikely to be significant. Similarly

the separation between electrons on the FAD and terminal Trp renders the dipolar and exchange

couplings extremely small [21] and rotational modulation thereof will probably bring about a

negligible effect on the MFE. There remains only the anisotropic HFIs, comparable in size with

the low fields of this investigation, which cannot be neglected. Redfield theory was used to

account for rotational modulation of the anisotropic HFIs through isotropic rotational diffusion.

The general theory for forming the Redfield theory relaxation superoperator was described in

Chapter 2 and the numerical integration method, implemented in the Spinach library, was used

for these simulations [109].

Table 5.3. Hyperfine interactions for the FAD•− radical anion and TrpH•+ radical cation included
in the optimisations requiring anisotropic interactions. HFI were calculated, by Kuprov, using density
functional theory in Gaussian 03 and using the UB3LYP/EPR-III level of theory. Numbering is as shown
in Fig 5.4 and in the calculations R1 = R2 = R3 = H [136].

Radical Spin HFI / µT HFI principal axes

FAD•− N5

−100.1 0 0
0 −86.8 0
0 0 1756.9


0.9518 −0.3068 0

0.3068 0.9518 0
0 0 1



H8a

610.6 0 0
0 612.5 0
0 0 724.8

 0.6882 0.05170 0.7237
0.6968 −0.3254 −0.6393
0.2024 0.9442 −0.2600



TrpH•+ H1

−1082.6 0 0
0 −705.4 0
0 0 −6.9

  0.7540 0.6139 −0.2336
0.2344 0.0808 0.9688
−0.6136 0.7852 0.0830
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The preliminary optimisation was carried out with just the three anisotropic HFIs listed in

Table 5.3, chosen to maximise both the anisotropy of the coupling tensors and their isotropic

coupling strength. The second largest isotropic HFI was included on the TrpH•+ as nucleus

H10, which has by far the largest isotropic HFI, has relatively little anisotropy to its tensor. The

second HFI on the FAD•− radical is a methyl proton and so might be expected to be averaged

out through methyl rotations, however it has the second largest calculated isotropic HFI and

was therefore included. As there are many significant HFI on both radicals selection of any

three is always going to be an approximation, particularly as there is no anisotropic equivalent

to the effective hyperfine interaction and correspondingly the B 1
2

for these simulations was even

smaller than in the relaxation-free case. This might have been expected to result in a moderate

over-estimation of the relaxation rate. However, the optimised fit using this model, allowing

kS and τc (the rotational correlation time) to vary, gave no improvement whatsoever compared

to the relaxation-free model. Manual manipulation of the parameters could achieve a fit of the

absolute high field ΦMFE but at the expense of the intermediate field slope. Increasing the

rate of relaxation broadens the ΦMFE curve only by diminishing the absolute intensity, this is

in agreement with Ref [250] which found that HFI-induced relaxation has little effect on MFE

lineshape.

Although Redfield theory is expected to give a reasonable estimate of relaxation behaviour

beyond its strictly defined regions of applicability [93], it is useful to estimate the rotational

correlation time, τc, expected of the protein. This is done using the Stokes-Einstein equation

[69]:

τc =
4πr3

0η

3kBT
(5.6)

to estimate τc for the proteins. Using r0, the protein radius, as approximately 2 nm and the

viscosity, η ≈ 0.72 Pa s (estimated as a weighted average of the viscosities over water and

glycerol) gives τC ≈ 7 µs, certainly not within the traditional limit of Redfield applicability.

However whether Redfield theory is strictly applicable or not does not seem important given the

poor quality of the resulting fits – it is simply not the right model.

Many other methods for including relaxation have been used in the literature and were tested

as models to fit these data. The failed relaxation models, that is, those that failed to offer any

improvement compared to the relaxation-free model, are summarised in Table 5.4. In addition

to relaxation, and considering the long rotational correlation time predicted, residual anisotropy
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contributions were also considered as a possible cause of line broadening. The possibility of some

RPs starting in a (non-polarised) triplet state was also looked at. These too failed to reproduce

the shallow gradient at intermediate fields and the absolute value of the HFE.

Table 5.4. Overview of all the relaxation models that did not succeed in fitting the data acceptably.
The description summarises the basic characteristics of the given model together with some details as to
why it failed to reproduce the data.

Model Description

Redfield [109] Rotational modulation of anisotropic HFI
through isotropic molecular tumbling.

Phenomenological exponential relaxation [61] Traditional high, and zero, field approxima-
tions lead to exponential terms with time
constants, T0 at zero-field and T1 and T2

high-field. Constant and field dependent
T0, T1 and T2 values were trialled but failed to
fit the slope at intermediate field strengths.

Lindblad master equation [87] Simulates random field effects along the x,
y and z axes. The axes can be defined in
any arbitrary frame and both the labora-
tory frame and a highly artificial spin-system
eigenframe were used. Both failed to fit the
experimental data.

Anisotropic contributions Arises from random orientation of RPs over
the ensemble of proteins and slow tumbling
which fails to average the anisotropic HFIs to
leave purely isotropic contributions. Some,
though insufficient, broadening of the ΦMFE

appeared in the predicted curve when a
spherical average is taken over a range of RP
orientations. Using weighted combinations of
anisotropic and isotropic contributions also
failed to fit the data.

Mixture of singlet and triplet starting states No broadening at all, just changes in absolute
ΦMFE .

The Jones-Hore kinetic superoperator [79] This operator is expected to show twice the
dephasing of the Haberkorn model, but could
not fit this data any better than the tra-
ditional kinetic model. It is perhaps inter-
esting to note that if kDP is not limited to
2.5 ×105 s−1 the Jones-Hore model can fit
the data whereas Haberkorn cannot, but only
when kDP is very large.

Combinations of the above Using various combinations of the above
models did not fare any better.
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5.5.2 Singlet-Triplet Dephasing

Having exhausted the usual, and less usual, relaxation mechanisms for intramolecular RPs with-

out success it was necessary to consider alternative models. For small radicals in solution and

in micelles singlet-triplet dephasing (ST-dephasing) is well known as an important contributor

to relaxation [251].

The electronic eigenstates of a RP under the influence of a large exchange coupling are the

singlet and triplets. If a RP remains in such an environment then no interconversion can occur.

If, however, the radicals diffuse apart and J, the exchange coupling parameter, becomes smaller,

population interconversion will occur and coherences (or phase) between the singlet and triplet

states will develop. When the radicals diffuse close together again J increases and each RP

must collapse into either the singlet or one of the triplet states. Across the whole ensemble the

proportion in each will depend on the populations and coherences just prior to J being ‘switched

on’. Having diffused together the RP can either react, selectively down the singlet channel, or

separate again. When the radicals separate again, and J has been effectively switched off, there

will be no coherences remaining between the singlet and triplet states and so the RP begins its

evolution again from either a pure singlet or pure triplet starting state. The re-encounter has

acted as a strong dephasing event.

More generally any process which brings about strong modulation of the J coupling strength

will cause dephasing. This is described by the phenomenological operator [251]:

ˆ̂
R = −kSTΩT

 ∑
i=+,0,−

(|STi〉 〈STi|+ |TiS〉 〈TiS|)

Ω (5.7)

where Ω transforms the operator from the ST basis into a convenient basis for calculation (in this

case into the IST (irreducible spherical tensor) basis used in Spinach), and kST is the dephasing

rate.

5.5.3 Optimised Fit

Despite the RP in AtCRY and EcPL being intramolecular, and at a separation such that ex-

change coupling is approximately negligible, and with no possibility, short of massive protein

structural change, of the RPs diffusing relative to each other, the ST-dephasing model was eval-

uated. The dephasing rate constant, kST , was optimised without any bounds. The results of

the optimisation, with data points weighted according to the standard deviation, are given in
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Figure 5.7. Optimised fit (red line) of the experimental ΦMFE data using a ST-dephasing model, with
kDP = 2.5 × 105 s−1 fixed, for a) AtCRY, (kS = 4.8 × 105 s−1, kST = 1.2 × 107 s−1) and b) EcPL
(kS = 1.3× 105 s−1, kST = 3.1× 107 s−1).

Fig 5.7. Clearly the fit is much improved in comparison with previous models: The gradient of

the intermediate fields is matched, the absolute HFE reproduced, and the LFE predicted. The

optimised parameters from these fits are given in Table 5.5.

5.5.4 Speculation About Reverse Electron Transfers

Most physical models for the kind of ST-dephasing required to fit the experimental data are

based on radical pairs which diffuse relative to each other, varying the distance between them

and hence modulating the exchange coupling. A large enough displacement is not possible for

the intramolecular RP of EcPL or AtCRY.

What may be possible, however, is reverse electron transfer along the Trp-triad such that

occasionally the RP exists on the middle (Trp2) rather than the terminal (Trp3) tryptophan,

Fig 5.8. This seems feasible as reverse electron transfer along the triad has been suggested as

the mechanism by which singlet recombination occurs.

Calculations in Ref [21] estimate the exchange coupling to be negligible between electrons

on FAD and Trp3 but 100-1000 mT when the second radical is located on Trp2. The latter

Table 5.5 Optimised parameters from ST-dephasing model. kDP was fixed at 2.5×105 s−1.

AtCRY EcPL
kS 4.8× 105 s−1 1.3× 105 s−1

kDP 2.5× 105 s−1 2.5× 105 s−1

kST 1.2× 107 s−1 3.1× 107 s−1

153



Figure 5.8. Proposed electron transfers, during RP evolution, to account for strong singlet-triplet
dephasing, k3 and k−3 are the rate constants for ET to and from Trp2 respectively.

interaction is at least fifty times larger than the largest HFI and five times larger than the

largest applied field. A FAD· · ·Trp2 RP will be almost instantly collapsed into a singlet or

triplet state and prevented from further evolution until a forward electron transfer takes it back

to Trp3. As the ET from Trp2 to Trp3, k−3, is expected to be much slower than from Trp3

to Trp2, k3 [252], and J when the second electron is located on Trp2 is enormous, the rate of

dephasing will be approximately equal to the rate of reverse ET, i.e. kST ≈ k−3. A calculation

performed on EcPL in Ref [253] estimates k−3 ≈ 3 × 107 s−1 which is in excellent agreement

with the optimised parameter, kST = 3.1 × 107 s−1, Table 5.5, derived from fitting the MFE

data.

5.6 Anisotropic Contributions and S-T Dephasing

Although including anisotropic contributions alone could not fit the experimental MFE data,

the rotational correlation time, τC , estimated from Equation (5.6), is of the same order of

magnitude as the lifetime of the RP. It seems unlikely therefore that the anisotropic interactions

are completely quenched by isotropic tumbling. Thus the fitting was repeated including a

spherical average across the anisotropic yield as well as including ST-dephasing.

The optimisation used the average ΦMFE over an ensemble of thirty molecular frame orien-

tations. Only three HFI were included in this calculation due to time constraints – the inclusion

of anisotropic terms invalidates the zero-quantum coherence screening so that almost the entire

state-space must be used for such calculations. The anisotropic HFI tensors were taken from

DFT calculations [136]. The same HFIs were included in this simulation as were used for the

Redfield theory relaxation model and are given in Table 5.3. As aforementioned there is no
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Figure 5.9. Including a spherical average over anisotropic contributions and ST-dephasing giving the
optimised fit (red line) of the experimental ΦMFE data. Spin-unselective rate constant fixed, kDP =
2.5×105 s−1. a) AtCRY (kS = 4.6×105 s−1, kST = 4.4×107 s−1) and b) EcPL (kS = 9.1×104 s−1, kST =
4.0 × 107 s−1). The spherical average was taken for combinations of cosθ is 0 to 1 in steps of 0.1 and φ
equal to 0 to 2π − 2π

5 in steps of 2π
5 .

equivalent to the effective isotropic HFI for anisotropic interactions and so the model used in

this simulation does not have a B 1
2

consistent with the real RP. The optimised parameters, while

likely to be in the right area, will not be precise.

The results of the optimisation with this model are given in Fig 5.9. The shallow slope at

intermediate field strengths and the absolute value of the HFE are well reproduced. The LFE

is not predicted by this model.

Given the similarity between τC ≈ 7µs and τL = 1
kDP
≈ 5µs it seems plausible that there are

contributions from both isotropically averaged molecular interactions and from residual aniso-

tropy. Slight variations to the composition or temperature of the sample will cause changes to

the correlation time and hence might affect the interplay of isotropic and anisotropy contribu-

tions to the ΦMFE . This might in some part explain the large variation in ΦMFE particularly

at low field. It may be possible to enhance the size of the LFE by decreasing τC , either by de-

creasing glycerol content or increasing temperature, but of course in complex systems changing

the conditions rarely affects just a single factor.

5.7 Impact of S-T Dephasing on Anisotropic Yield

The AtCRY protein (Arabidopsis thaliana is a plant) is investigated as it is a close relative of

the suggested chemical compass molecules of animal orientation, for example there is a strong
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Figure 5.10. Ratio of maximum singlet yield difference, ∆ΦS , as a function of ST-dephasing rate. The
polar plots are coloured according to singlet yield relative to the spherical average, blue and red indicate
ΦS(θ, φ) less than and greater than the average respectively. Plots within a sub-figure are referenced to the
same colour scale for easier comparison. a) A one nucleus RP, Ax = −0.02 mT, kS = kDP = 2× 105 s−1

and B0 = 50 µT. Plots show the anisotropic yield at kST = 0 s−1 and at kST ≈ 107 s−1 and b) The
FAD•− · · · TrpH•+ RP, kS = 4.8 × 105 s−1, kDP = 2.5 × 105 s−1 and B0 = 50 µT. Polar plots are for
kST = 0 s−1 and at kST = 1× 107 s−1

sequence homology between AtCRY and gwCRY (garden warbler – Sylvia borin) [232]. To be

effective in the role of chemical compass the RP reaction must have a yield which varies with

magnetic field direction. Having suggested a specific form of relaxation, which will occur even

if the RP is at a fixed orientation, as necessary to explain the isotropic ΦMFE data it seems

sensible to examine briefly the effect this type of dephasing has on anisotropic reaction yields.

The singlet yield difference, ∆ΦS is defined as:

∆ΦS = maxΦS (θ, φ)−minΦS (θ, φ) (5.8)

where ΦS (θ, φ) is the singlet yield calculated as a function of the spherical coordinates, θ and
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φ defined by θ is zero to π in steps of π
40 and φ is zero to 2π in steps of 2π

40 . The effect of ST-

dephasing on anisotropy is quantified by taking the ratio of ∆ΦS with and without ST-dephasing

i.e. for systems with non-zero kST compared to the non-dephased reference.

In the simplest case we consider a one-nucleus radical pair with axial symmetry, Fig 5.10a.

For this RP system ST-dephasing can increase the directionality of the yield. In general the yield

anisotropy is due to the different extents of S-T mixing occurring at different orientations. It is

likely that reaction yields from orientations for which spin state evolution is much more rapid

than the dephasing rate will be only weakly affected by this form of relaxation. However, if S-T

mixing occurs slower than the dephasing rate then the spin-state evolution will be effectively

blocked by almost instantaneous dephasing of S-T coherences as soon as they appear. Thus

some orientations may be much more strongly affected by the dephasing relaxation than others

and this may possibly provide an explanation for the rather surprising enhancement in yield

anisotropy observed in Fig 5.10. As the ST-dephasing rate constant is increased it will overtake

the evolution rate at all angles, and thus anisotropy would be expected to decrease again. This

indeed appears to be the case as increasing the dephasing rate beyond the optimum leads to an

angle-independent singlet yield tending to 50%.

To see if there can be the same enhancement of directional response from larger spin systems,

similar calculations were performed for a simplified AtCRY system using the HFIs of Table 5.6.

In this case we are seeking to maximise the directional response and hence the two nitrogens

from the FAD•− that are coaxial and strongly anisotropic were chosen for this simulation, along

Table 5.6. Hyperfine interactions for the FAD•− radical anion and TrpH•+ radical cation included
in the investigation of the effect of ST-dephasing on singlet yield anisotropy. HFI were calculated, by
Kuprov, using density functional theory in Gaussian 03 and using the UB3LYP/EPR-III level of theory.
Numbering is as shown in Fig 5.4 and in the calculations R1 = R2 = R3 = H [136]. The nuclei were
chosen to maximise axiality and thus the expected anisotropy of the yield.

Radical Spin HFI / µT HFI principal axes

FAD•− N5

−100.1 0 0
0 −86.8 0
0 0 1756.9


0.9518 −0.3068 0

0.3068 0.9518 0
0 0 1



N10

−24.1 0 0
0 −14.4 0
0 0 604.6


0.6845 0.7291 0

0.7291 −0.6845 0
0 0 1



TrpH•+ H1

−1082.6 0 0
0 −705.4 0
0 0 −6.9

  0.7540 0.6139 −0.2336
0.2344 0.0808 0.9688
−0.6136 0.7852 0.0830
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with H1 from TrpH•+. The optimised reaction parameters of Table 5.5 were used. Again kST

was varied and the results are shown in Fig 5.10b). In this system it does not appear that kST

can enhance the anisotropy of the yield and unfortunately, in the region of the optimised kST

parameter the anisotropy of the yield is much lower than the maximum. However, this is true

of a simplified system and it is not clear how including more nuclei would affect the interplay

of kST and angle dependence. It is at least possible that this type of relaxation may allow

for optimisation of the directional response from the RP reaction and there are certainly many

reasons why kST in a magnetoreceptor in vivo might differ from that of a plant cryptochrome

in vitro.

5.8 Conclusion

The effect of magnetic fields on the reaction yields of AtCRY and EcPL radical pair reactions

has been successfully modelled. Initial analyses demonstrated that the shallow slope of the data

was far too great to originate from coherent interactions alone and it was necessary to model

the system relaxation. Several models were trialled for this purpose and failed to even remotely

reproduce the data. The only relaxation model which could satisfactorily replicate the low field

effect, shallow gradient at intermediate fields and absolute high field effect was singlet-triplet

dephasing.

We sought, by modelling the data, to establish whether the observed LFE is truly predicted

by a reasonable model. The ST-dephasing model of relaxation not only fits well with the

intermediate and high-field data but also predicts a LFE. The existence of such a sensitivity

to weak fields under isotropic conditions in vitro gives some support for the hypothesis that an

optimised in vivo magnetoreceptor would be sensitive to fields of ≈ 50 µT.

ST-dephasing occurs when a strong exchange coupling is modulated, normally through radi-

cal diffusion. In the case of the fairly rigid bi-radicals of interest here such motion is not possible.

Instead we propose a reverse electron transfer from the middle Trp of the triad to the terminal

one such that for short periods of time (forward ET is expected to occur in < 30 ps [254]) the

RP exists between the FAD•− and second Trp with an exchange coupling of ≈ 100− 1000 mT.

Such a large change in J on ET would account for the strong ST-dephasing required to fit the

data, and the optimised rate constant for this process is in good agreement with literature values

for the back ET.

The proposed mechanism is however still very speculative and should of course be tested
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against new experimental results in the future. The nuclei with small HFI have greatest effect

on the low field data and ideally to investigate this region better more nuclei should be included

in the simulation this of course will require greater computer memory capability. Further simula-

tions to investigate the effects of ST-dephasing on anisotropic yields to serve as predictors/fitting

models for anisotropic experiments should consider the possible involvement of this particular

type of relaxation.

It might be interesting to carry out simulations to study how ST-dephasing enhances or

reduces the directionality of the singlet yield. We have suggested that this may be due to

different effects of competition between spin-state evolution rate and dephasing rate across the

different orientations but thus far only a RP with one axial HFI and the complicated three-

spin FAD•− · · · TrpH•+ RP have been studied. A more systematic study of different spin

systems is necessary in order to identify the root of this effect and hence, perhaps, to establish

whether ST-dephasing could be considered an additional optimisation mechanism within the

biological chemical compass, i.e. whether reversible back ET at a optimised rate might hold an

evolutionary advantage.

Note Following submission of this thesis Henbest and Maeda reanalysed the data fitted in

this chapter which resulted in small changes to the absolute values of MFE and the error bars.

New optimisations were carried out for publication in [225] which returned values very similar to

those reported in this chapter. For this work the field off value was set to 0 mT for convenience.

No significant changes to the interpretation of the data or fitting arose from this work. The

current draft of this manuscript, prior to submission to Proc. Natl. Acad. Sci. USA, is included

as an Appendix for completeness.
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Chapter 6

Magnetite-Amplified Directional

Response of Magnetically Sensitive

Radical Pair Reactions

6.1 Introduction

One of the most enigmatic problems in sensory biology is understanding the biophysical mech-

anism by which animals sense the Earth’s magnetic field. As was introduced in Chapter 4,

behavioural evidence suggests that there are two distinct systems at work. One uses an intensity

map for local navigation and the other is compass-like giving absolute directional information

[138].

The mechanism underlying the magnetoreception systems remains unknown, though there

are two prevailing proposals which have attracted much attention; a physical mechanism built

upon biogenic magnetite particles [50, 155] and a light-dependent magnetically sensitive radical

pair (RP) reaction, e.g [15, 37, 51, 158]. Within the former theory several subtly different

mechanisms have been put forward (for a comprehensive review see Ref [168]) and the latter

has been discussed in depth in previous chapters. In this chapter we consider the possibility of

combining the two to allow for an amplified directional response from a RP reaction due to the

magnetic field of a nearby magnetite particle.
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6.1.1 Field-Gradient Enhanced Coherent Evolution

It is known that the field in the vicinity of a magnetite nanoparticle (MNP) can be much larger

than the ≈ 50 µT of the Earth and that the field strength falls off rapidly with increasing distance

(B ∝ 1
r3

). It was suggested in Ref [255] that the strong field gradients around the MNPs may

affect RP spin-state dynamics. If two radicals of a pair are at different distances from the MNP

surface they will experience very different magnetic fields bringing about evolution between the

singlet and triplet states, called the ∆B-mechanism. It was proposed that from a RP in an

initial singlet state the ∆B-mechanism would enhance the coherent singlet-triplet evolution,

decreasing the singlet yield and hence increasing the yield of free radicals in the wrong spin-

state for recombination. Radicals are known to cause damage to DNA and this was therefore

suggested as a possible mechanism by which magnetic fields may be carcinogenic. Ref [255] also

discussed the effects of oscillating magnetic fields on the dynamics of superparamagnetic (SPM)

particles but this is not relevant to this chapter and is not considered further.

It was reported by Chalkias et al. that the presence of stable single domain (SSD) MNPs in

a horseradish peroxidase (HRP) enzyme assay causes a 30-fold increase in the rate of reaction

[256]. HRP is known to have paramagnetic intermediates and it was suggested that the fields

arising from the MNPs affects singlet-triplet interconversion of the RPs and thus alters the

overall enzyme kinetics. Larger magnetite particles showed a stronger effect and superparamag-

netic particles, which have a fluctuating magnetic moment, resulted in no discernible change in

reaction rate.

In Ref [257] it was predicted theoretically that solutions of MNPs will accelerate singlet-

triplet interconversion in RPs randomly orientated on their surface due to the strong field

gradients very close to the particle. The authors went on to deposit patterns of MNPs on a

surface which was then submerged in a solution of pyrene/DMA. In the vicinity of the MNPs

there is enhanced ISC and thus a different proportion of singlet and triplet spin states which is

manifest as a change in the exciplex fluorescence intensity. The spatially resolved differences in

fluorescence mark out the positions of the MNP pattern [258].

The aforementioned systems are promising for heterogeneous catalysis but will not show a

directional response as the RPs are either attached to the MNP surface and hence move with the

MNP when it rotates under the influence of the applied field or are randomly orientated around

the MNP such that any anisotropic response will be averaged out across the ensemble. While

the work of this chapter was underway Cai approached the possibility of using the field gradients

161



from MNPs to enhance an anisotropic RP reaction yield [259]. If the field from the MNP is large

on radical A and negligible on radical B then there is enhanced spin-state evolution from the

∆B-mechanism. In addition, if radical A is at a fixed orientation relative to the MNP, i.e. there

is not an ensemble of RPs across all relative orientations, then rotating the weak Earth-strength

static field relative to the strong MNP field will bring about an anisotropic reaction yield, even

in the absence of anisotropic hyperfine interactions (HFIs), due to the relative orientation of the

resultant static fields on the two radicals.

Here we seek a similar outcome, the enhancement of the directional response of a RP reaction

yield using the field from a MNP. However instead of assuming a fixed MNP moment we consider

a MNP that itself responds to the applied field and rotates so that its magnetic moment and

the field are aligned. We also consider RPs at some significant distance from the MNP, where

the field gradient is rather small. As the MNP moment behaves like a point dipole the total

field strength experienced by a RP will depend on the relative orientation between the RP and

MNP. Directional information, as required by a chemical compass, can then be derived from the

isotropic magnetic field effect (MFE). This is an attractive prospect as it avoids the requirement

for a RP to be rotationally ordered, and may give larger yield anisotropies than can be derived

from anisotropic HFIs.

6.2 Magnetite

Magnetite, Fe3O4, has an inverse spinel structure with overall cubic symmetry and antiferro-

magnetically coupled Fe3+ ions occupy octahedral and tetrahedral vacancies such that their

moments cancel out. There remain Fe2+ ions in the rest of the octahedral sites with their

moments parallel, resulting in a permanent magnetic moment [260]. This is ferrimagnetism.

Magnetite has a saturation magnetisation of MS = 4.8× 105 Am−1 [255], and the net magnetic

moment, assuming uniform magnetisation, is given by [261]:

µsat = MSV (6.1)

where V is the volume of the particle.

A region of uniform magnetisation, called a domain, instantaneously has net North and South

poles. As the domain size increases so does the strength of the magnetic moment. The cost of

a domain wall, that is a region in which the individual moments are antiparallel, is outweighed
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by the favourable interaction of having the North and South poles of two domains adjacent.

Thus, magnetite particles above a critical volume (r ≈ 100 nm for a spherical particle) become

multi-domain and have no net magnetic moment [261]. These are of no use for our purposes.

6.2.1 Single Domain Nanoparticles

Single domain particles are fully magnetised at any instant with the magnetisation along an

‘easy-axis’ of the particle. In an isotropic solution, i.e. with no external stresses, the direction of

the easy-axis is determined by the crystal symmetry, particle shape and applied field anisotropies.

All of these contributions depend linearly on particle volume. In most cases there is more than

one easy axis, in which case the magnetisation flips between axes at a rate determined, in an

Arrhenius-style, by the energy barrier, EA. The timescale of this process, the Néel time, τN , is

given by [262]:

τN = τ0exp

{
EA
ζkBT

}
(6.2)

Where ζ is a statistical factor arising from the number of equivalent paths on the energy surface

to different easy-axes and τ0 ≈ 10−9 s, is the attempt time of magnetite [262]. Particles for

which τN is less than the timescale of observation (≈ 1 µs for magnetically sensitive RPs) have a

magnetisation which appears to average to zero over time and are called superparamagnetic. The

name arises because an ensemble of such particles will respond strongly to an applied field. The

average magnetic moment, µ, across an ensemble of superparamagnetic particles, for example

characterising a ferrofluid, or for a single superparamagnetic particle over time, is described by

the Langevin equation [255]:

µ = µsat

(
coth

(
µsatB0

kBT

)
− kBT

µsatB0

)
(6.3)

B0 is the applied field and µsat is the magnetic moment for a particle of volume V , Equation

(6.1). However, the system of interest here does not involve RPs associated with an ensemble of

MNPs. We are interested instead in the net field of individual MNPs responding to an applied

field, so this treatment is of no further use and we must turn our attention to individual particle

dynamics.

Both SPM (superparamagnetic) and SSD (stable single domain) particles might be expected

to respond to an applied field in such a way that their magnetisation becomes aligned with B0.
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That is, the applied field forces a transition SPM → SSD by removing the degeneracy of the

easy-axes in the first instance and causes a physical rotation of the particle in the second. The

magnitude of the interaction of a magnetic moment with an applied field at an angle θ is given

by [26]:

E = −µB0cosθ = −MSV B0cosθ (6.4)

Hence both of the effects depend not only on the magnitude of the applied field but also on the

total volume of the particle which is crucial in defining SPM/SSD behaviour. It is important to

understand the nature of a suitable MNP and we therefore consider the factors which determine

the size of the energy barrier between easy axes and hence the SPM vs. SSD character.

Crystal Anisotropy

The crystal anisotropy affects the easy axes due to the intrinsic symmetry of the crystal structure.

For a cubic system such as magnetite the energy as a function of polar angles, θ and φ, is given

by [261]:

E = K1V

(
1

4
sin2θsin22φ+ cos2θ

)
sin2θ +

K2V

16

(
sin22φsin22θsin2θ

)
(6.5)

where K1 and K2 are constants and for magnetite have the values −1.3× 104 Jm−3 and −4×

103 Jm−3 respectively [262]. This gives eight equivalent easy-axes, with each one linked via a

low energy barrier to three others, Fig 6.1a) [155].

Shape Anisotropy

A single-domain particle has a North and a South pole which have a magnetic field between

them opposite in direction to the underlying magnetisation which brings about their existence.

Shape anisotropy arises because the extent of ‘demagnetisation’ depends on the separation of

the North and South poles in the particle. Therefore, if a MNP is non-spherical the magnitude

of demagnetisation depends on orientation, i.e. the relative orientation of the magnetic moment

and the particle long-axis. This effect is well documented in the literature for ellipsoid particles

[263], in which the energy is given by [261]:

E =
1

2
(DX −DZ)M2

SV µ0sin2θ (6.6)

164



Figure 6.1. Energy surfaces for a single MNP – coloured from blue at the minimum energies to red at
the maximum energies (different colour ranges are used for each of a)-d)). The surface colour at any point
represents the energy when the magnetisation of the particle points in that direction. The energies at
the global minima (and local minima when the low-energy ‘easy-axes’ are not all degenerate) are shown.
The energies of the lowest energy barriers separating these minima are also given. All energies are given
in multiples of the volume, V , to 3sf (in Joules). a) m = 1, B0 = 0 µT, b) m = 1.4, B0 = 0 µT, c) m =
1, B0 = 50 µT, d) m = 1.4 B0 = 50 µT. K1 = −1.3× 104 Jm−3, K2 = −4× 103 Jm−3.

µ0 is the permeability of free space and DX and DZ are demagnetisation factors along the x-

and z-axes, given by [263]:

DZ =
1

1−m2
+
mln

(
−1 + 2m

(
m+

√
m2 − 1

))
2 (m2 − 1)

3
2

(6.7)

DX =
1

2
(1−DZ) (6.8)

and m is the ratio of the particle dimensions ρz
ρx

where ρi is the particle’s radius along the

i-axis. Fig 6.1b) shows the energy surface arising from an ellipsoid particle with cubic crystal

anisotropy.
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Total Anisotropy

The interaction of the applied field with the magnetisation of the MNP also induces an anisotropy

given by Equation (6.4). Overall the energy surface is determined by the sum of these three

terms, Equations (6.4), (6.5) and (6.6):

E = V

[
K1

(
1

4
sin2θsin22φ+ cos2θ

)
sin2θ +

K2

16

(
sin22φsin22θsin2θ

)
(6.9)

+
1

2
(DX −DZ)M2

Sµ0sin2θ′ −MSB0cosθ′′
]

(6.10)

where the primes indicate that the z-axes of the interactions need not coincide. Stress aniso-

tropies are likely to be much smaller than the crystal, shape and field anisotropies, for magnetite

nanoparticles in an isotropically viscous solution, and so this contribution is neglected. Addi-

tionally, as we are interested in RPs far from the MNPs we also neglect any surface effects at the

edge of a single domain. There is an overall linear dependence on particle volume and therefore

it is helpful to compare the magnitude of the three interaction terms. The energy due to field

anisotropy at ≈ 50 µT is generally smaller than the crystal anisotropy and unless the MNP is

almost exactly spherical this is also much smaller than anisotropy due to shape.

In order to investigate whether any superparamagnetic particles can become blocked by a

50 µT field let us consider the case where all axes are aligned, that is θ and φ are the same for

each interaction, and compare the energy surfaces for zero-field and Earth-field when m = 1 and

m = 1.4, Fig 6.1. For the spherical particle in Fig 6.1a) there are eight degenerate easy-axes

(dark blue) i.e. eight global minima. Applying a field in Fig 6.1c) stabilises the four minima

aligned with the field (‘up’) and destabilises those opposed (‘down’), there are now four global

minima. Fig 6.1b) and d) represent an ellipsoid particle and have two and one global minima

respectively.

The perfectly spherical particle in zero-field, Fig 6.1a) has an energy barrier (given as a

multiple of the particle volume, V ) of EA ≈ 1230V J and ζ = 3. Hence, to have a Néel time of

less than 1 µs (and hence exhibit superparamagnetism over the course of a typical RP reaction)

the particle must have a radius of ρ ≤ 25.5 nm at room temperature. For an ellipsoid particle

with m = 1.4 in zero-field the long-axis radius is ρz ≤ 9.6 nm for SPM character.

A spherical particle (ρ = 25 nm) with a 50 µT field applied along its z-axis results in

four minima in the direction of the field and four secondary minima remain in the opposite

direction, Fig 6.1c). The difference in energy between the two sets of minima is ≈ 30V J.
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Using the Boltzmann distribution between ‘up’ (magnetisation aligned with the field) and ‘down’

(magnetisation aligned against the field) predicts 62% of the SPM will have the magnetic moment

in one of the four ‘with-field’ minima. It is useful to consider the different barrier crossing

between the two sets of degenerate minima. The barrier to a transition of the moment from

‘down’ to ‘up’ is EA ≈ 1220V J and now ζ = 1 which gives τN ≈ 0.24 s. The reverse has

EA ≈ 1250V J giving τN ≈ 0.38 s. That is, the applied field locks the magnetic moment in both

directions for a time longer than a typical RP reaction. It has very little effect on the energies

themselves but significantly acts to reduce the symmetry of the system ζ = 3 → ζ = 1. The

hopping time around a set of four equivalent minima (either the ‘up’ or ‘down’ set) is τN ≈ 17 µs

(ζ = 2) and within each set there is equal probability of any direction (that is any one of the four

degenerate local minima) being populated. Thus, there is a distribution of MNP-field directions

because the magnetic moment of the SPM particle does not directly align with the applied field

but instead lies along one of four degenerate directions about 45◦away from the field.

If the static field is applied directly along one of the eight low-energy directions the de-

generacy of the minima is lifted, but even the direction that opposes the applied field remains

as a local minimum. The energy difference between the ‘minimum-minimum’ (i.e. the global

minimum) and ‘maximum-minimum’ (the local minimum opposing the field) is only ≈ 50V J

and the former has a population of just 69%.

The cut-off volume for a non-spherical particle to become SSD is even smaller than in the

case of a perfect sphere. Not only is the energy change to the barriers very small but also the

statistical factor is not reduced by the application of a field, therefore the interaction with an

Earth-strength field will not be strong enough to change the MNP characteristics.

An applied field of Earth-strength is not sufficiently strong to absolutely define the easy-axis

of a SPM particle. It can change the dynamics of the magnetic moment fluctuation, and may

cause some overpopulation in its general direction. However, it is not reasonable to imagine a

system which is characteristically superparamagnetic until an Earth-strength field is applied, at

which point it becomes stable-single domain with magnetic moment directly aligned with the

applied field. In short, it seems unlikely that magnification of the an Earth-strength field could

be achieved by a SPM MNP.
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6.2.2 Stable Single Domain Nano-particles

We consider now the stable single domain particles. Such particles have a constant magnetisation

in a fixed direction within the particle. However, a strong interaction with the applied field will

cause the particle to physically rotate, bringing its moment into alignment with the field. Once

again, for this effect to be significant the energy of interaction must be greater than thermal

energy and large enough to overcome any resistive force. We assume for simplicity a non-viscous

solution and that the nanoparticle is completely free to rotate. Using a simple Boltzmann model;

to get > 95% of particles in the low energy configuration, that is aligned with the field, we require

the energy of the interaction to be E = MSB0V ≥ 3kBT , corresponding to V ≥ 5 × 10−22 m3

which for a spherical MNP requires a radius, ρ ≥ 50 nm. Particles with ρ = 50 nm are used

hereafter. For simplicity we consider only perfectly spherical particles and assume that they are

perfectly aligned with the static field they experience.1

As long as our RP is sufficiently far from the MNP we can treat the latter’s magnetic field

like that of a point dipole. At a point (r, θ) in the x, z-plane the components of the field from

the MNP along its x-, y- and z-axes (sometimes called the ‘local frame’) are given by [26]:

Bx =
µenvµsat

4πr3
3sinθcosθ

By = 0 (6.11)

Bz =
µenvµsat

4πr3

(
3cos2θ − 1

)
where µenv is the permeability of the environment, taken to be that of water for a general solution

phase RP and the dipole is aligned with the z-axis. As the applied field changes direction it

causes the MNP to rotate and a RP at fixed orientation with respect to the centre of the MNP

will experience a varying total field strength. This is equivalent to moving along the familiar

isotropic MARY (Magnetically Altered Reaction Yield) curve [62].

6.3 Magnetite-Radical Pair System

In order to see any kind of direction-dependence in the singlet yield arising from the changing

field strength of a rotating MNP the RP must have a fixed orientation relative to the particle

on the timescale of radical recombination. We initially suggest two possible arrangements, Fig

1To estimate the field alignment we compared only the θ = π
2

orientation which does not interact with the
field and the most favourable orientation. Of course in reality a continous range of intermediate orientations is
populated.
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Figure 6.2. Possible arrangements of MNPs (black dots with arrows showing the direction of their
moment) and RPs (green dots). In the one-MNP case (upper) θ is the angle between the applied field
(parallel to the magnetisation of the MNP) and the MNP–RP position vector. In the two-MNP case
(lower) θ is the angle between the applied field and the inter-MNP axis.

6.2.

For the one-MNP system, Fig 6.2 upper, the calculation is relatively straightforward and the

MNP moment is assumed to line up precisely with the applied field. Equation (6.11) is then

used to calculate the field experienced by a RP due to the MNP, BMNP. The total field, BT , at

this position is then given by:

BT =

√
(BMNP

x )2 + (BMNP
z +B0)2 (6.12)

This is then used in the singlet yield calculation, recalculating BT for each orientation. The

resulting yields for a simple one-nucleus RP are shown in Fig 6.3a). The maximum dependence

Figure 6.3. Singlet yield as a function of θ the angle between the magnetisation of the MNP and the
MNP- RP position vector, and r, the separation. a = 1 mT, k = 1× 106 s−1, B0 = 50 µT, ρ, radius of
MNP, = 50 nm, µenv = 1.26× 10−6 m kg s−2A−2. a) 1-MNP system, b) Reference MARY curve for the
same RP system on which the steepest part of the curve is highlighted.
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Figure 6.4. Scheme showing the vectors and angles required to calculate the fields from two MNPs that
are not necessarily aligned with the applied field. B is the applied field vector, M1 and M2 are the MNPs
with magnetisation vectors M1 and M2 respectively. r12 describes the inter-MNP separation and r1 and
r2 are the RP position vectors with respect to M1 and M2 respectively.

on θ occurs when the RP is about 0.8 µm from the centre of the MNP, at this separation the total

field at θ = 0 i.e. when the contribution from the MNP and B0 align is approximately equal to

the field at the minimum of the MARY curve Fig 6.3b). When θ = π
2 the x-component of the

MNP field is zero, the two contributions along the z-axis are antiparallel and at this separation

they almost perfectly cancel thus returning the singlet yield characteristic of zero-field. Thus

as θ is varied the entirety of the steepest part of the RP MARY curve is traversed and the

maximum directional change in singlet yield is observed. By tuning the separation between

MNP and RP it is possible to move over the steepest part of a MARY curve in the course of

the MNP rotation. The singlet yield at very small separations goes to 0.5 at all angles as the

field strength due to the MNP varies only over the flat high field region of the MARY curve.

It is important to note that the one-nucleus RP used in Fig 6.3 and for subsequent calcu-

lations, though very convenient, is rather artificial and gives an extreme low-field effect. More

realistic systems often have many nuclei on each radical which reduces the gradient of the low-

field effect quite significantly and would therefore lead to a much smaller anisotropic yield from

the MNP-RP system than is predicted in Fig 6.3a). However, it is not necessary to use the

low-field end of the MARY spectrum, and should the higher field limit show a more promising

slope this region could be selected simply by arranging the MNP and RP closer together.

6.3.1 Two MNPs

For a system of two (or more) MNPs it is necessary to account for the weak interaction of the

MNPs with each other, this perturbs their equilibrium orientation so that they no longer lie

exactly parallel to the applied field.

In this case, and if more MNPs were to be added, the applied field and MNP z-axis are no

longer aligned. In order to add together the components of the field it is necessary to define

them on the same axes and we now no longer readily know the x-axes of the magnetic moments
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from the MNPs. When φ = 0 the x direction can be worked out by adding π
2 to the z−direction,

however this becomes more complicated when φ 6= 0 and when the RP does not sit directly

on the inter-MNP axis. We choose, therefore, to derive a general method of dealing with this

problem which is described below.

1. Vectors defining the position of the RP with respect to each MNP are defined as r1 and

r2, Fig 6.4. The separations between each MNP and the RPs are given by ri = |ri|, and

the position vectors are then normalised.

2. The applied field direction is written as a unit vector, B = [sinθsinφ, sinθcosφ, cosθ] and

B0 defines the magnitude.

3. The directions of the MNP moments are calculated iteratively to account for inter-MNP

interactions, noting that the lowest energy arrangement will have the magnetic moment

of each MNP directed along the net field it experiences.

(a) Each MNP initially has a moment aligned with the applied field. M1 = M2 = B and

α = β = θ.

(b) The field from M1 at M2 is:

BMNP1
x1 =

µenvµsat
4πr3

12

(3cos (2π − α) sin (2π − α)) (6.13)

BMNP1
z1 =

µenvµsat
4πr3

12

(
3cos2 (2π − α)− 1

)
(6.14)

whereBMNP1
z1 is perpendicular toM1 andBMNP1

x1 is at an angle of π2 toM1 (clockwise).

(c) The total field experienced by M1 in the laboratory frame (LF) directions are:

B2x = 0 (6.15)

B2y = B0x +BMNP1
x1 sin

(π
2

+ α
)

+BMNP1
z1 sin (α) (6.16)

B2z = B0z +BMNP1
x1 cos

(π
2

+ α
)

+BMNP1
z1 cos (α) (6.17)

(d) The angle that the resultant field makes with the z-axis is then:

β = tan−1

(
B2y

B2z

)
(6.18)

As we know the signs of B2y and B2z it is possible to correct the angle returned by
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taking tan−1 to ensure it is in the appropriate quadrant.

(e) The moment of M2 is then aligned at this angle and the field at M1 due to M2 and

the applied field is calculated as above (though noting that the angle from M2 to M1

is (π − β)). A new α is returned.

(f) The new α and β are compared to the old. They are recalculated until no further

adjustment is made. This is assumed to be the equilbrium direction of the two MNP

magnetic moments

4. The magnetic moments from each MNP can now be defined by the unit direction vectors:

M1 = [sinαsinφ, sinαcosφ, cosα] and M2 = [sinβsinφ, sinβcosφ, cosβ].

5. The angles between the moment vectors of the MNPs and position vectors of the RP can

be found using the dot product:

p = cos−1
(
r1 ·M1

)
(6.19)

q = cos−1
(
r2 ·M2

)
(6.20)

6. The vector describing the x-axis for each dipole-radical field is found using the triple cross

product rule:

x1 = M1 ×
(
r1 ×M1

)
= r1 −M1

(
M1 · r1

)
(6.21)

x2 = r2 −M2

(
M2 · r2

)
(6.22)

As long as the sense of the product is constant this will automatically account for whether

the ri is clockwise of anticlockwise of M i and the angles p and q can be used directly.

7. The field from each MNP at the RP site along its own x- and z-axes is calculated:

BMNP1
x1 =

µenvµsat
4πr3

1

3cospsinp (6.23)

BMNP1
z1 =

µenvµsat
4πr3

1

(
3cos2p− 1

)
(6.24)

BMNP2
x2 =

µenvµsat
4πr3

2

3cosqsinq (6.25)

BMNP2
z2 =

µenvµsat
4πr3

2

(
3cos2q − 1

)
(6.26)

8. The projections of the field from each MNP on each of the LF axes is extracted by scaling
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Figure 6.5. Singlet yield as a function of θ the angle between the inter-MNP axis and the applied field
direction, and r12, the inter-MNP separation (Fig 6.4). The RP is always exactly half-way between the
MNPs. a = 1 mT, k = 1× 106 s−1, B0 = 50 µT, ρ = 50 nm, µenv = 1.26× 10−6 mkgs−2A−2.

the appropriate element of the vector by the field strength:

Bx = BMNP1
x1 x1[1] +BMNP1

z1 z1[1] +BMNP2
x2 x2[1] +BMNP2

z2 z2[1] +B0B[1] (6.27)

By = BMNP1
x1 x1[2] +BMNP1

z1 z1[2] +BMNP2
x2 x2[2] +BMNP2

z2 z2[2] +B0B[2] (6.28)

Bz = BMNP1
x1 x1[3] +BMNP1

z1 z1[3] +BMNP2
x2 x2[3] +BMNP2

z2 z2[3] +B0B[3] (6.29)

9. The total field is then given by:

B =
√
B2
x +B2

y +B2
z (6.30)

10. These fields are then used as normal in the RP simulation.

The simplest two-MNP scheme is that shown in Fig 6.2(lower), where the RP sits on the

inter-MNP axis exactly halfway between the two MNPs which are slowly moved further apart.

This is equivalent to setting n = 0 and |r1| = |r2| in Fig 6.4 and varying r12. For a simple

one-nucleus RP the singlet yield as a function of r12 and θ is shown in Fig 6.5. Like in the one-

MNP case (Fig 6.3) it is possible to achieve a very anisotropic singlet yield when the separation

between RP and MNPs is such that the steepest part of the MARY curve is sampled as the

MNPs rotate.

However, RPs that are far from the optimum distance from the MNPs while showing the

same ‘shape’ anisotropic response, have a much reduced angle-dependence in the singlet yield.
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Figure 6.6. a) Suggested array of two-MNP RP arrangements. MNPs are represented by black dots
and the RP solution is shown in blue. b) 2D schematic of a single two-MNP system with RPs in a pool
of dimensions {rX, rY, rZ} (rX is the depth and is not shown).

An ensemble of RPs which are distributed across a range of separations will show a smaller

anisotropic response overall. Additionally if the RPs are distributed evenly around the MNPs

the anisotropic effect will average to zero across the ensemble.

In order to minimise the contribution of the RP reactions far away from MNPs (those on the

tail of Figs 6.3a) and 6.5) and to ensure that the RPs are not evenly distributed around the RPs,

we consider an extended system with pools of RP solution between MNPs as shown in Fig 6.6a).

The maximum difference in singlet yield, ∆ΦMAX
S = max(ΦS) − min(ΦS), as a function of the

RP position in the pool is shown in Fig 6.7a). There is a clear radius of optimum directional

sensitivity around each MNP at a distance comparable to that in the one-MNP case, Fig 6.3.

However, the angles at which the maximum and minimum yields are achieved are not the same at

all RP positions as is illustrated in Fig 6.7b). Taking an average the ensemble of positions gives

Fig 6.7c) which has a rather small overall anisotropy. The total anisotropy is improved if the

pool is made thinner as this restricts the RPs to sitting as closely as possible on the inter-MNP

axis and thus showing directional responses of the same shape. Further enhancement would be

achieved by limiting the length of the pool to just the region around 0.8−1 µm from the MNPs

where the yield anisotropy is at a maximum. Fig 6.7d) shows the average singlet yield from the

region between y = ±0.2 µm and z = ±0.2 µm, shown with a white box on Fig 6.7a), clearly a

much larger anisotropy is achieved from this region alone.
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Figure 6.7. a) Maximum singlet yield anisotropy (∆ΦMAX
S = max(ΦS) − min(ΦS)) at each position in

the pool of Fig 6.6b). Five positions are highlighted and b) shows the angle-dependence of the singlet
yield at these positions. c) The average singlet yield across the ensemble as a function of θ, d) The
average singlet yield from the positions within the white box shown in a) . The pool is assumed to
have no depth, rX = 0 µm, rY = 2 µm, rZ = 1.8 µm. r12 = 2 µm, B0 = 50 µT, ρ = 50 nm and
µenv = 1.26× 10−6 m kg s−2A−2. The RP has a single nucleus with a = 1 mT and k = 1× 106 s−1.

6.3.2 Relaxation

Rotational motion is likely to induce relaxation in any RP reaction, independent of the presence

of MNPs, by modulating the anisotropic HFI. Additionally, in the presence of a MNP transla-

tional motion across the field gradient of the MNP is likely to induce relaxation. An estimate

of the magnitude of the field change is given by:

∆B = |B(r − dr)−B(r)| (6.31)
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where

〈dr〉 =
√

2Dt =

√
kBTt

3πηd
(6.32)

using the Stokes-Einstein relation. The viscosity of water is η = 8.9× 10−4 Pa s−1, T = 300 K,

the RP lifetime is t = 1
k = 1 µs and estimating a small organic molecule as having radius

d ≈ 0.3 nm gives 〈dr〉 ≈ 30 nm. The field from the MNP is largest at θ = 0 and a RP will

see the largest change in field strength if the RP moves directly towards the MNP. Using r =

0.8 µm gives ∆B ≈ 12 µT, such a small change is unlikely to induce significant relaxation on

the timescale of the reaction. Of course for RPs closer to the MNPs the change in field will be

larger, but those RPs show a smaller yield anisotropy anyway so additional relaxation will make

little difference.

6.4 Conclusion

This chapter began by considering the magnetic properties required of magnetite nanoparticles

in order to show a significant response to an Earth-strength field. We showed that it is unlikely

that individual particles small enough to be superparamagnetic would show much response to a

50 µT static field and therefore considered only stable-single-domain particles for the remainder

of the investigation.

We have suggested a system which could potentially convert the often strong magnetic-field

strength dependence of an isotropic RP reaction yield into an anisotropic response. This was

achieved using the orientation-dependence of the magnetic field from nanoparticles of magnetite

to vary the total field strength (from MNP and the applied static field) experienced by a RP. We

assumed that a single-domain MNP is free to rotate in the applied field and aligns its moment

along the net field it experiences, arising from the static field and any other nearby MNPs. When

the magnetic moment of the MNP is pointing directly at the RP, the RP experiences a field of

the same sign from both the MNP and the static field, B = B0 + BMNP. When the magnetic

moment of the MNP is directed perpendicular to the RP position, the RP experiences fields of

opposite sign from the MNP and static field, B = B0− BMNP

2 (at this position the field from the

magnetite is half that when directed at the RP). By tuning the separation of the MNP and RP

it is possible to achieve limiting total field strengths which coincide with regions of maximum

and minimum singlet yield on the MARY curve. Thus as the static field is rotated the steepest
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part of a MARY curve is sampled and a large anisotropy is seen in the reaction yield.

A simple one-nucleus case has been considered, but any RP with a significant MFE should

display a pronounced angle-dependence in its yield when at a suitable separation from a MNP.

A practical implementation of such a system is hard to imagine and we have suggested a possible

2-MNP system, of well defined MNP-RP geometries that would constrain the distribution of RP

positions and might possibly be suitable for scaling up to an array of such systems. In practice

it would probably be very difficult to make such a system with suitable resolution.

There are of course other possible mechanisms by which magnetite could enhance the aniso-

tropy of the radical pair mechanism. If we were willing to sacrifice rotational disorder it may

be possible to achieve amplification of the ‘normal’ anisotropic HFI-induced directional reac-

tion yield simply by having the total field experienced by the RP larger than the applied field

alone. This combined with the orientationally varying total field strengths might lead to useful

anisotropy enhancements and it would be interesting to investigate RP reactions of this sort.

Finally we indulge in some slightly more far-fetched speculation. One might imagine combin-

ing the polarised triplets of Chapter 3 with the strong fields accessible in the vicinity of MNPs.

Assuming the initial field aligns along the intersystem-crossing z-axis an initial T0 state will be

isolated from T± and can evolve only into the singlet and back. If there is sufficient mixing due

to HFIs, and a reasonably slow rate constant, the singlet yield at high field and θ = 0 will be

0.5. When the strong applied field is perpendicular to the original z-axis the initial T0 state in

this eigenbasis is a combination of T x+, T
x
− and the coherences between them (Subsection 3.3.2).

As these states are energetically isolated from the singlet there is almost no singlet-triplet inter-

conversion and the singlet yield will be 0. Potentially this system could return an anisotropic

singlet yield varying from 0 to 0.5 i.e. a 100% change in singlet yield across from θ = 0 to

θ = π
2 . In this case the large static field significantly outweighs any anisotropic HFIs and there

will be little fine structure in the yield anisotropy arising from these interactions. It is difficult

to imagine a suitable system which might be expected to show these effects in practice, but if

one could be found the anisotropy of the yield could be dramatic.
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Chapter 7

Long-Lived States in Multi-Spin

Systems

7.1 Introduction

The majority of this thesis is concerned with the effects of weak magnetic fields on chemical

reactions. In this chapter however, the Spinach library, introduced at the end of Chapter 2 and

described in full in Ref [95], has been applied to the investigation of long-lived states in nuclear

magnetic resonance (NMR) spectroscopy.

The most famous nuclear equivalent of the electronic spin states at the heart of radical pair

(RP) spin dynamics are found in ortho- and para- hydrogen. Hydrogen with spin-1
2 behaves,

apart from the smaller gyromagnetic ratio, identically to an electron, and a pair of 1H nuclei

are able to form a singlet (S) and three triplet (Tx, Ty and Tz) spin states when their angular

momenta are combined, these are para and ortho forms of molecular hydrogen respectively [260].

Transitions between the two forms are spin-forbidden and occur very slowly unless a catalyst is

present.1

Potentially such spin-state isolation could be present for any pair of spin-1
2 nuclei. With

molecular hydrogen as the obvious exception, it is rare to find isolated two-spin systems and for

realistic molecules it is necessary to suppress all asymmetric interactions, i.e. those which are

not the same on both nuclei, to maintain a long-lived state [264, 265]. Only in the last decade

has the phenomenon of long-lived singlet states really begun to attract significant interest from

1A catalyst, depending on the type, can act to change the magnetic environment of one end of the molecule,
thus allowing the two nuclear spins to precess at different rates and change the relative phase between them - this
is a nuclear analogue of the RPM.

178



the perspective of NMR. The first experimental observation of a long-lived singlet state was seen

by Carravetta and Levitt in 2004 in 2,3-dibromothiophene [266]. Since then many molecules

have been shown to exhibit long-lived singlet states and have found application in, for example,

polarisation storage [267–270], measurements of slow diffusion [271], and to obtain molecular

structural information [272].

Similar long-lived states have been analysed [273, 274], and observed [269, 270, 275] in three-

and four- spin systems but larger spin systems have not been systematically treated. Following a

brief overview of dipolar relaxation and the relaxation-resistant singlet state already mentioned,

this chapter presents the results of a systematic search for long-lived states across a range of

spin-1
2 coupling topologies for 4-8 spins and for some real molecule examples. The main results

of this analysis have been reported in Ref [97].

7.1.1 Dipole-dipole Relaxation

For conventional liquid-state NMR, nuclear relaxation arises from random fluctuations in the

nuclear spin interactions due to molecular motion [276], of which the dominant contribution

usually comes from modulation of the dipolar interactions between nuclear spins.2

Through-space dipole-dipole relaxation arises from time-dependent fluctuations in the local

magnetic field experienced by one spin due to the magnetic moment of the other [66]. The

dipolar coupling is described for a pair of point-dipoles by the Hamiltonian (reproduced from

Section 1.3.3 for two nuclei):

ĤD =
µ0γ

2
n

4π~2r3

[
ÎA · ÎB −

3

r2
(ÎA · ~r)(ÎB · ~r)

]
(7.1)

where Îi is a vector of the nuclear spin operators, γn is the nuclear gyromagnetic ratio, r is the

inter-nuclear separation and ~r is a unit vector in the spin-spin direction. From Equation (7.1)

it is evident that both random rotational motion at fixed distance (i.e. changing the relative

orientation of ~r with the applied field) and modulation of the internuclear distance will result

in random fluctuations in the local magnetic field and thus nuclear relaxation.

The dipolar interaction operator of Equation (7.1) is clearly symmetric with respect to the

permutation of the two spins (operators acting on different spins by definition must commute)

2This is directly analogous to the modulation of anisotropic hyperfine interactions (HFIs) between electrons
and nuclei discussed in the previous chapter.
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thus similarly the permutation operator P̂ and the dipolar Hamiltonian must commute [264]:

[
P̂, ĤD

]
= 0 (7.2)

Given this symmetry the dipolar coupling operator cannot change the spin state of the pair of

spins it couples between states of different symmetry.

For solution-state NMR, Bloch-Redfield-Wangsness (BRW) theory is usually considered an

adequate model of spin-relaxation, the master equation of which was derived in Chapter 2.

For two equivalent nuclei subject to just a Zeeman interaction and time-dependent dipolar

interactions the master equation is given by:

dρ̂(t)

dt
=− i

ˆ̂
H0ρ̂(t)−

[∫ ∞
0

〈
ˆ̂
HD(t)e

i
(
ωA

ˆ̂
IAz+ωB

ˆ̂
IBz

)
τ ˆ̂
HD(t+ τ)e

−i
(
ωA

ˆ̂
IAz+ωB

ˆ̂
IBz

)
τ
〉

dτ

]
× (ρ̂(t)− ρ̂eq) (7.3)

where the 〈· · · 〉 indicates an ensemble average, and ωi is the Zeeman resonance frequency of nu-

cleus i. Like any other spin operator the dipolar Hamiltonian may be written as a sum over the

irreducible spherical tensors (ISTs) with time-dependent coefficients given by the Wigner func-

tions. Assuming isotropic rotational diffusion the correlation functions of the Wigner functions

are well-known, allowing convenient evaluation of Equation (7.3). Modulation of internuclear

distance cannot be treated in this way, but for fairly rigid molecules contributions of this kind

are not likely to be significant. Herein we are concerned only with the effect of rotational motion

on dipole-dipole interactions.

7.1.2 Singlet State

Before considering more complicated multi-spin systems it is worthwhile briefly reviewing the

original two-spin singlet. The singlet state is antisymmetric with respect to permutation of

electrons:

P (|αβ〉 − |βα〉) = (|βα〉 − |αβ〉) = − (|αβ〉 − |βα〉) (7.4)
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and the triplet states are symmetric:

P |αα〉 = + |αα〉 (7.5)

P (|βα〉+ |αβ〉) = (|βα〉+ |αβ〉) = + (|βα〉+ |αβ〉) (7.6)

P |ββ〉 = + |ββ〉 (7.7)

A full analytical treatment of the relaxation matrix elements arising from isotropic rotational

modulation of two dipolar coupled spins may be found in Ref [264]. In this work it is shown

that in the commonly used bases built from αβ product operators there are no states which

are obviously resistant to dipole-dipole relaxation, however in the ST (singlet-triplet) product

basis the relaxation superoperator is block diagonal (Equation 31 from Ref [264]). Using the

symbolic processing procedure of Ref [108], and making use of the extreme narrowing condition

for convenience, the dipole-dipole relaxation operator can be derived analytically. The form is

identical to that for modulation of anisotropic HFI though χ, the relaxation rate constant, now

contains the dipolar coupling information. The resulting relaxation superoperator is, as was

found in Ref [264], block diagonal with respect to populations and coherences. The reduced

superoperator just considering the population states {SS, T+T+, T0T0, T−T−} is shown below:



0 0 0 0

0 −3χ
20

χ
20

χ
10

0 χ
20 − χ

10
χ
20

0 χ
10

χ
20 −3χ

20


(7.8)

which if we define W1 = χ
20 and W2 = χ

10 reproduces the population block of Equation 31 from

Ref [264]. There is no connection between the singlet and triplet states (or between spin-state

populations and coherences). The triplet states are relaxed between themselves, the singlet-

triplet coherences are eroded (dephasing) and the singlet state is unaffected.

A similar conclusion can be reached by considering the symmetry of the dipolar operator

and the states of interest. [264, 274] The dipolar relaxation superoperator:

ˆ̂
R =

∫ ∞
0

〈
ˆ̂
HD(t)e

iτ
(
ωA

ˆ̂
IAz+ωB

ˆ̂
IBz

)
ˆ̂
HD(t+ τ)e

−iτ
(
ωA

ˆ̂
IAz+ωB

ˆ̂
IBz

)〉
dτ (7.9)

from Equation (7.3) inherits the permutation symmetry of the dipolar superoperator when

the two nuclei are subject to equivalent Zeeman interactions, ωA = ωB = ω. In this case
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the singlet and triplet levels are eigenstates of the total angular momentum along the z-axis,

ˆ̂
H0 = ω(

ˆ̂
IAz +

ˆ̂
IBz) and swapping the spins leaves them in the same magnetic environment as

they started. Hence it follows that:

[
ˆ̂P, ˆ̂
R
]

= 0 (7.10)

Therefore the matrix elements of
ˆ̂
R can only be non-zero between states of the same parity, i.e.

both symmetric, both antisymmetric or both a mixture under the permutation of the two nuclei.

The singlet and triplet spin states of the pair cannot be interconverted by dipole-dipole

relaxation and while the triplets can be relaxed between sub-levels the singlet state is dynamically

isolated [264].

The non-relaxing subspace of a two-spin system therefore comprises the singlet state, for

which the projection operator is Q̂S and the ubiquitous identity operator, 1̂. Any linearly

independent states may be chosen as the basis of the null space and the projector for the

mixture of triplets, is just 1̂ − Q̂S . The projector for the difference state between singlet and

triplet is defined as:

Q̂TS = Q̂S − Q̂T+ − Q̂T0 − Q̂T− (7.11)

where Q̂i is the projection operator of state i.

All simulations were carried out in Liouville space and using the normalised IST basis. They

are related to the spin-1
2 spin operators according to:

T̂0,0 =
1√
2
1̂ (7.12)

T̂1,+1 = −Ŝ+ (7.13)

T̂1,0 =
√

2Ŝz (7.14)

T̂1,−1 = Ŝ− (7.15)

It proved more convenient to define the singlet, triplet and difference states in a normalised

vector form. In the above basis the singlet is defined as:

S =
1

4
1̂− ŜAz ŜBz −

1

2

(
ŜA+Ŝ

B
− + ŜA−Ŝ

B
+

)
(7.16)

=
1

2

(
T̂0,0T̂0,0 + T̂1,+1T̂1,−1 − T̂1,0T̂1,0 + T̂1,−1T̂1,+1

)
(7.17)
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Thus, the four vectors of interest for the two-spin system each have at most four non-zero

elements in the vector and working in the
{
T̂0,0T̂0,0, T̂1,+1T̂1,−1, T̂1,0T̂1,0, T̂1,−1T̂1,+1

}
reduced

basis:

1 =



1

0

0

0


, PS =

1

2



1

1

−1

1


, PT =

1√
12



3

−1

1

−1


, PST =

1√
3



0

1

−1

1


(7.18)

by taking combinations of these vectors it is possible to define the following relationships:

1 =
1

2

(
PS +

√
3PT

)
(7.19)

PST =
1√
3

(2PS − 1) =
1

2

(√
3PS − PT

)
(7.20)

The difference state PST was convenient to work with when inspecting the eigenvectors of long-

lived states as it has no contribution from the unit operator. Also, PST and 1 form an orthonor-

mal basis as does the pair PS and PT . However, it is most important that the basis vectors are

linearly independent and although for the more complicated systems encountered later it is pos-

sible to form an orthonormal set of null space vectors this is at the cost of describing the states

in terms of complicated linear combinations. Instead the states will be listed, where possible, in

the simplest form which preserves linear independence. For simplicity, the normalisation factors

will henceforth be omitted.

7.1.3 Applications and Uses of Long-lived States

Before embarking on the full treatment of multi-spin systems it is interesting to briefly outline

some of the many (and wide-ranging) applications of long-lived states used to date.

Polarisation Storage

One of the major limitations to NMR spectroscopy is the inherent insensitivity arising from the

tiny population differences from Boltzmann distributions across spin energy levels even at low

temperature. Many hyperpolarisation techniques have been developed to enhance the population

differences, increasing polarisation and thus enhancing NMR signals [277, 278]. One method is

dynamic nuclear polarisation (DNP) by which magnetisation is transferred from a more polarised

species (normally an electron) to the spin of interest. In many examples of DNP the sample
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must be shuttled between the polarisation equipment and the spectrometer, relaxation during

this time incurs losses in the magnetisation gain if the sample is not moved rapidly [269].

Methods for storing polarisation as singlet polarisation [270], with its much greater resistance

to relaxation, extends the time frame over which polarisation can be used. Although a singlet

state between equivalent spins is not visible by NMR (any transitions incur a change of spin

state and are hence forbidden) pulse sequences are available to transfer polarisation to a more

usable form [270]. Alternatively removing the equivalency of the two spins, either by turning off

factors suppressing inequivalency or by chemical reaction can also make use of the polarisation

available from a singlet state. This underlies the use of direct hydrogenation of molecules to gain

from the polarisation associated with para-H2 when the hydrogenating mixture is enriched with

this component, for example para-hydrogen induced polarisation (PHIP) and para-hydrogen and

synthesis allow dramatically enhanced nuclear alignment (PASADENA) [278].

Diffusion Studies

NMR has long been used in the study of molecular translational diffusion coefficients. Based

upon a spin-echo experiment [279], a pulsed field gradient (PFG) is used to encode molecular

position via the phase accumulated under the pulse. A 180◦ pulse flips the magnetisation, and

a second identical PFG then causes the spins to rephase. If the molecule has not moved it

experiences an identical field on either side of the 180◦ pulse and is perfectly rephased, forming

the maximum echo. If it has undergone some diffusion it experiences a different field strength

in the second half of the experiment and rephasing is imperfect - the echo is attenuated. It is

possible to separate the diffusive dephasing from T2 type dephasing and thus provide a measure

of the diffusion coefficient [280]. This technique is limited by the timescale of relaxation, that

is, if the diffusion is much slower than T2 relaxation effects then the effects of diffusion are

swamped and can no longer be isolated. This is often true of large biomolecules and highly

viscous solutions. In order to study such molecules it is necessary to extend the relaxation times

of the spin states, this can be achieved using long-lived states to encode polarisation and phase

during the diffusion time [271, 281–283].

Structural Information

Apart from the obvious advantages to structure determination incurred by enhanced NMR

signals from hyperpolarisation, the relaxation properties of the long-lived states themselves can
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be used to determine local structure. For example, singlet states across diastereotopic CH2 of

amino acids have been used to retrieve information about molecular conformations [272]. As an

over simplified overview: the coherent evolution of the singlet state is dominated by asymmetric

out-of-pair interactions with neighbouring groups, thus the lifetime of a singlet state gives a

measure of the dipolar coupling differences between the singlet protons and spins on the adjacent

group. This information can be understood in terms of the relative orientation of the singlet

protons and the main body of the residue, that is, the torsional angle.

Chemical shift anisotropy (CSA) arises from the electronic shielding of a nucleus from the ex-

ternal field by a neighbouring group with a non-symmetric distribution of electrons, for example

from ring currents of aromatic systems that lead to different amounts of shielding for a nucleus

above/below the plane of the ring compared to one in the plane. The combination of shielding

fields from all neighbouring groups can be described by a single tensor, the CSA tensor, on

each nucleus, directly analogous to the anisotropic g-tensors observed in electron paramagnetic

resonance (EPR) and in the RPM. As the molecule tumbles the nuclei experience varying net

fields and this random fluctuation of local fields incurs nuclear relaxation. Long-lived states are

not, in general, immune to CSA-relaxation and the relaxation constants of long-lived states can

be used to determine the relative orientations of the chemical shift anisotropy tensors of the two

spins involved [284], when other factors, such as coherent evolution, are suppressed.

Magnetic Resonance Imaging

Like NMR, magnetic resonance imaging (MRI) suffers from the weak polarisation of spin states

under Boltzmann considerations alone and signal enhancement from hyperpolarisation is an area

of much interest [285]. Polarisation storage through the use of long-lived states, as aforemen-

tioned, increases the time period over which polarisation transfer from hyperpolarising agents

to the sample region can be conducted. A singlet state on the spins-1
2 of 15N-nitrous oxide has

been shown to have a lifetime of ≈ 26 minutes. As N2O is soluble in blood the long lifetime

might be expected to allow transport of the hyperpolarising agent to remote regions while still

maintaining some nuclear order which is potentially of great value to medical imaging [286].

Furthermore it has been shown in Ref [268] that long-lived singlet states can be stored across

equivalent nuclei. Singlets states on equivalent nuclei cannot be detected directly but a reaction

pathway which removes the spin equivalence will allow the polarisation to be observed. Long-

lived states on equivalent spins of metabolically active substrates allow a means by which to
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observe the metabolic pathway along which the substrate reacts - only when the equivalency of

the nuclei is lost, i.e. reaction, does the associated polarisation become detectable [268]. The

enhancement will appear only in the product molecule, and only in the location of reaction.

Quantum Memory

Quantum information processing (QIP) and quantum computation (QC) are severely limited

by dephasing processes which slowly return states to equilibrium [287]. States which resist such

relaxation are vital for the construction of quantum memory modules [288]. One long-lived

state allows only one piece of saved information however spin systems with multiple relaxation-

resistant states may be populated in any single long-lived state or any linear combination of

them [289]. Thus a system with two or more populatable long-lived states (that is not the

trivial unit operator) could have, in principle, infinite different linear combinations and corre-

spondingly infinite memory capacity if the linear combinations could be selectively populated

and addressed/read-out. Of course in practice this would probably be very difficult in which

case having multiple linearly independent long-lived states may prove more useful. These are

just the kind of systems investigated in this chapter.

7.2 Invariance Under the Liouvillian

In order for a state, ρ̂, to be long-lived it must not evolve over time under the system Liouvillian,

ˆ̂
L, that is, it must be invariant under

ˆ̂
L [97]:

exp
{
−i

ˆ̂
Lt
}
ρ̂ = ρ̂ (7.21)

Writing the propagator as the result of a Taylor expansion gives:

( ∞∑
n=0

(−it)n

n!
ˆ̂
L

)
ρ̂ = ρ̂

ρ̂+

( ∞∑
n=1

(−it)n

n!
ˆ̂
L

)
ρ̂ = ρ̂ (7.22)

⇒

( ∞∑
n=1

(−it)n

n!
ˆ̂
L

)
ρ̂ = 0
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where
ˆ̂
L =

ˆ̂
H + i

ˆ̂
R and

ˆ̂
H is the Hamiltonian superoperator. Equation (7.22) can be only be

satisfied at all times if:

ˆ̂
Lρ̂ = 0 (7.23)

The diagonalised Liouvillian acting on its own eigenbasis may be written in matrix form as:



λL1 0 · · ·

0 λL2
...

. . .

λLn





ρL1

ρL2
...

ρLn


=



λL1 ρ
L
1

λL2 ρ
L
2

...

λLnρ
L
n


(7.24)

where λLi and ρLi are the eigenvalues and eigenvectors of
ˆ̂
L respectively. Inspection of Equation

(7.24) clearly shows that the requirement of Equation (7.23) is only satisfied for eigenvectors

of the Liouvillian with zero eigenvalues. The set of states with zero eigenvalues is called the

null-space of the superoperator, and this is the subspace of states, K, which do not evolve under

the system Liouvillian. This may be formally defined as:

ˆ̂
L : K → {0} (7.25)

and K is the null space of the superoperator
ˆ̂
L.

Therefore, finding states which are invariant under
ˆ̂
L is equivalent to finding the null space of

the superoperator [274]. In practice this is readily achieved. The Liouvillian is built, diagonalised

and the eigenvalues inspected [290]. Strictly, the null space is defined only by those eigenvectors

with exactly zero eigenvalues, however as we are interested in long-lived states rather than

infinitely long-lived states the criterion is relaxed for the remainder of this chapter and we

consider all states which have eigenvalues significantly smaller than the system average.

A Quick Test

To find the full subspace of long-lived states it is necessary to diagonalise the full Liouvillian.

However, a quick test for the long-lived character of a state is provided by Equation (7.23).

A state suspected of being long-lived is operated on by the Liouvillian, or just the relaxation

superoperator when the coherent evolution is not considered. If the resulting vector is zero (or

all elements are nearly zero) the state is long-lived and if the resulting vector is far from being all
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zeros the state is not long-lived. For states returning small but non-zero vectors this test gives

no measure of the size of the relaxation rate, whereas the absolute magnitude of the eigenvalue

of a state can be considered as a measure of the rate (relaxation rate if
ˆ̂
H = 0) constant of the

state evolution.

7.2.1 Suppression of Coherent Evolution

For a system to be truly long-lived it must be invariant under the full system Liouvillian, as just

outlined. Thus it must resist relaxation through incoherent processes and remain unaffected by

coherent evolution, that is, under the Hamiltonian superoperator term in the Liouvillian. For

equivalent nuclei the two spins evolve under identical interactions and therefore cannot change

the relative phase between them, they remain as a singlet. Remove the equivalency however

and the two spins are evolving under different interactions and there can be coherent evolution

between the singlet spin state and its rapidly relaxing triplet counterpart (and back).3

Considered from the symmetry argument perspective. It is often the case that
ˆ̂
H breaks the

inversion symmetry of the spin-pair either through different shielding of the two spins, and hence

non-equivalent Larmor precession frequencies, or by out-of-pair couplings (scalar and dipolar can

be equally destructive) to different nuclei. In either of these cases permuting the spins does not

leave them in the same environment they started in, and inversion symmetry is lost.

Fortunately, suppressing the coherent evolution of long-lived states has been the focus of

much research in recent years and there are several well-developed techniques to control such

evolution, and these approaches are briefly outlined below.

Field-Shuttling

Differences in chemical shift between inequivalent sites causes evolution between the singlet

and triplet states (via singlet-triplet zero-quantum coherences).4 The most intuitive method

to suppress such evolution is to remove the sample from the high field environment, where

differences in chemical shift lead to large differences in Larmor frequency, to low field [264].

This has been achieved in practice by physically removing the sample from the spectrometer,

following the preparation pulses, to an area of low-field. After a suitable period the sample is

3In analogy with the coherent evolution of RPs, the out-of-pair asymmetric couplings may be considered like
different hyperfine interactions on the two electrons, and different Larmor frequencies as the different g-values of
the electrons.

4This is entirely analogous to evolution, in the RPM, between the singlet and triplet electron states driven by
different g-values of the two electrons.
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returned to high-field for the detection sequence [266].

Spin-Locking

An alternative method for suppressing coherent evolution due to chemical shift differences lies

in the application of a radio-frequency (RF) field perpendicular to the static field and with

frequency usually corresponding to the mean chemical shift. A resonant (or almost resonant) RF

field is symmetric with respect to the two spins and if this symmetric interaction is strong enough

to outweigh the asymmetric Zeeman interaction then the nuclei have been made effectively

equivalent. It has been shown in Ref [265, 291] that the long-lived singlet state is well isolated

from the rapidly relaxing triplet states when the nutation frequency (the amplitude of the RF

field in frequency units) arising from the RF-field is larger than the difference in chemical shift

frequencies of the two sites. As long as this condition is met spin-locking is possible, even if the

RF-field is a long way off resonance [292].

Decoupling

Often the two spins of interest in a long-lived singlet state are subject to asymmetric scalar

out-of-pair couplings to other spins. The Hamiltonian for such coupling interactions does not

commute with the dipole-dipole operator under which the spins are invariant, because the out-

of-pair coupling removes the inversion symmetry of the two spins. Thus couplings will induce

evolution between the singlet and triplet states.5 It has been shown in Ref [290] that a strong

scalar coupling between the spins of the long-lived state gives some stabilisation of the state

with respect to external coupling. In addition, it is possible to effectively decouple spins by

application of an appropriate pulse sequence [60, 284].

7.2.2 Incoherent Processes

The focus of most of the discussion thus far has been concerned with states that are immune to

dipole-dipole relaxation. The previous section, in outlining a selection of approaches from the

a vast toolbox of NMR techniques available, has shown that control of the coherent evolution

of long-lived states is well-developed. It is the incoherent, relaxation processes which are least

understood and which are of interest for most of the results presented hereafter. Unless otherwise

stated, for the remainder of this chapter we concern ouselves only with invariance under the

5This is analogous to hyperfine-driven coherent evolution of the spin-states in the RPM.
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relaxation superoperator.

7.3 Relaxation in Spinach

The results which follow were computed using the Spinach library of codes that was introduced

in the Chapter 2 [95]. The method of generating relaxation superoperators, as outlined in Chap-

ter 2, for low-field relaxation in the extreme narrowing limit arising from modulation of HFIs

was not used for the high-field NMR application in which we are interested predominantly in

dipole-dipole couplings. Instead, a later implementation by Kuprov that makes up the relax-

ation module of the Spinach library was utilised. This formulation of Redfield theory avoids

diagonalisation of the static Hamiltonian, which is extremely costly for large matrices, by in-

stead performing a numerical integration of the integral in Equation (7.3) [109]. As we go on to

diagonalise the resulting relaxation superoperator, diagonalisation is still the limiting factor for

the size of spin-system that can be considered. For more general spin-dynamics applications the

numerical, diagonalisation-free implementation gives a large speed-up. The Spinach relaxation

module is capable of including any anisotropic interactions as sources of relaxation, it includes

all cross-correlations and dynamic frequency shifts if requested though these are usually small

and have been neglected in the simulations that follow. Although the isotropic rotational dif-

fusion approximation is used for the operators generated in this chapter, Spinach is capable of

using arbitrary user-specified correlation functions.

7.4 Spin System Survey

In the simulations presented below the dipolar interactions were calculated directly from co-

ordinates specified from the geometries of the model systems. CSAs were not considered for

the model systems and the coherent part of the Liouvillian was neglected. All interaction ten-

sors were fed into the relaxation theory module of the Spinach library, the resulting relaxation

superoperator was diagonalised and the eigenvectors corresponding to small eigenvalues were

inspected.

For linearly independent states sharing a common eigenvalue any linear combination of those

states will have the same eigenvalue. In the terms of our analysis this means that any linear

combination of states in the null-space is itself a state belonging to the null space and corre-

spondingly has a near zero-eigenvalue. Inconveniently, in many the cases the eigenvectors of the
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null space as revealed by diagonalisation of the relaxation superoperator,6 were not instantly

recognisable as localised singlets, singlet-triplet differences or anything else commonly encoun-

tered, instead being, in most cases, linear combinations of such states. It was thus necessary

to take linear combinations of the null space eigenstates in an attempt to discover meaningful

states, though this was at the expense of orthogonality. In many cases this proved extremely

challenging as the state-lists of large systems are long and many states were populated and to

different degrees. However, it was possible with some algebra to find suitable linear combinations

which simplified the states to something meaningful.

7.4.1 Strongly Interacting Systems

The search for long-lived states was begun by extension of the two-spin strongly dipolar-coupled

singlet system to strongly dipolar-coupled systems of more spins. A nearest neighbour separation

of 1 Å was chosen for convenience. In this work we use the term ‘strongly coupled’ to refer

to the relative strength of the dipolar couplings in the system with no reference to any scalar

couplings or chemical shift differences that may be present. This returns a dipolar coupling of

D ≈ 120 kHz for two 1H and as 1 Å is just shorter than a typical aliphatic C-H bond length

this provides an upper bound on the dipolar interactions likely to be encountered in organic

molecules. All pair-wise dipolar interactions were included in the relaxation superoperator and

the coupling constants and dipolar axes were calculated directly from the geometry of the spin

system by the Spinach core. These values were then used for calculation of
ˆ̂
R.

Spin-systems with three to six spins were investigated in a variety of geometries. The results

of the survey are shown in Figure 7.1. The system geometries are shown, along with the point

group to which they belong, grouped according to the number of long-lived states they possess.

Note we have relaxed the null space requirement such that eigenvalues that not identically zero,

but are distinct from the majority are included. For absolute eigenvalues sorted in descending

order there is a smooth decrease in magnitude until the set of the long-lived states at which

point there is a sharp drop in the size of the absolute eigenvalue. It should be noted that all

systems have one long-lived state, the unit operator (1̂), that commutes with every operator

and hence is invariant under any Liouvillian. This state is not very interesting and will not be

further discussed, though it may always be taken in combination with the two-spin singlet-triplet

difference state to yield a pure singlet.

6Calculated numerically using MATLABs eig.m function for small systems and eigs.m for larger systems where
the full diagonalisation went beyond the memory limit.
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Figure 7.1. Strongly dipolar coupled spin-systems grouped according to null-space size i.e. number of
long-lived states. Nodes represent spin positions and solid lines a separation of 1 Å(D ≈ 120 kHz). All
pair-wise dipolar interactions were included in the simulation.

Inspection of the three-spin systems reveals the same result as was calculated by different

methods in Refs [273] and [274]. For isotropic rotational diffusion only a linear arrangement of

spins-1
2 can result in a long-lived state (besides 1̂). Furthermore, and consistent with Ref [273],

the long-lived states associated with this topology have a singlet across the terminal spins, there

are four non-trivial long-lived states because the terminal singlet may be combined with each of{
1̂, T1,+1, T1,0, T1,−1

}(
∝
{
1̂, Ŝ+, Ŝz, Ŝ−

})
on the central spin.

For larger systems only coupling topologies that have a centre of inversion show any long-

lived states at all, as would be expected for a dipolar relaxation superoperator which inherits the

symmetry with respect to permutation across pairs of coupled spins of its Hamiltonian precursor.

Perhaps surprisingly, the long-lived states are not formed from combinations of singlets across

the most strongly coupled pairs, i.e. those with minimum separation, but instead from the

symmetric combinations of products of singlets across the spins interchanged by the inversion

symmetry. For example, the D4h system with numbering shown in Fig 7.2, has just one non-

trivial long-lived state which has the form:

P
{1,3}
ST + P

{2,4}
ST +

√
3P
{1,3}
ST P

{2,4}
ST (7.26)
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Figure 7.2 Strongly coupled four spin- 12 system of D4h point group with spin numbering.

which may be expanded according to Equation (7.20) and taken in combination with 1̂ to yield

the more readily recognised P
{1,3}
S P

{2,4}
S – singlets across the diagonal of the square, i.e. across

the weakest coupled spins. These are the spins related by inversion through the centre of the

strongly coupled network. The same state, i.e. singlets across the inversion related spins, is also

present in the null space of the linear four-spin topology, along with the unit operator and two

further mixed states. There is no possible linear combination of the null space vectors which

gives an isolated singlet across any pair of spins in the system, a fact which may be verified by

substitution of the state into Equation (7.23).

7.4.2 Both Strongly and Weakly Interacting Systems

Multi-spin systems are known to have a long-lived state when a localised singlet interacts only

weakly with neighbouring spins. Analogously to the linear three-spin system one might envisage

four states arising from a localised singlet interacting weakly with another isolated spin:

P
{1,2}
S 1̂ (7.27)

P
{1,2}
S T1,+1 (7.28)

P
{1,2}
S T1,0 (7.29)

P
{1,2}
S T1,−1 (7.30)

where T1,i are the ISTs (directly proportional to the single spin operators). Indeed, a stretched

isosceles triangles returns just such a null space. However, in practice if a system had a truly iso-

lated spin it would be immune to dipolar interactions anyway. More interesting is the possibility

of sets of strongly coupled pairs of spins which are strongly dipolar coupled within a pair (D ≈

120 kHz) but weakly coupled between pairs (D ≈ 120 Hz). Such systems were modelled in the

current section with basic spin separations of 1 Å and 10 Å for strong and weak interactions

respectively. The results of this analysis are shown in Fig 7.3.

When the null space is not too large the states deriving from singlet states across distinct

pairs of spins are listed. From direct inspection of the output eigenvectors this description is less
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Figure 7.3. Multi-spin systems with both strong (D ≈ 120 kHz represented by solid lines) and weak
(D ≈ 120 Hz represented by dashed lines) dipolar couplings, grouped according to null-space size, n.
When n < 20 the constituent states of each group based upon singlet states, PS (Equation (7.18) ),
across pairs of spins {i, j} are given. Nodes represent spin positions. All pair-wise dipolar interactions
were included.

intuitive than the singlet-triplet difference states but is much more useful and it should be noted

that an isolated singlet-triplet mixed state is related to a pure singlet by simple addition of a

unit operator and the linear combination of singlet-triplet difference states encountered across

the weakly coupled spins may be related to products of localised singlets by:

P
{ab}{cd}
S =

1

4

(
1̂+
√

3P
{ab}
ST +

√
3P
{cd}
ST + 3P

{ab}{cd}
ST

)
(7.31)

where the numerical factors are included to account for vector normalisation. In the figures

the short-hand {ab} is used for a singlet across spins a and b. In most cases, such state-lists,

along with the unit operator, can completely define the null space basis in terms of linearly

independent states.

However, for the four-spin C2h parallelogram there is an additional long-lived state not built
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from localised PST states. The seventh state is the sum of all sixteen states which are direct

product permutations of
{
1̂, T1,+1, T1,0, T1,−1

}
. It is difficult to imagine how this state could

be useful.

Inspection of the results in Fig 7.3 reveals that spin systems which have strongly coupled

pairs of spins related to each other by a centre of inversion have the largest null spaces. The

pairs of pairs need not be related by a centre of inversion which coincides with that of the whole

system if there is one, but one which reflects the local symmetry of pair of pairs. Given that a

dipolar operator can couple only two spins directly, it is natural that most long-lived states will

be based on two-spin singlets and products of two-spin singlets.

Consider, for example, the C2h six-spin system that has fourteen long-lived states despite

not having an overall centre of inversion. The states listed can be understood as direct-product

type combinations of the null space of the four-spin C2h parallelogram with the null space of a

simple two-spin system. 

1̂

{1, 2}S
{3, 4}S

{1, 2}S {3, 4}S
{1, 3}S {2, 4}S
{1, 4}S {2, 3}S



⊗

 1̂

{5, 6}S

 (7.32)

where {ab}S indicates a singlet state across spins a and b and the set is completed by the two

states that arise from the
{
1̂, T1,+1, T1,0, T1,−1

}
mixed state on the parallelogram with either

{5, 6}S or 1̂ on the other spin-pair.

For systems, such as the D2h six-spin rectangular system in which there are three pairs of

inversion-related strongly-coupled pairs one might expect 42 states by direct addition of the

three sets of fourteen states available from twinning each parallelogram with the remaining two

spins for which there are three permutations, though in fact taking such permutations returns

some states repeatedly. In reality we observed only 36 states. The states arising from taking all

three permutations of parallelogram and pairs return the expected products of the five singlet

derived states across four-spins and singlet/1̂ on the two-spins, keeping only one incidence of

each state of course. All three two-spin singlets arise as the product of PS with 1̂4 but of course

the three permutations of 1̂4⊗ 1̂2 give some states multiple times and thus only one occurrence

195



is contributed to the total. In addition there are some more complicated mixed states which

could not be simplified.

If the weakly coupled spin-pairs are brought closer together the long-lived states become

increasingly perturbed and tend smoothly to the strong coupling limiting case of Fig 7.1 which

has matching symmetry.

Clearly increasing the number of inversion-related pairs increases the number of long-lived

states more dramatically than simply adding more pairs of spins in any orientation. Equally

increasing the spin-system size by introducing pairs of spins seems more realistic than adding

completely isolated spins. Therefore, having established some symmetry rules for maximising

the number of long-lived states it is fruitful to consider some real molecules which might be

expected to show such states in reality. The next section is concerned with null-space analysis

of some commercially available molecules.

7.5 Real Molecule Examples

7.5.1 Experimentally Observed Four-Spin Long-Lived States

Ref [293] reports the observation of long-lived states in three molecules with four spin-1
2 systems.

The molecules are 4-aminobenzoic acid, 1, 4-hydroxybenzoic acid, 2, and citric acid, 3, for which

the structures and their measured TLLS, that is long-lived state lifetime, are summarised in Fig

7.4. The identities of the long-lived states are not known however. In this work the authors

suggest that the long-lived state may be an isolated singlet on one of the pairs of spins with

minimum separation though this is called into question by the asymmetric scalar couplings of

the ‘singlet spins’ to external nuclei. Later work by the same authors in Ref [290] reveals that

relatively strong inter-pair scalar coupling can give some immunity to the coherent evolution of

a singlet incurred by asymmetric scalar coupling of the pair to external spins,7 thus supporting

the hypothesis that the long-lived state is a localised singlet.

Our analysis of systems with similar symmetry, D2h in the case of 4-aminobenzoic acid and

4-hydroxybenzoic acid and probably C1 in the case of citric acid (unless the H-bonding between

the two carboxylic acid groups holds the structure extremely rigidly), Fig 7.3, reveals that in

both cases there is a localised singlet across either pair of strongly coupled spins which might

indeed be responsible for the experimentally observed long-lived character. However, in both

cases there is also a product singlet state across both localised singlets and for the two aromatic

7Analogous to the suppression of evolution of the RP by strong exchange or dipolar coupling.
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Figure 7.4. Molecules with four-spin systems that have been shown experimentally to exhibit a long-
lived state. 1 4-aminobenzoic acid, 2 4-hydroxybenzoic acid and 3 citric acid. For each molecule the
measured lifetime of this state, TLLS, is shown.

molecules products of singlet pairs across any permutation of the four spins may be populated.

Which state is populated in the experiments will depend on the pulse sequence used.

7.5.2 Three Real Molecule Examples

In order to maximise the number of long-lived states in a real molecule we require:

• Strongly-coupled pairs of spins

• Inversion symmetry, independent of molecular symmetry, between pairs of strongly-coupled

spins

• Molecular rigidity so that the symmetry between pairs is not significantly broken by molec-

ular motion

• Small CSA of the spins of interest (being immune to dipolar relaxation does not provide

immunity to CSA relaxation)

• Weak scalar (and dipolar) coupling to external spins

Most of the above criteria have been met by the molecules in the previous section in which

long-lived states have been observed. However we present here a further three example molecules,

bicyclopropylidene, naphthalenetetrone and p-benzoquinone (Fig 7.5), that are expected to show

multiple long-lived states.

In the following simulations the dipolar interactions were calculated directly from crystal

structure geometry coordinates. The crystal structure geometries were input and thus the CSA

tensors and scalar couplings were estimated using the DFT GIAO B3LYP/EPR-II method in

Gaussian 03 [294]. The Gaussian output files can be found in the molecules folder of the Spinach
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Figure 7.5. Example molecules expected to show long-lived states. 1 bicylopropylidene, 2 naph-
thalenetetrone and 3 p-benzoquinone. Numbering shown is consistent with the Gaussian output files
available in the molecules folder of the Spinach library. The relevant data pertaining to these simulations
are reproduced in the subsequent tables.

Table 7.1. Atomic parameters for bicyclopropylidene calculated with Gaussian 03 (using B3LYP func-
tional and EPR-II basis. NMR properties were computed using the GIAO method). Atom numbering is
as in the Gaussian output file and Fig 7.5 molecule 1. Crystal structure from Ref [295]

Atom Atomic coordinates / Å Chemical shift tensor / ppm

4
(
1.878000 −0.332000 1.779200

) 31.9666 −0.8605 0.6082
−5.0811 37.6188 −6.4210
5.3750 −7.1735 36.9629



5
(
2.430600 0.651700 0.690600

) 41.2897 1.4425 −3.2160
6.0879 31.6434 −2.2064
−7.5668 −1.6927 33.3079



13
(
−0.604000 −2.226700 −1.186600

) 30.4288 2.6108 −0.2093
−0.6744 44.6410 −0.3937
−0.1147 −5.8230 31.3936



14
(
−0.051500 −1.243000 −2.274700

) 34.0984 −1.2143 −6.1301
1.6543 30.6556 −2.8968
−6.5945 2.7798 41.9037



library but the relevant data for these simulations are summarised for each molecule in Tables

7.1 to 7.6.8

Dipole-dipole Relaxation Only

In order to consider dipolar relaxation only, the CSA tensors were averaged to their isotropic

components. By comparison of the geometries of the example molecules with the spin systems

surveyed earlier one would probably expect each molecule to have a null space of seven states.

The ten smallest eigenvalues (from a total of 256) resulting from diagonalisation of the dipole-

dipole relaxation superoperator of each molecule are given in Table 7.7. Inspection of these ten

eigenvalues allows clear definition of the null space eigenvectors, those with eigenvalues more

8It should be noted that Spinach reads the Gaussian output files directly and thus the file for
bicyclopropylidene-d4 as used here was ‘artificially deuterated’ by replacing the unwanted 1H spins with spin-
0 nuclei which Spinach ignores.
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Table 7.2. Scalar coupling parameters for bicyclopropylidene, in Hz, calculated by Gaussian 03 (using
B3LYP/EPR-II with GIAO). Atom numbering is as in the Gaussian output file and Fig 7.5 molecule 1.

Atom 4 5 13
5 -16.5886
13 2.14004 2.60914
14 2.56393 2.15407 -16.225

than 100 times smaller than the average. As expected each molecule returns six non-trivial

long-lived states (and the unit operator) when considering dipolar relaxation alone. The nature

of the states is essentially identical to those observed for the D2h rectangle of Fig 7.3, though the

closer proximity between the pairs in the real molecules leads to some additional perturbation of

the states and they are slightly less well-defined than in the artificial example, and accordingly

the small eigenvalues are slightly larger. They are slightly further along the road to the strongly

coupled limiting case (just one long-lived state (Fig 7.1) than the idealised example – this

is particularly true of p-benzoquinone as it has the smallest separation between the spins).

However, as can clearly be seen in Table 7.7, there are still seven states with eigenvalues at least

100 times smaller than the average.

Table 7.3. Atomic parameters for naphthalenetetrone calculated with Gaussian 03 (using B3LYP func-
tional and EPR-II basis. NMR properties were computed using the GIAO method). Atom numbering is
as in the Gaussian output file and Fig 7.5 molecule 2. Crystal structure from Ref [296]

Atom Atomic coordinates / Å Chemical shift tensor / ppm

8
(
1.033300 −3.199200 −1.104100

) 31.7033 3.6987 −0.5024
3.5559 23.5725 −1.9032
0.1729 −1.2690 28.5119



9
(
2.756400 −1.665700 −1.491800

) 25.3357 4.4757 2.3360
4.3285 30.2041 −1.4728
0.8655 −1.3147 27.5992



17
(
−2.756400 1.665700 1.491800

) 25.3357 4.4757 2.3360
4.3285 30.2041 −1.4728
0.8655 −1.3147 27.5992



18
(
−1.033300 3.199200 1.104100

) 31.7033 3.6987 −0.5024
3.5559 23.5725 −1.9032
0.1728 −1.2690 28.5119



199



Table 7.4. Scalar coupling parameters for naphthalenetetrone, in Hz, calculated by Gaussian03 (using
B3LYP/EPR-II with GIAO). Atom numbering is as in the Gaussian output file and Fig 7.5 molecule 2.

Atom 8 9 17
9 9.25793
17 -0.293323 -0.383734
18 -0.401759 -0.293323 9.25793

Dipole-dipole and CSA evolution

As has been mentioned previously long-lived states are only invariant under operators with which

they commute. Thus, though dipole-dipole relaxation is usually the dominant mechanism in

liquid-state NMR, the long-lived states identified here are not necessarily immune to other modes

of relaxation. Modulation of chemical shift anisotropies is one such mechanism and in order to

improve the realism of our system the contributions to relaxation from rotational modulation of

CSA were also included. As the frequency difference incurred through CSA depends linearly on

the applied field strength a moderate field of 1.0 T was used in the simulation. The ten smallest

eigenvalues for this case are shown in Table 7.7 for each molecule. At this field there remain

six long-lived states, (the same singlet based states as previously) and the values are largely

unchanged. As would be expected increasing the field increases the eigenvalues.

Table 7.5. Atomic parameters for p-benzoquinone calculated with Gaussian 03 (using B3LYP functional
and EPR-II basis. NMR properties were computed using the GIAO method). Atom numbering is as in
the Gaussian output file and Fig 7.5 molecule 3. Crystal structure from Ref [297]

Atom Atomic coordinates / Å Chemical shift tensor / ppm

4
(
0.848400 −0.311900 2.313900

) 24.7672 1.1127 −0.5008
0.8491 28.8392 2.1272
−0.4283 2.9854 23.5466



5
(
0.351600 −2.222000 1.090200

) 24.6358 1.0725 0.5672
1.4291 25.7714 3.7926
0.5845 2.9719 25.8630



10
(
−0.351600 2.222000 −1.090200

) 24.6358 1.0725 0.5672
1.4291 25.7714 3.7926
0.5845 2.9719 25.8630



12
(
−0.848400 0.311900 −2.313900

) 24.7672 1.1127 −0.5008
0.8491 28.8392 2.1272
−0.4283 2.9854 23.5466
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Table 7.6. Scalar coupling parameters for p-benzoquinone, in Hz, calculated by Gaussian03 (using
B3LYP/EPR-II with GIAO). Atom numbering is as in the Gaussian output file and Fig 7.5 molecule 3.

Atom 4 5 10
5 13.1280
10 2.20162 -0.52824
12 -0.578260 2.20162 13.1280

Coherent Evolution

We have thus far ignored the coherent evolution part of the Liouvillian, i.e.
ˆ̂
H, assuming that

the well-developed methods of coherent control render it uninteresting. For completeness here

however we switch on the coherent evolution again, and hence scalar couplings and Zeeman

interactions are allowed to contribute, though as we are dealing here with chemically equivalent

nuclei there are still no differences in isotropic chemical shifts. This time the full Liouvillian,

ˆ̂
L =

ˆ̂
H + i

ˆ̂
R, is diagonalised and its null space inspected.

The final column of Table 7.7 shows the ten smallest eigenvalues of a system with dipole-

dipole and CSA relaxation and coherent evolution in a 1.0 T static field. Bicyclopropylidene,

which has the largest out-of-pair scalar couplings and the largest CSA, suffers the largest re-

duction in its null space size as there remains only one state which has a significantly smaller

eigenvalue than the average, and even this is not clearly distinguishable from the next largest.

For this molecule the clear differentiation between null space eigenvalues and the rest is no longer

present.

Naphthalenetetrone and p-benzoquinone however appear far more promising. Even under

uncontrolled coherent evolution there is one extremely long lived state (eigenvalue < 10−10 s−1)

aside from the unit operator. This state is the product singlet state across the inversion related

spins of the full four-spin system, using the numbering of Fig 7.5, for naphthalenetetrone the

state is:

P
{8,18}
S P

{9,17}
S (7.33)

and for p-benzoquinone it is:

P
{4,12}
S P

{5,10}
S (7.34)

Even when the field is increased to 10 T this particular state retains an eigenvalue of less than

10−10 s−1. In a weaker field, for example 0.1 T, the four other singlet-based states also show long-
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lived character. As coherent evolution can be suppressed, to a large extent, in NMR experiments

the full relaxation operator null space states (column two of Table 7.7) is likely to be the most

useful.

7.6 Conclusions

In the work presented in this chapter we implemented a null space analysis of the relaxation

superoperator on a range of different multi-spin systems with a range of system geometries.

It has been shown that there are long-lived states available even in strongly dipolar coupled

Table 7.7. Ten smallest absolute eigenvalues (in s−1) for dipolar relaxation only, dipolar and CSA
relaxation and under the full Liouvillian for the three example molecules of Fig 7.5, in a 1.0 T static
magnetic field. The identically zero eigenvalue always belongs to the identity operator. A 10−10 s isotropic
rotational correlation time was used in all cases.

Molecule Dipolar relaxation Dipolar and CSA relaxation Total Liouvillian

1

0
0.0000
0.0015
0.0038
0.0057
0.0057
0.0087
1.8803
1.8803
1.8803

0
0.0009
0.0024
0.0046
0.0064
0.0065
0.0093
1.8695
1.8695
1.8809

0
0.0684
0.1271
0.7623
2.3863
2.8843
3.4775
3.9168
3.1968
5.6113

2

0
0.0000
0.0001
0.0003
0.0004
0.0004
0.0006
0.1710
0.1710
0.1710

0
0.0000
0.0003
0.0004
0.0005
0.0005
0.0009
0.1683
0.1683
0.1683

0
0.0000
0.0643
0.0644
0.1581
0.2967
0.2988
0.3294
0.3778
0.4549

3

0
0.0000
0.0032
0.0038
0.0084
0.0084
0.0088
0.1669
0.1669
0.1669

0
0.0000
0.0033
0.0038
0.0085
0.0085
0.0088
0.1644
0.1644
0.1669

0
0.0000
0.0648
0.0946
0.1612
0.3264
0.3382
0.3904
0.4158
0.5289
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systems when the system has a centre of inversion. For systems which comprise several strongly

coupled pairs of spins with weak inter-pair dipolar coupling many long-lived states are available.

The number of long-lived states is maximised by having strongly coupled pairs related by a

centre of inversion, which need not be coincident with the centre of inversion (if there is one) of

the whole system.

We have examined three real molecules for long-lived states under dipole-dipole relaxation

only, dipole-dipole and CSA relaxation and finally under the full relaxation superoperator and

coherent evolution. In the former two limits, all three molecules exhibit the seven long-lived

states typical of their symmetry. Additionally, both naphthalenetetrone and p-benzoquinone

return two extremely long-lived states even under coherent evolution. The long-lived state,

aside from the identity operator, is formed from the product of singlets across the inversion

related spins of the full system.

Of course it would be of practical interest to try and identify more precisely the nature of

the long-lived states that have thus far been observed [293]. They are most likely to be localised

singlet states, in which case the extremely long-lived state, the product of singlets across the

inversion centre of the whole system, of naphthalenetetrone and p-benzoquinone might provide

an even more dramatic lifetime enhancement if the state can be populated in the first instance.

It would be interesting to apply the same procedure used here to the systematic study of states

immune to other forms of relaxation, for example CSA, as obviously states found in the null

space of two or more relaxation superoperators would be extremely useful.

From a practical perspective the next steps will be to investigate if it is possible to drive a

system into the product of singlet states experimentally but such a challenge is beyond the scope

of this work. Having established a straightforward method of examining molecules for long-lived

states this could be applied to any molecule with a spin system small enough to be computable,

and should be used to screen real molecules for suitability before beginning experiments.
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