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ABSTRACT

This thesis presents for the first time a rigorous and systematic study of relaxation effects on

radical recombination reactions in weak static magnetic fields. The modulation of the anisotropic

hyperfine interaction by rotational motion of the constituent radicals is identified as the most

significant relaxation mechanism; this is the mechanism investigated here in a range of systems

within two complementary theoretical approaches, Redfield theory and a theory based on the

stochastic Liouville equation (SLE).

The thesis commences with an introduction to spin chemistry and radical pair reactions. The

quantum mechanical formalism required for the treatment of relaxation is set out. A unified

relaxation theory is then presented; care is taken throughout to demonstrate its validity under

previously not considered low-field conditions. A compact formulation in terms of Wigner D-

functions and spherical tensor operators is developed for the time-dependent Hamiltonian. This

is crucial for the evaluation of the correlation functions required for the Redfield relaxation ma-

trix. A highly efficient Mathematica algorithm is presented which evaluates the relaxation matrix

for large spin systems. A numerical method for calculating the radical pair recombination yield

is developed; it incorporates the relaxation matrix. Analytical results are obtained for a single-

nucleus radical pair, and the influence of relaxation on the singlet yield and the low field effect

(LFE) is examined in detail. A relaxation matrix treatment is found to be necessary at low fields.

Comparisons are made with numerical solutions for larger, more realistic spin systems. Relax-

ation effects are shown to be significant provided the radical pair is relatively long-lived, has an

appreciable hyperfine anisotropy and is not tumbling rapidly. Under slow-motional conditions,

when recombination and motion occur on similar timescales, Redfield theory is not valid, and

and the SLE is solved directly with a discretised rotational diffusion operator. Interesting results

are obtained for relaxation in motionally restricted radical pairs.
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Chapter 1

Introduction

1.1 Magnetic field effects

Effects of magnetic fields on chemical reactions were first observed in the labora-

tory in the 1970s [153]. Since then a fruitful symbiosis of theoretical explanation

and prediction and experimental investigation has shed much light on the details

of these effects. It was concluded early on that the effect would have to be kinetic,

rather than thermodynamic, in origin [11]. The magnetic field can alter the rela-

tive yields of competing reaction pathways in certain types of reactions. The most

prominent among these are reactions involving spin-correlated radical pairs, which

constitute the subject of this work.

Radical pairs are ubiquitous reaction intermediates. They are, for example,

thought to occur in some enzyme reactions [5, 17, 80, 81, 115, 174] in biological

systems, and play a role in photochemical [111, 139, 169] as well as some thermal

reactions [134]. The now well-established radical pair mechanism (RPM), first pro-

posed independently by Closs [30] and Kaptein and Oosterhoff [83] provides the

mechanistic explanation for these magnetic field effects.

Magnetic field effects constitute a rich source of information on the underlying

chemistry of radical pair reactions. They allow investigations of the kinetics and

dynamics of the pair of radicals as well as its spin relaxation processes. The obser-
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vation of a magnetic field effect in turn can serve as a probe for the involvement of

spin-correlated radical pairs, and its properties can point to the identity of such a

pair. Magnetic field effects can also be harnessed for chemical control, for example

in polymerisation reactions [167].

Magnetic field strengths in the range of 0.01 to 1 T have been extensively inves-

tigated for their effect on reaction yields [138, 153]. An interesting phenomenon,

however, occurs at field strengths much lower than these: the low field effect (LFE).

This arises at magnetic fields comparable in strength to the hyperfine interactions

in the radical pair, and is opposite in phase to the normal magnetic field effect.

It has been observed experimentally in several studies [16, 40, 66, 143, 157]. The

LFE has been considered in connection with putative health effects of non-ionising

electromagnetic radiation [25]. These being as yet not conclusively confirmed, the

conditions under which such effects may be observable need to be determined the-

oretically as guidance for biologists and epidemiologists [107]. It is furthermore

well-known that migratory birds and other animals use the Earth’s magnetic field

for navigation. However, the mechanism by which this is achieved is still not un-

derstood. It has recently been proposed that the radical pair mechanism might

be implicated [108, 130], and initial experiments appear to support this hypothesis

[131, 180].

Much of the theory of MFEs has been developed in the context of chemically

induced dynamic polarisation (CIDEP [72, 121] and CIDNP [59]). Several of the

assumptions useful under such high-field conditions are not valid in the low field

case, and a rigorous quantum mechanical treatment is necessary. This poses con-

siderable challenges when attempting to model realistic (and therefore complex)

radical pairs. Effects on LFEs of spin relaxation in the radical pair, which are im-

portant under certain conditions, have previously been neglected for simplicity. It

is the aim of this thesis to shed light on such relaxation effects, in simple, illustrative

cases, and more realistic radical pairs.

Underlying these magnetic field effects is the requirement of conservation of
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spin angular momentum, and a brief introduction to the concept of spin is indis-

pensable for the understanding of such effects.

1.1.1 Spin

It was first proposed by the two Dutch physicists Uhlenbeck and Goudsmit in 1925

[170] that the electron possesses an intrinsic angular momentum. They were ap-

plying Pauli’s recently published exclusion principle [119] in order to explain unex-

pected line splitting in hydrogen emission spectra (later termed the ‘fine structure’).

Further evidence for this electron ‘self-rotation’ was gained from a particular kind

of Stern-Gerlach experiment [57, 58, 155] performed by Phipps and Taylor in 1927

[123]. The hypothesis of half-integral quantised intrinsic angular momentum of the

electron was confirmed theoretically by Dirac in 1928 [37], who showed it is a nat-

ural consequence of the combination of quantum mechanics with special relativity.

It was first suggested by Pauli in 1924 [118] in connection with the interpretation of

the hyperfine structure of the hydrogen spectrum that nuclei could also have spin.

This was confirmed through work on the spectrum and on the heat capacity of the

hydrogen molecule by Hund [74, 75], Hori [73] and Dennison [34] in 1927.

Since then a large body of experimental and theoretical work concerning the be-

haviour of electron and nuclear spins in magnetic fields has been accumulated. Of

particular importance are nuclear magnetic resonance (NMR) and electron param-

agnetic resonance (EPR) discovered in the late 1940s, and related techniques. Spin

chemistry, centred around the notion of conservation of spin angular momentum

in chemical reactions, has provided much insight into magnetic effects in chemistry

[26]. A quantum mechanical description of spins in magnetic fields is outlined be-

low.

A (nuclear or electron) spin characterised by an operator S has an associated an-

gular momentum of magnitude
√

S (S + 1)h̄, where S is the spin quantum number.
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Its projection onto an arbitrarily defined z-axis is quantised according to

Sz = mSh̄ (1.1)

where the magnetic quantum number mS can take 2S + 1 values such that mS =

S, S− 1, . . . ,−S + 1,−S. It follows that for an electron, which is a fermion of spin

S = 1
2 , there are two sub-states, α corresponding to mS = + 1

2 and state β corre-

sponding to mS = − 1
2 . These two states are degenerate in the absence of a magnetic

field, but are split apart when a magnetic field is applied.

Classically, the energy of a magnetic moment in a magnetic field B is given by

E = −µe · B (1.2)

The magnetic moment of a free electron of spin S in a magnetic field is

µe = γeS (1.3)

where the constant of proportionality γe is the electron gyromagnetic ratio. The

nuclear analogue for a nucleus of spin I is µN = γNI, where the nuclear gyromag-

netic ratio γN is specific to the type of nucleus. The electron gyromagnetic ratio

is related to the Bohr magneton and the free electron g-factor (or Landé splitting

factor) ge through

γeh̄ = −geµB (1.4)

The Bohr magneton µB = eh̄
2me

is the unit of quantisation of the electron magnetic

moment. The g-value for a free electron is 2.00232. It accounts for the fact that the

magnetic moment of the electron spin is twice that expected from a classical me-

chanics argument. The small discrepancy between the Dirac value for g of 2 [37]

and the precise value of ge is accounted for by the theory of quantum electrody-

namics [47]. It should be noted that the corresponding relation for a nucleus is

γN h̄ = +gNµN , and the nuclear g-value can be either positive (e.g. for protons) or



1.1. Magnetic field effects 5

negative (e.g. for 15N).

In the quantum mechanical formulation the vector µ is replaced by the cor-

responding operator (see also section 1.2), and the energy of a free electron in a

magnetic field of magnitude B along the laboratory z-axis is given by

E =
geµB

h̄
SzB (1.5)

For a free electron geµB
h̄ = 1.76087× 1011 T−1 s−1. Thus the two states α and β are

separated in energy by ∆E = geµBB, as shown in figure 1.1. The classical motion

of a magnetic moment in a uniform magnetic field B0 applied along the z-axis is

called Larmor precession. The torque exerted on the magnetic moment results in

precession about this z-axis with angular frequency (in rad s−1)

ω0 =
geµB

h̄
B0 (1.6)

The corresponding Larmor frequency is ν0 = ω0
2π = 2.803× 107 mT−1 s−1B0 for a

free electron.

Magnetic field effects are not observed for single radicals, and the discussion is

extended to a pair of radicals, that is, two coupled electron spins A and B. Their

total spin angular momentum is the sum of the individual spin angular momenta:

S = SA + SB. The permitted states of spin angular momentum for the coupled

system are (from the Clebsch-Gordan series) S = 0 and S = 1. The former is known

as a singlet S on account of its multiplicity, the latter as a triplet T: the projection MS

of the total spin angular momentum for each S can again take 2S + 1 values. Using

the notation |S, MS〉, the singlet state is |0, 0〉, and the three triplet sub-states T+, T0

and T− are |1, 1〉, |1, 0〉 and |1,−1〉, respectively. In terms of the individual spin α
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Figure 1.1: Energy levels for a free electron spin (S = 1
2 ) (above) and a nuclear spin (I = 1

2 )
with positive gyromagnetic ratio γN (bottom figure). The two plots are not on the same
scale.

and β states, the radical pair singlet and triplet states are given by

|S〉 =
1√
2

(|αβ〉 − |βα〉) (1.7)

|T0〉 =
1√
2

(|αβ〉+ |βα〉) (1.8)

|T+〉 = |αα〉 (1.9)

|T−〉 = |ββ〉 (1.10)

This coupling scheme is often shown diagrammatically by a vector representation

(e.g. [10]), although the quantum mechanical phenomena to be discussed here can-

not thus be adequately explained.
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Figure 1.2: Radical pair energy levels in an external magnetic field. The T0 state lies 2J be-
low the singlet in energy, although, like here, the exchange integral J is frequently assumed
to be negative [106].

In a magnetic field the degeneracy of the triplet levels is lifted, and the energies

of T− and T+ are field-dependent, as can be seen in figure 1.2. At short inter-radical

distances, the exchange interaction between S and T0 is non-zero, and the singlet

lies 2J (twice the exchange integral) below the triplet in energy. The exchange inter-

action is discussed in more detail below in section 1.4.4. The energies of states with

MS = 0 are not magnetic field-dependent. A spin-correlated radical pair is either in

a singlet state or in a triplet state (equally distributed among the triplet sub-states,

this is known as an ‘unpolarised’ triplet).

1.1.2 The radical pair mechanism

The yield of chemical reactions involving pairs of radicals can be affected by a

magnetic field. The radical pair mechanism (RPM) is invoked to explain this phe-

nomenon. It was first proposed by Kaptein and Oosterhoff [83] and Closs [30] in

1969 in connection with chemically induced dynamic nuclear and electron polarisa-

tion experiments1. Since then a great deal of theoretical and experimental work has

1CIDN(E)P: non-equilibrium populations of spin states of intermediates or products of chemical
reactions are manifested as anomalous NMR or EPR intensities. For a review see Salikhov et al. [138].
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been carried out in order to shed light on the underlying principles and applica-

tions of magnetic field effects on chemical reactions [153]. Aside from radical pairs

(doublet-doublet or D-D pairs), magnetic fields can also affect the product yields

of reactions involving pairs of triplets (T-T) [79, 104] or a T-D pair. The principle

behind the magnetic field dependence of reaction yields in these is similar to the

radical pair mechanism as explained below and will not be treated explicitly here.

The basic features of the radical pair mechanism are as follows. The interest

here is focused on reactions in liquids or liquid-like systems such as micelles. These

processes are illustrated schematically in figure 1.3.

1. A spin-correlated radical pair is generated either as singlet (S) or triplet (T)

from a molecular precursor of the same multiplicity. This can occur through

a range of processes.

2. The RP persists in a solvent-cage and is known as the geminate RP. It typically

undergoes multiple re-encounters.

3. During the lifetime of the RP in the solvent cage, an applied magnetic field

effects singlet-triplet mixing (intersystem crossing).

4. A re-encounter of the radicals can lead to reaction – for example a recombi-

nation reaction. The spin multiplicity of the radical pair is conserved during

this, and usually only singlets can recombine to form the geminate (or cage)

product. (By ‘recombination’ a range of reactions is meant, for example the

return to the starting products.)

5. Non-reactive radical pairs diffuse apart. Independently created radicals may

subsequently encounter and form uncorrelated F-pairs (‘freely diffusing’ rad-

ical pairs). The S-T distribution in these approaches the equilibrium value of

1:3. Spin correlation can be created as a result of a spin-selective reaction

pathway, which can result in an observable MFE, albeit of smaller magnitude

and on a different timescale from the geminate MFE.
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Figure 1.3: Geminate and F-pair reactions. A radical pair (A•B•) is formed from a molecular
precursor M in a solvent cage. An encounter can lead to geminate product (GP) formation
(a). Alternatively, a radical may ‘escape’ the solvent cage (b) and encounter another radical
in solution to form an F-pair (c), which can recombine or diffuse apart.

Radical pairs can be formed through a variety of pathways, detailed below. Ini-

tially energy is absorbed by the molecular precursor. This may be thermal energy,

although in most cases studied, RPs are photochemically generated, for example

by laser flash photolysis. Alternatively, high-energy radiation, such as X- or γ-rays,

is absorbed. An excited neutral species is produced, which has the same spin mul-

tiplicity as the molecular precursor, and is thus almost always a singlet. Very fast

decay to an accessible excited triplet state may occur, for example in the case of aro-

matic ketones. This determines the initial spin state of the radical pair. Frequently

encountered RP formation pathways are as follows:

• Electron transfer to an acceptor. The excited singlet or triplet precursor M do-

nates an electron to another species, often via a loosely associated species

[M∗ · · ·A] and an exciplex. This results in a radical ion pair.

1M∗ + A → 1 [M•+A•−
]

(1.11)
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The majority of reactions of this type studied in vitro proceed via an excited

singlet state. Dicyanobenzene (DCB) acts as an electron acceptor in an exci-

plex with excited singlet pyrene [177].

3M∗ + A → 3 [M•+A•−
]

(1.12)

Several quinones react via the triplet state. Acceptors include solvent mole-

cules (for example isopropanol) or p-(dimethylamino)pyridine (DMAP).

• Electron transfer from a donor. This occurs similarly to the above, except that

the excited species M∗ accepts an electron from a suitable donor to form a

radical ion pair.

1M∗ + D → 1 [M•−A•+
]

(1.13)

Prominent examples include pyrene or anthracene with dimethylaniline (or

DMA) as the donor [112, 178]. The radical pair
[
M•−A•+

]
can also be formed

in a triplet state by electron transfer from a donor D to 3M, such as thionine

[152] or DABCO (diaza-bicyclo[2.2.2]octane) [122].

• H-atom abstraction. This reaction is typical of the photochemistry of nπ∗ triplet

states such as in carbonyl compounds or aza-aromatics. Often the hydrogen

is abstracted from a solvent molecule. This process results in a neutral radical

pair, most commonly in a triplet state.

3M∗ + RH → 3 [MH•R•] (1.14)

Benzophenone reacts through an excited triplet which abstracts a hydrogen

e.g. from the hydrocarbon chain of a micellar surfactant molecule such as

dodecyl sulphate (SDS) [40]. Other examples include reactions between qui-

nones (benzoquinone, anthraquinone) and solvent molecules [153].
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• Homolytic bond cleavage.

1M∗ → 1 [R1
•R2

•] (1.15)

The thermal decomposition (with evolution of CO2) of peroxides and en-

doperoxides falls into this category [63].

3M∗ → 3 [R1
•R2

•] (1.16)

The photoinduced homolytic α-cleavage of ketones resulting in radical pairs

has been studied in micellar solution: for example dibenzyl ketone (DBK)

results in a triplet radical pair [168].

Various other mechanisms can result in radical pairs being formed. Radical pairs

can be generated in thermal reactions, for example between alkali metal alkyls with

alkyl halides (e.g. [134, 138]). Photochemical processes are of importance in nature

in photosynthesis: for example, a radical pair is formed in the reaction centre of

photosystem I [182]. Furthermore, the radical pair mechanism may be implicated

in animal navigation: it has been proposed that a radical pair is formed in a bird’s

retina, allowing it to use the Earth’s magnetic field for orientation [108, 130, 131].

It is the geminate recombination which produces a magnetic field effect since

this arises from the spin-correlated radical pair. In order for the MFE to manifest

itself, the products from reactions of the singlet and triplet radical pairs must be

distinguishable. This is the case when chemically distinct products are formed,

or when S and T reactions occur on different timescales. For example, a singlet

radical pair may be permitted to recombine, whereas a triplet radical pair is unre-

active and will eventually diffuse apart (and may at a later stage form an F-pair,

whose reaction products are distinguishable from the geminate product by their

time of formation). It is often the (singlet or triplet) recombination yield which is

monitored experimentally, or a quantity that can be related to one of these. An

applied magnetic field drives singlet-triplet interconversion (intersystem crossing),
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and thus the proportion of singlet and triplet radical pairs present at a given time is

dependent on the magnetic field.2 The effect of a magnetic field can be quantified

for example by comparing the (here, singlet) recombination yield ΦS at non-zero

and zero applied fields B0. The percentage MFE is given by

% MFE =
ΦS(B0)−ΦS(B0 = 0)

ΦS(B0 = 0)
× 100 (1.17)

Singlet-triplet mixing occurs because the |S〉 and |Ti〉 are not stationary states of

the system (i.e. eigenstates of the radical pair spin Hamiltonian). Coherent spin-

mixing is caused by several interactions in the radical pair. The main driving force

for electronic spin motion is an isotropic hyperfine coupling to magnetic nuclei in

the radical (see section 1.4.2). This quantum mechanical effect can be visualised in

terms of a semiclassical model [140], appropriate for large numbers of coupled nu-

clei and at external magnetic fields significantly stronger than the typical hyperfine

interaction in the radicals. The electron spins precess about the combined external

and hyperfine fields, in general about different axes and at different frequencies.

Thus the parallel (T) and antiparallel (S) spin states are interconverted. As the

applied field strength increases, the external field component dominates, and the

precession axes coincide. As a result (spin-flip) transitions between the T± and S, T0

states are suppressed, leading to an increase in singlet yield (for a singlet-born RP)

with increasing B0, as can be seen in the schematic of a typical MFE, figure 1.4. At

saturation, the T± states have become inaccessible. Rephasing transitions S ↔ T0

are due to the precession frequency difference between the two states, resulting

from the component of the hyperfine field parallel to the applied field. These do

not become suppressed as the field strength increases. This picture explains the

‘normal’ magnetic field effect shown in the central part of figure 1.4. An alterna-

tive explanation focuses on the energy levels: the T± states become increasingly

removed from the singlet with rising magnetic field strength (see figure 1.2) and

2More accurately, it is the probability of finding a radical pair in a singlet or triplet state that is
varying over time in a magnetic field. This concept is treated within the density matrix formalism
introduced below in section 1.2.3.



1.1. Magnetic field effects 13

this precludes S↔ T± interconversion.

At very high fields (of the order of 1 T and higher) another spin-mixing mecha-

nism comes into play. The difference in S and T0 Larmor precession frequencies is

now due to a difference in the electron g-values (which differ from the free electron

g-value in real radicals, see section 1.4.1). This is proportional to the strength of the

applied field and the difference in g-value, ∆g:

∆ω0 =
∆gµB

h̄
B0 (1.18)

This ‘∆g’ mechanism causes S-T0 interconversion and is effective at very high mag-

netic fields. It results in a decrease in singlet yield for a singlet-born radical pair as

a result of enhanced S-T mixing, as seen in the right hand side of figure 1.4.

The magnetic field effect – opposite in phase – which is observed at very low

field strengths was first predicted by Brocklehurst [23] and is termed the low field

effect (LFE). It manifests itself as a small dip in the singlet yield as the field strength

increases from zero to several mT. At zero field, the electron spins are quantised

along the hyperfine axes, and the hyperfine mechanism is active here also. As the

field strengths increases, this becomes more effective due to a relaxation of the spin

angular momentum selection rules: at zero field both the total spin angular mo-

mentum and its projection onto an arbitrary axis must be conserved, whereas in the

presence of an applied field only the total spin angular momentum is conserved.

As the field strength increases further, the Zeeman effect described above, splitting

the T± states apart from the singlet, begins to dominate, resulting in decreasing S-T

mixing. A vector model visualising this effect has been put forward [25, 138]. A

full quantum mechanical treatment is required at low fields, and the decrease in

singlet yield can be explained as a result of the unlocking of zero quantum coher-

ences as a very weak magnetic field is applied, thus opening up new channels for

S-T mixing [165].

Furthermore, fluctuating local magnetic fields induce incoherent spin-mixing
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Figure 1.4: A schematic magnetic field effect curve (as a function of field strength B) for a
singlet-born radical pair. At low fields, the hyperfine mechanism causes S-T mixing, which
becomes less effective as the field strength increases. At high fields (of typically & 1 T),
the ∆g mechanism causes enhanced S-T mixing, and the singlet yield (and thus the MFE)
decreases.

or spin relaxation. This causes the spin correlation of the radical pair to be lost, and

eventually results in a statistical distribution of singlet and triplet RPs of ratio 1:3.

For a very rapidly relaxing radical pair, no magnetic field effect will be observable.

The fluctuating fields can have a number of sources that depend on the chemi-

cal identity of the radical pair as well as its dynamical properties. For example,

anisotropic interactions in the spin system lead to fluctuations as a consequence of

molecular reorientations, and distance-dependent interactions are modulated by

translational diffusion. Relaxation effects have hitherto usually been ignored in

the context of MFEs because their correct treatment requires an involved theory, in

particular at low magnetic fields, and is concomitant with a substantial reduction

in calculation speed. It is instead argued that relaxation effects are too slow to affect

spin-mixing during the lifetime of the radical pair. For any relaxation mechanism

to affect the MFE, it is required to be effective during the lifetime of the radical pair.

Most radical pairs in solution have lifetimes less than 100 ns, and often much less

for neutral radicals in homogeneous solution. Lifetimes can be slightly longer in
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the case of radical ion pairs experiencing Coulombic attractions, or if the motion is

constrained, for example in a micelle or in viscous solution. Thus in most cases it is

reasonable to neglect relaxation processes with timescales of & 100 ns. Relaxation

times can be measured by EPR, usually at a few fixed frequencies, most commonly

by X-band EPR at 0.34 T [8]. Thus measured relaxation times for small organic rad-

icals are typically & 100 ns, and relaxation processes are deemed to be negligible

even at the range of field strengths investigated for MFEs. Relaxation processes

form a substantial part of this work, and it will be shown that they do, under cer-

tain circumstances, affect reaction yields and their field-dependence in interesting

ways. In longer-lived radical pairs (of lifetimes up to 1 µs) relaxation rates can be

sufficiently fast significantly to affect the form of the magnetic field effect.

The calculation of magnetic field effects requires a quantum mechanical treat-

ment of the radical pair spin evolution. The basic formalism is introduced in the

next section, and following that, the interactions driving both coherent and inco-

herent spin evolution are described.

1.2 Spin dynamics

The tools required to describe the properties of a collection of spins in a magnetic

field are explored here in an introduction to operator and superoperator algebra,

the density matrix and its equation of motion. More details can be found in a large

range of texts such as Ernst et al. [39], Slichter [149] and Goldman [60].

1.2.1 State functions and Hilbert space

States of an arbitrary spin system are represented as kets (or functions) |ψ〉 belong-

ing to an n-dimensional state (or function) space Fn.

|ψ〉 7→
n

∑
i=1

ci |i〉 (1.19)
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For N spins- 1
2 , n = 2N . Since Fn is, inconveniently, spanned by a continuous ba-

sis, these kets are mapped into an n-dimensional Hilbert space Hn, a linear vector

space. This is assumed to be finite and discrete. The coefficients ci constitute the

elements of an n-dimensional state vector. The set of vectors {|i〉 , i = 1, 2, . . . , n}

forms a discrete orthonormal basis inHn. Each of these n vectors has n elements.

1.2.2 Operators

A ket |ψ〉 is acted upon by an operator Â to be transformed into a new ket |φ〉. In

Hilbert space, this is represented as

Â
n

∑
i=1

ci |i〉 =
n

∑
i=1

di |i〉 (1.20)

Following from the vector representation of |ψ〉, this can also be written as a ma-

trix equation. The matrix representation of operator Â is (as a consequence of the

orthonormality condition of |i〉)

Â =
n

∑
i,j=1

Aij |i〉 〈j| (1.21)

where the matrix element Aij = 〈i| Â |j〉. Thus the basis set of operator Â is given by

the set of operators {|i〉 〈j|}, i, j = 1, 2, . . . , n of n2 elements. A projection operator

[124] P̂j projects an arbitrary state function |ψ〉 onto the function |j〉

P̂j =
|j〉 〈j|
〈j|j〉 (1.22)

The spin- 1
2 angular momentum operators Ŝx, Ŝy and Ŝz can be represented as

matrices proportional to the Pauli matrices which are given by

σ̂x =

0 1

1 0

 σ̂y =

0 −i

i 0

 σ̂z =

1 0

0 −1

 (1.23)

The shift operators σ̂± are defined in terms of the above as σ̂± = σ̂x ± iσ̂y. For the
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single spin- 1
2 matrices Ŝq we have

Ŝq =
1
2

σ̂q, q = x, y, z,± (1.24)

1.2.3 The density operator

A special case of a Hilbert space operator is the density operator ρ(t), discussed in

detail for example by Fano [41] and Blum [20]. It describes an ensemble of spins.

In terms of the Hilbert space state function (1.19)

ρ(t) =
n

∑
i,j

ci(t)c∗j (t) |i〉 〈j| (1.25)

The overbar denotes an ensemble average. A matrix element in the orthonormal

basis {|i〉} is simply the ensemble-averaged product of two state function coeffi-

cients

ρrs(t) = cr(t)c∗s (t) (1.26)

If the spin systems in the ensemble are all in the same state, constituting a pure

state, no ensemble average is required.

The equation of motion of the density matrix is the Liouville-von Neumann

equation (here in angular frequency units) [101]

d
dt

ρ(t) = −i
[
Ĥ(t), ρ(t)

]
(1.27)

which follows from the Schrödinger equation, the equation of motion of a state

function: d
dt |ψ〉 = −iĤ(t) |ψ〉. The solution for the density matrix for the general

case of a time-dependent Hamiltonian Ĥ(t) is

ρ(t) = T̂(t)ρ(0)T̂†(t) (1.28)
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The Hilbert propagator T̂(t) is

T̂(t) = Π̂t exp
(
−i
∫ t

0
Ĥ(t′) dt′

)
(1.29)

where Π̂t is the Dyson time-ordering operator [38]. For a time-independent Hamil-

tonian T̂(t) is simply given by T̂(t) = exp(−iĤt).

A useful interpretation of the density matrix can be made in the eigenbasis of

the Hamiltonian Ĥ. A matrix element ρrr corresponds to the probability of find-

ing the spin system in the eigenstate |r〉 (also known as the ‘population’). An off-

diagonal element of the hermitian density matrix, ρrs, denotes a ‘coherence’: the

(complex) amplitude of a coherent superposition of eigenstates |r〉 and |s〉. The

matrix element associated with a transition between these eigenstates represents

a p-quantum coherence, where p is the difference in magnetic quantum number,

|Mr −Ms|, of the two states.

The (time-dependent) expectation value of a Hilbert space operator Â is given

by its trace with the density matrix:

〈
Â
〉

= Tr
{

Âρ(t)
}

(1.30)

Whilst the above discussion of the density matrix describes the entire quantum

mechanical system, it is often sufficient to restrict attention to the set of operators

{Â} (and their expectation values) which act exclusively on the electronic and nu-

clear spin variables of the system. The basis functions of the entire system |ψ〉 are

then assumed to be products of functions depending on spin coordinates and those

depending on space (or ‘lattice’) coordinates. The spin density matrix ρs(t)3 and

the spin Hamiltonian Ĥs are obtained from the full density matrix and Hamilto-

nian, respectively, by taking the trace over all lattice variables [20]. The equation of

3The spin density matrix is often denoted by σ(t) in the literature, e.g. in [39].
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motion for the spin density matrix is

d
dt

ρs(t) = −i
[
Ĥs, ρs(t)

]
− ˆ̂Γ (ρs(t)− ρs

0) (1.31)

The relaxation superoperator ˆ̂Γ describes the dissipative interactions between the

spin system and the lattice, driving the spin density matrix towards its equilibrium

value of ρs
0. Its form can be derived from a quantum mechanical treatment of the

lattice, as described e.g. by Abragam [3] and Goldman [61]. Its formulation is chal-

lenging, and several procedures can be adopted; a semi-classical approximation is

often employed. Another approach for focusing on the evolution of the spin vari-

ables while considering the effect of the surroundings models the interaction of

spins and lattice as a stochastic process. Both Ansätze are closely related and will

be discussed in detail in the following chapter.

In the remainder of this thesis ‘ρ’ always denotes the reduced spin density

matrix, and ‘Ĥ’ the spin Hamiltonian, unless explicitly indicated otherwise. The

Liouville-von Neumann equation (1.27) is often used to describe the coherent evo-

lution of the spin density matrix, neglecting ˆ̂Γ and thus interactions of the spin

system with external systems

Any operator in Hn, such as the density operator, can be expanded in terms of

a complete set {B̂s} of n2 orthogonal basis operators.

Â(t) =
n2

∑
s

cs(t)B̂s (1.32)

These B̂s span the Liouville operator space. Various different sets of operators prove

convenient for different mathematical applications, and those used in this thesis

will be introduced below in 1.2.5 and 1.3.

1.2.4 Liouville space and superoperators

Just as in Hilbert space Hn, a ket is transformed into another by an operator (1.20),

there exists a Liouville spaceLn2 in which operators are transformed into each other
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through the action of a superoperator ˆ̂S:

ˆ̂S
∣∣Â〉 =

∣∣B̂〉 (1.33)

The mapping of an operator inHn into L2
n is achieved by the transformation

|i〉 〈j| 7→ |i〉 |j〉 ≡ |ij〉 ≡ |α〉 (1.34)

The basis operators constitute a set of n2 elements: {|α〉}, α = 1, 2, . . . , n2. The

Liouville index α is obtained from the Hilbert indices i and j by

α = n(i− 1) + j (1.35)

A superoperator is a linear operator. By analogy with Hilbert space a scalar

product or trace metric is introduced:

〈Â|B̂〉 = Tr
{

Â†B̂
}

(1.36)

A unitary superoperator is defined as one for which ˆ̂S−1 = ˆ̂S†. For a Hermitian

superoperator ˆ̂S† = ˆ̂S. A projection superoperator ˆ̂PB is introduced by analogy

with the Hilbert space projection operator (1.22). It projects an arbitrary operator Â

onto an operator B̂:

ˆ̂PB =

∣∣B̂〉 〈B̂
∣∣

〈B̂|B̂〉
(1.37)

such that, from equation (1.36),

ˆ̂PB Â = B̂
Tr
{

B̂† Â
}

Tr
{

B̂†B̂
} (1.38)

In Hilbert space an operator Â can be represented by an n× n matrix. Mapped

into Liouville space by Â 7→
∣∣Â〉, the matrix representation of

∣∣Â〉 is obtained

by row-wise flattening of Â into an n2 column vector with the αth element given
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by Âij, according to equation (1.35). It follows from this and equation (1.33) that

a superoperator ˆ̂S can be represented by an n2 × n2 matrix in any orthonormal

operator basis {|α〉}.

Any superoperator can be written as a linear combination of decomposable su-

peroperators:

ˆ̂S
∣∣Â〉 =

q≥1

∑
j,k

sjk
∣∣M̂j ÂN̂k

〉
(1.39)

where M̂ and N̂ are part of the same basis set. Considering the case of q = 1, we

have

ˆ̂S
∣∣Â〉 =

∣∣M̂ÂN̂
〉

(1.40)

and ˆ̂S is known as a decomposable superoperator. The matrix elements of ˆ̂S in

terms of its constituent Hilbert space operators M̂ and N̂ are determined as follows.

A Hilbert space matrix element of M̂ÂN̂ is given by

〈i| M̂ÂN̂ |j〉 =
(

M̂ÂN̂
)

ij =
n

∑
r,s=1
〈i| M̂ |r〉 〈j| N̂T |s〉 〈r| Â |s〉 (1.41)

In Liouville space this becomes (using equation (1.40))

〈ij|M̂ÂN̂〉 =
n

∑
r,s=1
〈ij| ˆ̂S|rs〉〈rs|Â〉 (1.42)

Comparing equations (1.41) and (1.42) it is obvious that the mapping into Liouville

space is achieved by

ˆ̂Sij,rs ← [ M̂ir N̂T
js (1.43)

The tetradic ˆ̂S has a matrix representation

ˆ̂S ≡ M̂⊗ N̂T (1.44)

This follows from the definition of the Kronecker product 4, which also relates the

4The Kronecker or matrix direct product [176] of an m × n matrix A with an p × q matrix B is
C = A⊗B, an (mp)× (nq) matrix. Its matrix elements are Cαβ = AijBkl where α = p (i− 1) + k and
β = q (j− 1) + l.
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matrix indices of ˆ̂Sαβ to i and j above as α = n(i− 1) + j and β = n(r− 1) + s. With

reference to the general formulation of a superoperator (1.39) it can be seen that the

matrix representation of any superoperator can be written as a linear combination

of direct products of the (matrix representation) of the constituent operators M̂j

and N̂k.

ˆ̂S =
n

∑
j,k=1

sjk

(
M̂j ⊗ N̂T

k

)
(1.45)

It follows from the distributive property of the Kronecker product that if ˆ̂S1 = M̂1⊗

N̂1 and ˆ̂S2 = M̂2 ⊗ N̂2, then the product of the two decomposable superoperators

is given by

ˆ̂S2
ˆ̂S1 =

(
M̂2 ⊗ N̂2

) (
M̂1 ⊗ N̂1

)
=
(

M̂2M̂1
)
⊗
(

N̂2N̂1
)

(1.46)

Various kinds of superoperators play an important role in spin dynamical calcu-

lations. A commutator superoperator ˆ̂C corresponding to operator Ĉ can be defined

as

ˆ̂C
∣∣Â〉 =

∣∣[Ĉ, Â
]〉

(1.47)

If Ĉ is Hermitian, ˆ̂C also is. Its matrix representation follows from the general form

of a superoperator, equation (1.45) with (1.39)

ˆ̂C = Ĉ⊗ 1̂− 1̂⊗ ĈT (1.48)

= ˆ̂CL − ˆ̂CR (1.49)

A useful property of the left- and right-translation operators ˆ̂CL and ˆ̂CR is that they

commute:
[

ˆ̂CL, ˆ̂CR

]
= 0. An important example of a commutator superoperator is

the Liouvillian ˆ̂L, the driving term in the Liouville space Liouville-von Neumann

equation (1.27)
d
dt
|ρ(t)〉 = ˆ̂L |ρ(t)〉 (1.50)

It can be related to the Hamiltonian superoperator (another commutator superop-
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erator)

ˆ̂L = −i ˆ̂H (1.51)

Unitary transformation superoperators perform a unitary transformation (for

example a rotation) on an operator according to

ˆ̂U
∣∣Â〉 =

∣∣∣ÛÂÛ†
〉

(1.52)

Using property (1.40), can be shown that the unitary superoperator ˆ̂U can be related

to a unitary Û by

ˆ̂U = Û ⊗ Û∗ (1.53)

When the transformation operator is of the form Û = e−iM̂, where M̂ is a Her-

mitian operator, the unitary transformation superoperator ˆ̂U can be related to the

commutator superoperator of M̂ through

ˆ̂U = e−i ˆ̂M (1.54)

This follows from the fact that ˆ̂ML and ˆ̂MR commute.

An important example of a unitary transformation superoperator is the Liou-

ville propagator ˆ̂T(t). The solution of the Liouville-von Neumann equation (1.50)

for a time-independent Hamiltonian can be written in Liouville space as

|ρ(t)〉 = ˆ̂T(t) |ρ(0)〉 =
∣∣∣T̂(t)ρ(0)T̂†(t)

〉
(1.55)

The Hilbert propagator T̂(t) = exp(−iĤt) is as defined by equation (1.29) for a

time-independent Hamiltonian. It follows from equations (1.53) and (1.54) that the

unitary Liouville propagator is related to the Hilbert propagator and the Hamilto-

nian and its commutator superoperator through

ˆ̂T(t) = T̂(t)⊗ T̂∗(t) = e−iĤt ⊗ eiĤTt = e−i ˆ̂Ht (1.56)
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A superoperator has n2 eigenvalues and eigenoperators. For commutator su-

peroperators these can easily be related to their Hilbert space eigenvalues and

eigenfunctions. When |a〉, |b〉 are eigenfunctions of a Hamiltonian Ĥ with eigen-

values λa, λb, then ||a〉 〈b|〉 is an eigenket or eigenoperator of the commutator su-

peroperator corresponding to Ĥ, ˆ̂H, with eigenvalue λa − λb such that

ˆ̂H ||a〉 〈b|〉 = (λa − λb) ||a〉 〈b|〉 (1.57)

The eigenvalues of ˆ̂H are given by the entire set of differences {λa − λb} of the

eigenvalues of Ĥ. The diagonalising unitary transform on Ĥ can be written in

matrix form

X̂†ĤX̂ = Λ̂ (1.58)

where X̂ is the matrix of eigenvectors and Λ̂ the diagonal matrix of eigenvalues

of Ĥ. The matrix of eigenvalues of ˆ̂H is ˆ̂Λ, the commutator superoperator of Λ̂,

cf. equation (1.48). ˆ̂H (the commutator superoperator of Ĥ) is diagonalised by the

operation

ˆ̂X† ˆ̂H ˆ̂X = ˆ̂Λ (1.59)

The matrix of eigenoperators ˆ̂X is related to X̂ through

ˆ̂X = X̂⊗ X̂∗ (1.60)

(Note that for real Ĥ, the eigenvectors are also real.) Thus when diagonalising

a commutator superoperator it is sufficient to determine the eigensystem of its

Hilbert space counterpart – with a concomitant reduction in size of the matrix sys-

tem to be solved from n2 × n2 to n × n. The same relation holds for any unitary

transformation of an operator and its commutator superoperator.

Superoperators are useful mathematical tools due to their compactness and

many convenient properties. For example, the Liouville-von Neumann equation

is rendered linear in Liouville space. Superoperators are indispensable in the de-
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scription of irreversible processes such as relaxation, and use of their properties

will be made in this context in much of this thesis. Furthermore, superoperators

are employed for treating processes such as chemical reaction. More information

about superoperators and their applications to magnetic resonance can be found in

Jeener [78], Muus [109], Banwell et al. [14] and Ernst et al. [39].

1.2.5 Product operators

The density operator and any other operator can be expanded in any orthogonal

basis set, as mentioned above (see equation (1.32)). The basis set ought to be appro-

priate to the problem at hand so as to facilitate, or even enable, its solution.

Product operators based on the angular momentum operators Ŝx, Ŝy and Ŝz

(1.24) are, for example, a common choice for the description of NMR pulse se-

quences in weakly coupled spin systems [39]. All 4N orthogonal base operators

spanning the Liouville space in a N spin- 1
2 system can be generated from the fol-

lowing set of individual spin Cartesian operators, and the unit operator. (The factor

of 1
2 in the latter is for the purposes of normalisation.)

B̂gen =
{

Ŝx, Ŝy, Ŝz,
1
2
1̂

}
(1.61)

A set of generating operators appropriate to multiple-quantum spectroscopy in-

volves the shift operators Ŝ±, again with appropriate normalisation:

B̂gen =
{

Ŝz,
1√
2

Ŝ+,
1√
2

Ŝ−,
1
2
1̂

}
(1.62)

The product operators generated from this set are useful to express p-quantum

coherence; in a system of N spins- 1
2 , the coherence order can take integral val-

ues ranging from N to −N. These product operators are employed in solving the

Liouville-von Neumann equation (1.27) for radical pairs in this thesis. They form

a natural basis set for the Hamiltonian and relaxation matrix, both of which are

block-diagonal according to coherence order under certain circumstances. It should
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be noted that, in contrast to the Cartesian individual spin operators, the shift oper-

ators are not Hermitian (but anti-Hermitian), and in consideration of this, special

care must be taken.

The discussion below is valid for the two generating sets mentioned above in

equations (1.61) and (1.62). Alternative generating sets can be constructed from

linear superpositions of the single spin angular momentum operators and the unit

operator, provided the resulting operators are mutually orthogonal and appropri-

ately normalised. The complete set of 4N product operators
{

P̂k
}

can be generated

according to

P̂k = 2N/2
N

∏
i=1

[
B̂gen

α

]
(i) (1.63)

where B̂gen
α indicates any one of the generating operators from (1.61) or (1.62). This

is scaled up for the ith spin to the size appropriate for the N-spin system by taking

direct products in the appropriate order:

[
B̂gen

α

]
(i) = 12(i−1) ⊗ B̂gen

α ⊗ 12(N−i) (1.64)

where 1n denotes a unit matrix of size n × n. An alternative formulation of this

procedure is

P̂k = 2N/2
N⊗

i=1

B̂gen
α,i (1.65)

where any sequence of generating operators B̂gen
α is Kronecker multiplied in the

order of the spin labels. The product operators thus constructed are orthonormal

in the scalar product (1.36)

〈P̂j|P̂k〉 = Tr
{

P̂†
j P̂k

}
= δjk (1.66)

where δjk is the Kronecker delta. Note that the adjoint of P̂k is required in the trace

in order to take account of possible lack of Hermiticity in
{

P̂k
}

.

In a single-spin system with N = 1, the generating operators B̂gen (as in equa-
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tion (1.61) or (1.62)) are the P̂k, and we find, for example,

〈
1√
2

Ŝ+

∣∣∣ 1√
2

Ŝ+

〉
=

1
2

Tr
{

Ŝ†
+Ŝ+

}
=

1
2

Tr
{

Ŝ−Ŝ+
}

= 1 (1.67)

1.3 Irreducible spherical tensor operators and rotations

Virtually all interactions of interest in spin systems are of the form

Ŝ ·M · Î (1.68)

where Ŝ is a vector with components Ŝx, Ŝy, Ŝz, or linear combinations thereof,

with analogous components for Î. The tensor M characterises the interaction. Ŝ

and Î are distinct for interactions bilinear in the spin operators (such as dipolar

couplings), and identical for interactions quadratic in the spin operators, for ex-

ample quadrupolar couplings. This expression holds for interactions linear in the

spin operators (e.g. the Zeeman interaction), in which case Î is replaced by a vec-

tor characterising the components of the magnetic field, B. In this way, a unified

description of spin interactions can be developed.

When concerned with three-dimensional rotations it is convenient to exploit

the properties of irreducible spherical tensor operators T̂l,m. Any operator can be

expressed as a linear combination of irreducible spherical tensor operators of dif-

ferent ranks l. The T̂l,m transform as the irreducible representations of the three-

dimensional rotation group SO(3) [7]. For a single spin with S = 1
2 , the complete

set of irreducible tensor operators is given in terms of the single spin angular mo-

mentum operators (1.23) and (1.24)

T̂0,0 =
5
6
1̂ (1.69)

T̂1,0 = Ŝz (1.70)

T̂1,±1 = ∓ 1√
2

Ŝ± (1.71)
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A tensor of rank l has 2l + 1 components. Higher rank tensors (as needed for exam-

ple for coupled spin systems) can be derived from the rank-1 tensors by an iterative

process: they are expressed as linear combinations of products of lower order ten-

sors, with the coefficients given by Clebsch-Gordan coefficients or 3j-symbols [103].

This procedure is analogous to the coupling of two angular momenta [22].

T̂k,q = ∑
q1,q2

(−1)−k1+k2−q√2k + 1

k1 k2 k

q1 q2 −q

 T̂k1,q1 T̂k2,q2 (1.72)

Determined by the properties of the 3j-symbol, the restrictions q1 + q2 = q and

k = |k1 − k2|, |k1 − k2| + 1, . . . , k1 + k2 apply. In particular the irreducible tensor

operators for two coupled spins- 1
2 , I and S, as derived using the generating formula

(1.72) in combination with the rank-1 operators in (1.70) and (1.71), will be required

in the description of radical pairs in external fields. Their explicit form is given by

T̂2,0 =
√

2
3

(
Ŝz Îz −

1
4
(
Ŝ+ Î− + Ŝ− Î+

))
(1.73)

T̂2,±1 = ∓1
2
(
Ŝz Î± + Ŝ± Îz

)
(1.74)

T̂2,±2 =
1
2

Ŝ± Î± (1.75)

In the case of a magnetic field along the laboratory z-axis (i.e. B± = 0), most tensor

components vanish and we obtain the explicit expressions

T̂2,0 =
√

2
3

ŜzBz (1.76)

T̂2,±1 = ∓1
2

Ŝ±Bz (1.77)

T̂2,±2 = 0 (1.78)

The two-spin product operators can be related to the rank-2 tensor operators using
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the following identity:

cXŜx Îx + cYŜy Îy + cZŜz Îz =
2cZ − (cX + cY)√

6
T̂2,0 +

cX − cY

2
(
T̂2,2 + T̂2,−2

)
(1.79)

The coefficients cX, cY and cZ can be identified with the principal values of the in-

teraction tensor. For the case of the anisotropic hyperfine interaction, see equations

(1.108) to (1.110). Irreducible tensor operators have well-defined properties under

rotation through Euler angles α, β, γ:

ˆ̂R (α, β, γ) T̂l,m =
l

∑
m′=−l

T̂l,m′D
(l)
m′,m (α, β, γ) (1.80)

They are transformed into a linear combination of other spherical tensors opera-

tors of the same rank. The coefficient D
(l)
m′,m (α, β, γ) is a Wigner matrix element of

order l. In the zyz-convention used by Brink and Satchler [22] a rotation operator

R̂ (α, β, γ) can be represented as

R̂ (α, β, γ) = e−iα Ĵz e−iβ Ĵy e−iγ Ĵz (1.81)

where Ĵp is an angular momentum operator. The inverse rotation is given by

R̂−1 (α, β, γ) = R̂(−γ,−β,−α). The Wigner matrix elements are tabulated for

example by Varshalovich et al. [171]. Those for which explicit forms are needed

in this work are tabulated in appendix A. The following orthogonality condition

[22, 179] will be exploited:

∫
D

(l)∗
k,m (Ω)D (l′)

k′,m′(Ω) dΩ =
8π2

2l + 1
δl,l′δk,k′δm,m′ (1.82)

where the set of Euler angles α, β, γ is denoted by Ω. The relation

D
(l)∗
k,m (Ω) = (−1)k−mD

(l)
−k,−m(Ω) (1.83)

will be useful for the evaluation of correlation functions discussed in chapter 2.
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1.4 The radical pair spin Hamiltonian

The processes contributing to the evolution of the spin state of the radical pair are

quantified by the radical pair spin Hamiltonian ĤRP. This governs the evolution of

the RP density matrix as prescribed by the Liouville-von Neumann equation (1.31)

(not considering processes such as diffusion and reaction). Terms contributing to

the spin Hamiltonian characterise the interactions of the radical pair electron spins

with external fields, each other, and with other spins in the molecule, i.e. magnetic

nuclei. For radical pairs in solution (that is, those not fixed in a particular orienta-

tion, e.g. in a protein bound to a cell membrane) molecular motions such as tum-

bling modulate local magnetic fields from a range of sources. Several anisotropic

interactions average to zero under such motion, and thus do not affect the energy

levels of the system. They do, however, contribute to spin relaxation when, broadly

speaking, components of local fields match the transition frequencies of the spin

system. Here, a brief overview of the types of interactions contributing to the spin

motion of the radical pair is given. Their relative importance in the present con-

text is assessed, and terms contributing to spin relaxation are identified for later

consideration.

1.4.1 The Zeeman interaction

The Hamiltonian operator for the energy of a free electron spin in a magnetic field

B0 along the z-axis, equation (1.5), can be written as

ĤZ =
geµB

h̄
B0Ŝz = ω0Ŝz (1.84)

where ω0 is the Larmor frequency according to equation (1.6). In a low-symmetry

molecule, this simple relation must be modified, and the g-value is replaced by the

anisotropic g-tensor:

ĤZ =
µB

h̄
Ŝ · g · B0 (1.85)
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This g-tensor takes account of the incompletely quenched orbital angular momen-

tum l, which in turn interacts with the electron spin through spin-orbit coupling.

The anisotropy in g arises from that of the molecular electronic wavefunctions,

transmitted through the orbital magnetic moment to the local magnetic fields inter-

acting with the electron spin. To second order, the effect of orbital angular momen-

tum and spin-orbit coupling on the components of the g-tensor in the molecular

axis system XYZ (which diagonalises it) is [10]

gαα = ge − 2ζ ∑′

n

∣∣∣〈0|l̂α|n〉
∣∣∣2

E0 − En
(1.86)

The prime indicates that the summation is over all excited states (and |0〉 is the

ground state). Thus it can be seen that the deviation of the gαα from its free-electron

value is dependent on the spin-orbit coupling constant ζ and the energy separation

of the excited states from the ground state. The g-tensor can be separated into the

isotropic g-value (differing from ge approximately according to (1.86))

g =
1
3

Tr {g} =
1
3

(gXX + gYY + gZZ) (1.87)

and the traceless tensor G, which in its principal axis system (denoted by the prime)

equals

G′ =


gXX − g 0 0

0 gYY − g 0

0 0 gZZ − g

 (1.88)

The general Zeeman Hamiltonian can then be written as a sum of two terms

ĤZ =
µB

h̄
gŜ · B0 +

µB

h̄
Ŝ · G · B0 (1.89)

In an orientationally fixed radical (or for example in transition metal ion crystals

with S 6= 0), both terms contribute to the energy levels of the system. In a freely

tumbling radical in solution, however, the anisotropic term averages to zero as all
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orientations of the molecular axis system to the laboratory axis system are rapidly

sampled. More precisely, the contribution of the anisotropic Zeeman Hamiltonian

in determining the energy levels of the system is negligible provided that the rate of

rotational diffusion is sufficiently rapid for all orientations to be sampled in a time

short compared to the reciprocal of the frequency of the interaction [175]. Only

g, the trace of g, is invariant under rotations (molecular reorientations). Thus the

isotropic Zeeman Hamiltonian to be used for a radical in a radical pair in a liquid is

that for a free electron (1.84), with a modified g-value specific to the type of radical.

For a magnetic field along z, we have

ĤZiso =
gµB

h̄
B0Ŝz = ω0Ŝz (1.90)

For typical organic carbon-centred radicals constituting a radical pair, the deviation

of the g from the free-electron g-value is small, normally less than 0.1%.

The anisotropic term in (1.89) can be written in terms of irreducible tensor op-

erators and Wigner D-functions taking account of the orientation of the G-tensor

principal axis system relative to the laboratory axis system. Since Ŝ ·G ·B0, a scalar,

must be invariant under rotations of the coordinate system, we have:

Ŝ · G · B0 = Ŝ′ · G′ · B′0 (1.91)

where primed quantities are in the principal axis system of G. Let the rotation

matrix R̂ (α, β, γ) (or R̂ for short) rotate a vector through three Euler angles α, β and

γ from the laboratory-fixed axis system to the principal axis system of the g-tensor

such that

G′ = R̂GR̂† (1.92)

B′0 = R̂B0 (1.93)

Ŝ′ = ŜR̂† (1.94)
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Then in terms of a diagonal G′ we have

Ŝ · G · B0 = Ŝ · R̂† (α, β, γ) G′R̂ (α, β, γ) B0 (1.95)

Considering for a moment the scenario where the laboratory axis system and the

g-tensor principal axis system are aligned (i.e. the Euler angles are all zero), we

have for a field along the laboratory z-axis

Ŝ · G′ · B0 = GZZŜzB̂0 (1.96)

It follows from equality (1.79) relating product operators to tensor operators that

Ŝ · G′ · B0 =
∆G√

6
T̂2,0 (1.97)

where ∆G denotes the axiality of the g-tensor according to

∆G = 2GZZ − (GXX + GYY) (1.98)

and the tensor operator of rank two is given in this case by equation (1.76). Since

the T̂2,±2 in equation (1.78) are zero, the rhombicity of the g-tensor cannot con-

tribute. Now consider the effect of a rotation of the g-tensor to its principal axis

frame (no longer aligned with the laboratory frame), effected by rotation superop-

erator ˆ̂R (α, β, γ). According to the tensor operator transformation law (1.80), this

yields for the anisotropic part of the Zeeman Hamiltonian

ĤZaniso =
µB

h̄
Ŝ · G · B0 =

µB

h̄
∆G√

6

2

∑
m=−2

D
(2)
m,0 (α, β, γ) T̂2,m (1.99)

This general formulation of the anisotropic Zeeman Hamiltonian is useful when

considering relaxation effects due to molecular motion. These are important in

species with significant g-anisotropy. While that of typical carbon-centred radicals

is very small, others with a significant spin-orbit coupling such as the hydroxyl
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radical OH•, have a larger ∆G which will play a role in spin relaxation.

Magnetic nuclei interact with an applied magnetic field in an analogous man-

ner. However, the nuclear gyromagnetic ratios are much smaller than the electron

one (a factor of ≈660 for a proton γN compared to the electron γe). While the

nuclear Zeeman interaction is of crucial importance in the context of NMR spec-

troscopy, it is not effective in radical pair spin-mixing processes and will be ne-

glected here.

1.4.2 The hyperfine interaction

The interaction between an electron spin S and a (nearby) magnetic nucleus I is

termed the hyperfine interaction. This is also anisotropic and can be written in

terms of the hyperfine tensor a

ĤHFI = Ŝ · a · Î (1.100)

The anisotropy arises from the spin-spin dipolar coupling, as well as from a second-

order contribution of spin-orbit coupling similar to that for the g-tensor (1.86).

Again, a can be separated into an isotropic contribution with the isotropic hyperfine

coupling constant a

a =
1
3

Tr {a} (1.101)

and an anisotropic hyperfine interaction specified by the traceless tensor A, which

also vanishes under rapid molecular reorientations. The complete hyperfine Hamil-

tonian is the written as

ĤHFI = aŜ · Î + Ŝ · A · Î (1.102)

Unlike for the Zeeman interaction, the isotropic and anisotropic components of

the hyperfine interaction have different physical origins. The isotropic hyperfine

interaction, the only term contributing to the energy levels for a tumbling radical is
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ĤHFIiso = aŜ · Î (1.103)

The isotropic hyperfine interaction is the Fermi contact interaction [46]. The isotro-

pic hyperfine coupling constant is dependent on the spin density at the nucleus,

Q1(N):

a =
2µ0

3
geµB

h̄
γNQ1(N) (1.104)

For a hydrogenic atom, the spin density can be replaced by |ψ(N)|2, the probability

of finding the unpaired electron at the nucleus, and is thus a measure of the s-orbital

character of the wavefunction. The anisotropic hyperfine interaction is essentially

an electron-nucleus dipole-dipole interaction of the form

ĤHFIaniso = − µ0

4π

geµB

h̄
γN

 Ŝ · Î
r3 − 3

(
Ŝ · r

) (
Î · r
)

r5

 (1.105)

An expansion of the above gives for the components of the anisotropic hyperfine

tensor A:

App =
µ0

4π

geµB

h̄
γN

〈
3p2 − r2

r5

〉
where p = x, y, z (1.106)

Apq =
µ0

4π

geµB

h̄
γN

〈
3pq
r5

〉
where p, q = x, y, z (1.107)

The angular brackets indicate an average over the electronic wavefunction to re-

move the spatial dependence. Furthermore, when a spin-orbit interaction is im-

portant (i.e. when the g-value deviates from its free-electron value), this affects the

anisotropic hyperfine coupling tensor a similarly to (1.86), and the isotropic com-

ponent of this interaction is absorbed into a.

Following a procedure analogous to that for the g-tensor above, the anisotropic

hyperfine interaction Hamiltonian can be written in terms of irreducible spherical

tensors. This time the two-spin definitions for the rank-2 tensors T̂2,m according

to equations (1.73), (1.74) and (1.75) are used. The axiality and rhombicity of the
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hyperfine tensor A are defined in terms of its principal values as

∆A = 2AZZ − (AXX + AYY) (1.108)

δA = AXX − AYY (1.109)

From equation (1.79) we have, in the eigenframe of A,

Ŝ · A′ · Î = AXXŜx Îx + AYYŜy Îy + AZZŜz Îz (1.110)

=
δA
2
(
T̂2,2 + T̂2,−2

)
+

∆A√
6

T̂2,0 (1.111)

Again, a rotation R̂ (α, β, γ) through Euler angles α, β and γ describes the change in

orientation from the laboratory fixed axis system to the principal axis system of A.

Taking account of the relationship of the two-spin product operators and the rank-

2 irreducible spherical tensor operators (1.79) and their behaviour under rotations

(1.80), the anisotropic component of the hyperfine interaction Hamiltonian can be

written as

ĤHFIaniso =
2

∑
m=−2

(
δA
2

D
(2)
m,2 (α, β, γ) +

δA
2

D
(2)
m,−2 (α, β, γ) +

∆A√
6
D

(2)
m,0 (α, β, γ)

)
T̂2,m

(1.112)

This equation is valid for a spin- 1
2 nucleus I coupled to the electron. It should be

noted that the principal axis frames of the Zeeman g- and the hyperfine a-tensors

are not aligned in general, that is, the Euler angles in the expressions for the Hamil-

tonians in (1.99) and (1.112) are not the same. A further rotation operation is needed

to align the two. Similarly, for an electron coupled to two or more magnetic nuclei,

their respective hyperfine tensors are not in general aligned. The hyperfine Hamil-

tonian for n nuclei coupled to the electron consists of a sum over all individual

hyperfine interactions:

ĤHFI = ∑
i

(
aiŜ · Îi + Ŝ · Ai · Îi

)
(1.113)
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It will be discussed in chapter 2 how this Hamiltonian can be expressed in terms of

irreducible spherical tensors and Wigner D-functions for arbitrarily aligned tensors

Ai.

Hyperfine tensors can be determined experimentally using pulsed EPR tech-

niques such as hyperfine sublevel correlation spectroscopy (HYSCORE) or electron-

nuclear double resonance (ENDOR) [8, 27] and theoretically [76, 129]. In organic

radicals, isotropic couplings to protons and 15N are of the order of 0.1 to 1 mT.

Couplings to, for example, deuterium are much smaller on account of the lower

gyromagnetic ratio, cf. equation (1.104). Hyperfine couplings in inorganic radicals

can be much larger: for example several hundred mT for a P-centred radical. The

anisotropy of the hyperfine tensor can be substantial, with the axiality ∆A larger

than the isotropic coupling a. The rhombicity δA tends to be much smaller.

Whilst the Zeeman and hyperfine interactions describe the coupling of one elec-

tron spin with the external field and nearby nuclei, respectively, the two electron

spins in a radical pair also interact with each other.

1.4.3 The dipolar interaction

The electron-electron dipolar interaction has a form analogous to that of the aniso-

tropic electron-nucleus hyperfine interaction discussed above (see equation (1.105)).

Its physical origin is the familiar coupling between two dipoles:

Ĥdd =
µ0

4π

gAgBµ2
B

h̄2

 ŜA · ŜB

r3 − 3

(
ŜA · r

) (
ŜB · r

)
r5

 (1.114)

There may be a contribution from spin-orbit coupling to the spin-spin interaction

[126], which is important in considering for example transition metal complexes

[4], but which is deemed negligible for the present purposes. Expanding the scalar

products in (1.114) in Cartesian coordinates analogously to the anisotropic hyper-

fine Hamiltonian (1.105), the dipolar contribution can be written in tensor notation
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Ĥdd = ŜA ·D · ŜB (1.115)

with the tensor elements given by [8]

Dpq =
1
2

µ0

4π

gAgBµ2
B

h̄2

〈
r2δpq − 3pq

r5

〉
where p, q = x, y, z (1.116)

The tensor D is symmetric and traceless. The zero-field splitting due to the dipolar

interaction, in the eigenframe of D, is described by

Ĥdd =
δD
2
(
T̂2,2 + T̂2,−2

)
+

∆D√
6

T̂2,0 (1.117)

This expression is derived in exact analogy with that for the anisotropic hyperfine

interaction above, using equation (1.79) relating the spin operators to rank-2 ten-

sors. The axiality ∆D and rhombicity δD of the dipolar coupling tensor are related

to its principal values in the same way as for the anisotropic hyperfine coupling (cf.

equations (1.108) and (1.109)). These can be expressed in terms of the familiar zero-

field splitting parameters D and E with D = ∆D
2 and E = δD

2 . (An additional term

of 1
3 Tr {D} ŜA.ŜB appears on the right hand side of (1.117) when D is not traceless

due to a spin-orbit contribution.) The general expression in an arbitrary frame of

reference in terms of Wigner D-functions and rank-2 tensors is, by analogy with

(1.112),

Ĥdd =
2

∑
m=−2

(
δD
2

D
(2)
m,2 (α, β, γ) +

δD
2

D
(2)
m,−2 (α, β, γ) +

∆D√
6

D
(2)
m,0 (α, β, γ)

)
T̂2,m

(1.118)

This form is of use for example to evaluate the contribution of the dipolar interac-

tion in a tumbling molecular triplet, where the rotations need to be described. In

a radical pair the orientation of the two radicals relative to each other is, of course,

not fixed, as each radical tumbles in solution. Furthermore, the strength of the in-

teraction is modulated by the translational diffusion of the two radicals relative to
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each other.

1.4.4 The exchange interaction

In addition to the dipole-dipole interaction, a purely quantum mechanical phe-

nomenon occurs when the orbitals of the two unpaired electrons in the two radicals

overlap. This is known as the exchange interaction, and is a direct consequence of

the Pauli exclusion principle. Its magnitude is strongly dependent upon distance

and spin state [106]. The exchange interaction is anisotropic in general and should

be described by a tensor J:

Ĥex = ŜA · J · ŜB (1.119)

Since its anisotropic part is hardly distinguishable from the electron-electron dipo-

lar interaction and its theoretical formulation difficult to ascertain, the exchange

interaction in a radical pair is normally expressed in a parametrised form [33, 138]

Ĥex = −J(r)
(

1
2

+ 2ŜA · ŜB

)
(1.120)

This assumes the exchange interaction in a radical pair to be similar in form to that

in a hydrogen molecule. The distance-dependence of the exchange interaction is

taken to be

J(r) = J0e−r/r0 (1.121)

where r is the inter-radical separation. Typical values are |J0| ≈ 1017 − 1018 rad s−1

and r0 ≈ 30− 50 pm, giving the effective range [32, 102]. It should be noted that J0

can be negative, in which case the singlet lies below the triplet in energy (cf. figure

1.2). This may be as a result of super-exchange effects, when a solvent molecule

comes between the two radicals during diffusion [106]. While the exact form of the

exchange interaction is not well-understood, it is clear that it decays very rapidly

with distance. Experimental data show that J ≈ 1013 rad s−1 at a typical van der

Waals inter-radical distance [138]. The exchange interaction becomes comparable
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in size with other interactions in the radical pair at distances of around 1 nm.

There are several other interactions in the radical pair. Spin-orbit coupling,

when present, is usually absorbed into the spin Hamiltonian through the Zeeman

and hyperfine tensors. The various magnetic nuclei in a radical pair interact with

each other and the field (through J-couplings, the nuclear quadrupole interaction

and the chemical shift tensor [3, 39, 67]). While these are of fundamental impor-

tance in the context of NMR, their significance is negligible in the presence of inter-

actions involving the electron spins.

1.5 Reaction yield calculations

The quantities of interest to the experimentalist studying magnetic field-dependent

reactions are the time-dependent reaction yields through the singlet and triplet

channels, YS(t) and YT(t), and yields of products arising from scavenging reac-

tions of the radical, Ysc(t). In many applications, the limiting yields as t → ∞ are

sufficient. These are here denoted by ΦS, ΦT and Φsc and form the focus of the theo-

retical investigation. Whereas spin motion must be treated quantum mechanically,

radical separation and orientation are usually considered as stochastic variables.

The evolution of the spin density matrix is governed by the stochastic Liouville

equation (SLE). Its generalised form is

d
dt

ρ(r, Ω, t) = −i
[
Ĥ(r, Ω), ρ(r, Ω, t)

]
− ˆ̂Γr,Ω(r, Ω)ρ(r, Ω, t) + ˆ̂K(r, Ω)ρ(r, Ω, t)

(1.122)

arising from the combination of the Liouville-von Neumann equation (1.31) with

a phenomenological treatment of the radical reactions embodied by the kinetic

superoperator ˆ̂K [89]. The translational and rotational diffusion is described by

the stochastic operator ˆ̂Γr,Ω. The Hamiltonian Ĥ driving spin evolution, and the

stochastic superoperators ˆ̂Γr,Ω and ˆ̂K all depend, in general, on the inter-radical

separation r and the relative radical orientation Ω.

Spin evolution and radical pair motion are almost always considered separately.
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(Strictly speaking, this is only valid in the case of equal rate constants for the decay

through all multiplicity channels [141], but this constraint will later be seen to be

met by the model employed here.) The singlet (triplet) yield can be written as the

integral over the probability of finding the radical pair in the singlet (triplet) state,

σS(t) (or σT(t)) multiplied by the dynamic probability function f (t) [36] describing

the kinetics.

ΦS =
∫ ∞

0
σS(t) f (t) dt (1.123)

The singlet probability is the expectation value of the singlet projection operator

(see equation (1.30),if necessary, averaged over all orientations r and Ω:

σS(t) =
〈

P̂S
〉

= Tr
{

P̂Sρ(t)
}

(1.124)

1.5.1 Coherent spin-mixing

The reactivity of the radical pair is dependent upon the multiplicity of its spin state,

and a coupled (singlet-triplet) representation is often employed in its description.

However, the electron S and T0,± states are not stationary states of the spin Hamil-

tonian and thus evolve over time. All the interactions mentioned above in section

1.4 can contribute to this spin-mixing, although usually one or more of them dom-

inate this process under the conditions of interest. For a term in the spin Hamilto-

nian to affect coherent spin-mixing, the period of the oscillations it induces must

be short compared with the lifetime of the radical pair. The latter can range from

nanoseconds to microseconds, and the electron Larmor frequency is approximately

28 GHz s−1 T−1 (cf. equation (1.6)), and the hyperfine interactions are of similar

size at low field strengths (where ω ≈ a). The hyperfine interaction is the primary

driver of spin evolution at low magnetic field strengths. The exchange interac-

tion inhibits S-T mixing at very short radical separations when it is dominant (and

the Hamiltonian is effectively diagonal in the S-T basis). However, at distances of

around 1 nm it becomes similar in magnitude to the Zeeman and hyperfine inter-

actions. The geminate radical pair spends most of its lifetime at distances at which
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the exchange interaction is negligible. Thus it can be argued that the J-term can be

omitted since the spin-mixing occurs when it is negligibly small [102, 153].

Only interactions which affect the radical pair energy levels can cause coherent

spin evolution. In liquid solutions the radicals usually tumble sufficiently quickly

for anisotropic interactions to average to zero. This applies to the anisotropic hy-

perfine and Zeeman interactions. When molecular motions are absent (such as in

the solid state or in RPs situated in membranes), these interactions contribute to

the coherent spin-mixing [133]. The electron-electron dipolar interaction is usually

considered to be negligible, although O’Dea et al. have shown that this may not

always be the case at low fields [114]. The effect of a non-negligible dipolar inter-

action is to suppress S-T mixing. It is assumed here that S-T mixing is sufficiently

fast in order to produce a magnetic field effect only when the dipolar interaction is

indeed negligible.

1.5.2 Incoherent spin-mixing

Interactions that do not affect the radical pair energy levels can nevertheless cause

spin-mixing if they fluctuate in magnitude as the radicals diffuse through solution.

This can cause energy level transitions if the interaction temporarily matches an

energy level separation. The effect of incoherent spin-mixing in a radical pair is

to cause a loss of spin coherence. Various mechanisms are thought to be respon-

sible for such relaxation processes in radical pairs at low magnetic fields [45], al-

though this is difficult to ascertain without resorting to an involved theory. The

anisotropic Zeeman and hyperfine interactions are modulated by molecular rota-

tions, and cause relaxation on the timescale of the radical pair reaction if there are

relaxation rates of comparable size to the recombination rate constant. This is the

case if the motion is slow and/or the anisotropies large. Internal radical motions

(such as methyl group rotations) can modulate the isotropic hyperfine coupling,

thus causing relaxation in selected species. For small radicals in non-viscous so-

lution the modulation of the spin-rotation interaction [9, 12], arising from the cou-
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pling of the electron spin with the magnetic moment of the molecular rotation,

constitutes an important relaxation mechanism [15, 117]. The frequent collisions

of the radical with neighbouring molecules cause the value of the total rotational

momentum to fluctuate, thus leading to relaxation. Spin exchange relaxation has

been investigated at low fields [142] and in the context of magnetic field effects

[106, 145, 147]. This effect occurs when two radicals approach into the region of

non-negligible exchange interaction, which then causes their respective spins to

flip. Relaxation by (intermolecular) chemical exchange [181] is not considered here

as it is effective only at relatively large radical concentrations not normally investi-

gated experimentally. The theory and effects of electron spin relaxation in radical

pairs, in particular that due to anisotropic interactions modulated by molecular ro-

tations, constitutes the content of this thesis and will be discussed in detail in the

following chapters. This is likely to be the dominant relaxation mechanism at low

fields in most RPs investigated, where hyperfine anisotropies are commonplace.

Although methyl group rotation can be fast in some species, it is not of importance

as a cause of relaxation in most cases. Relaxation via the spin-rotation interaction re-

quires rapidly tumbling species in non-viscous solutions: not conditions conducive

to the observation of a low field effect.

1.5.3 Motion and kinetics

The information on radical pair reaction and diffusion is contained within the dy-

namic probability function f (t). Several models for it have been proposed. The

simplest is the exponential model, which is widely used [83, 165] in modelling mag-

netic field effects. All spin-selective reactions are assumed to obey first-order kinet-

ics with rate constant k (i.e., the same for singlet, triplet and, possibly, other chan-

nels). Diffusion effects are neglected. In this case the dynamic probability function

is

f (t) = ke−kt (1.125)
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This follows from the SLE (1.122) when the kinetic operator ˆ̂K = −k ˆ̂
1, with the ex-

pression for the singlet yield being (1.123). While these assumptions appear crude

and unrealistic for radical pairs in liquid solution, the model can be lent more cred-

ibility by supposing the re-encounter probability to be an exponentially decaying

function of the time after the RP creation [165]. The average re-encounter time τ can

be identified with the inverse of the rate constant k above in (1.125). The resulting

form of the singlet yield is

ΦS = k
∫ ∞

0
σS(t)e−kt dt (1.126)

Here, it is assumed that singlet encounters are reactive, and triplet encounters un-

reactive, leading to separation of the two radicals. Scavenging reactions are not

considered (or the triplet yield ΦT characterises all processes other than radical re-

combination through the singlet.) This kinetic and diffusional model is straightfor-

ward to apply and allows the focus to be on the complex spin evolution, coherent

as well as incoherent. It has been shown to reproduce experimental results remark-

ably well in many applications [133].

1.6 Experimental techniques

Numerous experimental investigations into the effects of static magnetic fields on

radical recombination reactions have been performed. These are known as MARY

experiments, monitoring the magnetically altered reaction yield. The steady-state

[135, 136, 137] or time-dependent [21, 69, 105, 172] reaction yields are measured

using a range of techniques, depending, amongst others, on the chemical system

under investigation. Exciplex fluorescence [16], delayed fluorescence [139, 178]

and absorption techniques [166] are common, although photoconductivity mea-

surements are sometimes used [158]. High magnetic fields were early on found

to produce a large effect. The more subtle low field effect has been observed in a

number of chemical systems [25, 135, 136, 137, 150, 151].
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A MARY ‘spectrum’ shows the magnetic field effect, quantised by the (singlet)

recombination yield, as a function of field strength B. The magnetic field is swept

while measuring the reaction yield or a quantity directly related to it, such as ex-

ciplex fluorescence. The ‘normal’ MFE (shown in figure 1.5) rises to an asymptotic

value at a field strength characteristic of the spin system. In order to characterise

the LFE, a narrower range of field strengths is investigated. It is advisable to sweep

the field about zero, in which case a symmetric signal (with a characteristic ‘dou-

ble trough’) confirms that the observed LFE is genuine [112]. The MARY curve is

usually normalised to be zero at zero field (i.e., the MFE is calculated according to

equation (1.17)) as it is often a first derivative spectrum which is recorded. A range

of quantities characterising the MFE and LFE is often determined. These are indi-

cated in figure 1.5. The MFE is quantified by its maximum magnitude Γmax or the

field strength at which it reaches half this limiting value, B1/2. The low field effect

is often parametrised by its magnitude, ΓLFE (or %LFE), the field strength at which

this occurs, BLFE (or ωmin
r ), and the field strength at which the MARY curve passes

through zero, B(0).

Figure 1.5: A typical MARY curve. The points of interest identified are discussed in the
text.
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1.7 Thesis overview

This thesis is concerned with relaxation processes and their influence on radical

pair recombination reactions in weak magnetic fields.

Chapter 2 sets out the theoretical framework required for a treatment of relax-

ation. A brief introduction to stochastic processes is provided. Two different, but

related, theories of relaxation are presented. One is derived from the stochastic Li-

ouville equation. The other, based on perturbation theory, makes several assump-

tions which lead to the formulation of a relaxation matrix. A convenient method

for evaluating relaxation matrices in large spin systems at low magnetic fields is

described. The relaxation mechanism considered is the rotational modulation of

the anisotropic hyperfine interaction.

In chapter 3, an analytical form of the relaxation matrix for an electron-nucleus

couple is obtained. This is analysed in some detail, and key differences to the high-

field situation are pointed out. A novel and efficient Mathematica algorithm for

evaluating low-field relaxation matrices for large spin systems is described. Gen-

eral rules are set out for the low-field relaxation rates in arbitrarily large spin sys-

tems, and some features of the relaxation matrices in such systems are discussed.

The subject of chapter 4 is the effect of anisotropic hyperfine interaction-induced

relaxation on radical pairs and their recombination reactions in weak magnetic

fields. An efficient method for calculating the singlet yield within the exponential

model is presented. The relaxation matrix discussed in chapter 3 is incorporated.

Analytical expressions for the singlet yield for the single-nucleus radical pair are

obtained and analysed. A survey of the effects of relaxation on the singlet yield

and low field effect is conducted. Guidelines are given for situations in which re-

laxation effects cannot be neglected.

Chapter 5 examines the low-field singlet yield and magnetic field effect for more

realistic multinuclear radical pairs. A suitable example is chosen, and the depen-

dence on various physical parameters is explored. Comparisons with the single-
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nucleus radical pair are made, and the relaxation dynamics are explored.

Finally, chapter 6 implements the stochastic relaxation theory described in chap-

ter 2. The stochastic Liouville equation is solved directly for a single-nucleus radical

pair by employing a finite difference scheme for the rotational motion. The singlet

yield thus calculated is compared with that obtained in chapter 4. The regime in

which the perturbative relaxation theory is not valid is determined, and the effect

of relaxation on the singlet yield under such circumstances is discussed.



Chapter 2

The Theory of Relaxation

A spin interacts not only with an applied magnetic field, but also with electromag-

netic multipoles in its proximity. In a liquid, the molecular motions change the rela-

tive distances and orientations of these multipoles in a practically random manner.

These motions include rotational tumbling of individual molecules, relative trans-

lational motion of molecules, and migrations of atoms or groups of atoms from

one molecule to another, termed chemical exchange. The couplings between the

spin systems are considerably reduced by these motions, and to a first approxima-

tion disappear completely. It is thus legitimate to consider individual spin systems

coupled to a thermal bath, the lattice1.

Relaxation is a prerequisite for the observation of magnetic resonance absorp-

tion. Rapidly fluctuating magnetic interactions in the lattice cause the states of the

spin system to have a finite lifetime (by inducing transitions), as well as their rel-

ative energies to vary. Both of these phenomena cause relaxation. At high fields,

the conditions of the typical EPR or NMR experiment, two relaxation processes

and their associated relaxation times are distinguished. An excellent introduction

to this topic can be found in most magnetic resonance textbooks, in particular Car-

rington and McLachlan [28]. A brief summary of the concepts involved is provided

here.
1This term, somewhat inappropriate for solution phase systems, derives from early relaxation

studies in the solid state.
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Spin-lattice relaxation induces radiation-less transitions. The randomly fluctu-

ating interaction has a component at the resonance frequency of the spin system.

The energy for this transition is provided by a system at equilibrium; thus, the spin

system returns to its equilibrium state, characterised by Boltzmann statistics. The

time constant describing this process is known as the spin-lattice relaxation time or

T1. In the context of magnetic resonance spectroscopy, T1 describes the return of

the sample z-magnetisation to its equilibrium value.

Spin-spin (or transverse) relaxation, with its associated relaxation time T2, char-

acterises the decay (to zero) of the sample magnetisation in the plane perpendicular

to the applied field. The spin-spin relaxation time entails two contributions. One

is non-adiabatic and analogous to T1, that is due to the finite lifetime of the spin

states. The other, adiabatic, contribution to T2 is due to fluctuations of the energy

differences of the states of the spin system, caused by the random perturbation.

This process does not involve transitions. In the context of magnetic resonance T2

characterises the spectral linewidth.

For successful relaxation, the interaction must be time-dependent and act di-

rectly on the spin system. Both types of relaxation mentioned above arise from

the same underlying physical processes: a modulation of magnetic interactions

due to molecular motion. The timescale of this motion must be comparable with

the electron spin resonance frequency; therefore electronic motions and molecu-

lar vibrations are relatively unimportant. Rotational and translational diffusion

motions, and sometimes slow intramolecular rotations and torsional motions as

well as chemical exchange processes, are important sources of relaxation in liquids.

Here we are particularly concerned with rotational Brownian motion, which is also

known as tumbling as the molecular rotations are frequently interrupted by col-

lisions, thus causing the tumbling molecule to describe a random walk over the

sphere.

The strength and frequency (ω) distribution of these random thermal motions is

characterised by the power or spectral density J(ω), which is related to the Fourier
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transform of the mean square of the function f (t) describing the Brownian mo-

tion. Related through the Fourier transform to J(ω) is the autocorrelation function

G(τ), which measures the persistence of the fluctuations. While f (t) differs for

each molecule and time t, the mean square G(τ) = 〈 f ∗(t) f (t + τ)〉 depends only

on the time interval τ. Often G(τ) decreases exponentially with a decay time τc, the

rotational correlation time2. It governs the frequency dependence of J(ω), equal in

this context to 2τc
1+ω2τ2

c
. The significance of τc can be understood by considering

molecular tumbling motion as a random walk over a sphere: picture for simplic-

ity a diatomic molecule with one atom fixed at the centre of a sphere, the other

initially at the North pole. Under molecular rotations and collisions, the atom at

the North pole describes a random walk over the sphere. In an ensemble of such

diatomics, each molecule undergoes a different trajectory; the mean square dis-

placement obeys the rotational diffusion equation. After a short time, the average

displacement is not far from the North pole; eventually the distribution over the

sphere will be equal. The correlation time τc can be understood as the time taken

to achieve one radian of root mean square deflection [71].

A simple form for the relaxation times can be derived from Slichter’s random

fields model [149], which is applicable to a two-level system (i.e. of isolated spins-

1
2 ) subject to a randomly fluctuating local field B. We find the spin-lattice relaxation

time to be
1
T1

=
( gµB

h̄

)2 〈
B2〉 J(ω0) (2.1)

The dependence on the spectral density at the resonance frequency ω0 of the spin

system indicates that components of the random field at this frequency induce tran-

sitions, thereby altering the total Zeeman energy of the system. The total spectral

line width T2
−1, the inverse of the spin-spin relaxation time, consists of two com-

ponents. One, equal to 1
2 T1
−1, represents the lifetime broadening from spin-lattice

2It will be seen below that this exponential dependency arises from the Debye model of molecular
motion in liquids.
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relaxation.
1
T2

=
1
T′2

+
1

2T1
(2.2)

The other, T′2
−1, arises from energy fluctuations and is proportional to J(0), or sim-

ply the correlation time:
1
T′2

=
( gµB

h̄

)2 〈
B2〉 J(0) (2.3)

It can be seen that in the limit of extreme narrowing, when ω2τ2
c � 1, T1 and T2 are

equal.

The physical processes causing relaxation, that is, magnetic interactions mod-

ulated by molecular motions, are active irrespective of the strength of the applied

magnetic field. At low fields, however, the simple model of relaxation in terms of

T1 and T2 fails. Now the applied field strength is of a similar magnitude to the

intra- and intermolecular magnetic interactions, so that there is no meaningful dis-

tinction between longitudinal and transverse relaxation, and thus T1 and T2. In fact,

the above discussion (and the Bloch equations given in section 3.1) are only valid

for two-level systems. At low fields, and more generally when there are overlap-

ping transitions, a relaxation matrix treatment via a time-dependent Hamiltonian

is required. However, the underlying relaxation processes are fundamentally the

same at low fields and we can distinguish non-adiabatic (spin-lattice type) and adi-

abatic relaxation – although both contribute to many of the numerous relaxation

rates in the system: there are many more relaxation rates than simply T−1
1 and T−1

2

and their mathematical form is complicated. In general, adiabatic relaxation pro-

cesses are proportional to J(0), non-adiabatic ones to J(ωαβ), where the spectral

density is a function of an energy difference in the system. It will be seen that at

low fields, the value of T1 estimated via a high-field theory gives a good indication

of the rate of relaxation expected, although a full relaxation matrix (or other the-

oretical approach) is needed to model the complicated relaxation dynamics. The

differences arising within the relaxation matrix treatment at low compared to high

magnetic field strengths are discussed in section 3.1. The full theoretical model re-
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quired at low fields (and for many other more complex spin systems) is developed

in the following.

The very possibility of observing magnetic resonance spectra is opened up by

the fact that the interactions between spins lead to relaxation. Since Bloch, Purcell

and co-workers first discovered and sought to quantify these effects [18, 19], a great

deal of progress has been made in developing a general theory of relaxation. The

early and influential theoretical approaches are due to Kubo and Tomita [93], Red-

field [127] and Abragam [3]. These have been extended and applied, for example

by Kivelson [84] and Freed and Fraenkel [54], as well as by Kubo himself [91, 92].

More recently Goldman [61] and Kumar et al. [96, 97] have reviewed and extended

perturbative relaxation theory.

There are two different, but related, approaches in treating these fluctuating in-

teractions and their effect on the spin systems under investigation. In the stochastic

model [93, 94], the perturbation that causes the random modulations in the spin

system is regarded as a stochastic process. An effective Hamiltonian for the spin

system as a function of the stochastic variables Ω(t) representing the states of the

environment – the bath – is employed:

Ĥ(t) = Ĥ0 + Ĥ1(Ω(t)) (2.4)

The unperturbed Hamiltonian is Ĥ0, and Ĥ1(Ω(t)) is the stochastic perturbation.

Thus the density matrix elements of the spin system become functions of the spin

state and the stochastic variable. Whilst the time evolution of the spin state is gov-

erned by the quantum Liouville-von Neumann equation (1.27), the stochastic vari-

ables follow a master equation for stochastic time evolution.

In the dynamical approach, in contrast, an explicit dynamical model for the

bath is assumed, and the bath degrees of freedom are reduced, for example using

perturbative calculations [3, 61, 128]. The lattice can be described classically or

quantum mechanically, whereas the spin systems must always be treated quantum
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mechanically. In a quantum mechanical description of the lattice, we write the

Hamiltonian as a sum of operators acting on the spin system (ĤI), the lattice (ĤF),

and a spin-lattice coupling operator ĤIF.

Ĥ = ĤI + ĤIF + ĤF (2.5)

For this treatment to be applicable, it must be permissible to write the density ma-

trix as a product of spin and lattice functions. The lattice is assumed to be in Boltz-

mann equilibrium, characterised by a particular temperature T, and to be an infi-

nite thermostat. The coupling ĤIF is required to be sufficiently small for the notion

of separate spin and lattice energy levels still to be meaningful. ĤIF induces spin-

lattice coupling, an exchange of energy between the two systems, that is, relaxation.

The development of the theory [3, 61] in the high temperature domain results in an

explicit return to the equilibrium density matrix ρeq, and does not assume an infi-

nite lattice temperature, unlike the stochastic approach3.

Here a less unwieldy semi-classical description of the lattice is employed. This

approach results in a master equation valid only for infinite lattice temperature,

which can be phenomenologically modified to incorporate non-uniform equilib-

rium distributions (as would result from the full quantum mechanical treatment).

However, in the context of NMR and EPR, and in situations of interest here, there

is no harm in neglecting ρeq. The lattice is described by random functions, based

on an assumption of the form of the underlying stochastic processes characterising

the motion. These are the same as those used in the stochastic Liouville equation

approach. Here, a perturbative treatment results in the formulation of a relaxation

matrix. The method of its derivation is similar in the semi-classical and quantum

mechanical treatments of the lattice. The spin Hamiltonian is expressed as a sum

3This problem can, however, be remedied in a modified SLE approach, developed by Tanimura
and Kubo [159, 161, 162].
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of time-independent and time-dependent terms:

Ĥ(t) = Ĥ0 + Ĥ1(t) (2.6)

where the perturbing Hamiltonian is expressed in terms of products of spin op-

erators and random functions describing the lattice dynamics. A convenient for-

mulation of the relaxation matrix results from a solution to second order with spe-

cific assumptions, which has proved applicable to many physical systems. The

requirement is for the motion to be fast compared with the strength of the interac-

tion, whereas the stochastic Liouville approach is valid also in the slow motional

regime. This becomes important for example for EPR in viscous solutions or with

bulky radicals, and in the context of radical pairs can be necessary for those in very

viscous solution or micelles.

In order to proceed, a brief overview over random functions, stochastic pro-

cesses and their properties is necessary.

2.1 Stochastic processes

Rotational and translational diffusion are processes which on the macroscopic level

are described as random or stochastic, to be specified only in terms of probability

densities. However, one usually has some partial knowledge of the system, such as

initial conditions, though this does not normally provide sufficient information for

a deterministic treatment.

A stochastic process X(t) [88, 116, 120, 125] is a process in which the variable

X does not depend in a definite way on the independent variable t (= time). It is

completely described by a set of joint probability densities Pn(x1, t1; x2, t2; . . . xn, tn),

n = 1, 2, 3, . . . .

Pn(x1, t1; x2, t2; . . . xn, tn) dx1 dx2 . . . dxn (2.7)

is the probability of finding each variable X(ti) in the range (xi, xi + dxi). For a
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stationary stochastic process

Pn(x1, t1 + τ; x2, t2 + τ; . . . xn, tn + τ) = Pn(x1, t1; x2, t2; . . . xn, tn) (2.8)

and both mean (cf. equation (2.11)) and variance are time-independent.

A particularly convenient as well as physically plausible process is a Markov

process. It has ‘one-step memory’: it is completely described by an a priori proba-

bility P(x1, t1) dx1 of finding the stochastic variable in the range (x1, x1 + dx1), and

the conditional probability P(x1, t1|x2, t2) dx2 that, given x1 at an initial time t1, one

finds X in the range (x2, x2 + dx2) at t2. The nth order joint probability density for

a Markov process is given by

Pn(x1, t1; x2, t2; . . . xn, tn) = P(x1, t1)
n−1

∏
i=1

P(xi, ti|xi+1, ti+1) (2.9)

for t1 ≤ t2 ≤ . . . tn. It follows that a stationary Markov process is completely de-

scribed by an initial probability P(x1, t1) = P(x1) and individual transition proba-

bilities P(x1|x2, τ), where τ = t2 − t1, and the joint probability density is

Pn(x1, t1; x2, t2; . . . xn, tn) = P(x1)
n−1

∏
i=1

P(xi|xi+1, τi) with τi = ti+1 − ti (2.10)

The expectation value or mean of an arbitrary function f (X(t1), . . . X(tn)) is de-

fined as the sum (or integral, in the limit of a continuous distribution) of the prob-

ability of each outcome multiplied by its outcome value

〈 f (X(t1)), . . . X(tn))〉 =
∫

. . .
∫

f (x1, . . . xn)Pn(x1, t1; . . . xn, tn) dx1 . . . dxn (2.11)

For a stationary Markov process this becomes

〈 f (X(t1)), . . . f (X(tn))〉 =
∫

. . .
∫

f (x1, . . . xn) . . .

. . .P(x1, t1)
n−1

∏
i=1

P(xi, ti|xi+1, ti+1) dx1 . . . dxn

(2.12)
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An nth order correlation function for a stationary Markov process is

〈
f1(X(t1)) . . . fn(X(t1 +

n−1

∑
j=1

τj))

〉
=
∫

. . .
∫

f1(x1) . . .

. . . fn(xn)P(x1, t1)
n−1

∏
i=1

P(xi|xi+1τi) dx1 . . . dxn

(2.13)

where τi = ti+1 − ti as before. Of particular importance in the theory of relaxation

is the second order correlation function, which is written explicitly as

Gq,q′(τ) =
〈

fq(X(t)) f ∗q′(X(t + τ))
〉

=
∫∫

fq(x1) f ∗q′(x2)P(x1, t)P(x1|x2, τ) dx1 dx2

(2.14)

The complex conjugate in the integrand should be noted; it is required in the defi-

nition of the correlation function for complex processes or complex functions of the

random variable. The auto-correlation function for the process is

Gqq(τ) =
〈

fq(X(t)) f ∗q (X(t + τ))
〉

=
∫∫

fq(x1) f ∗q (x2)P(x1, t)P(x1|x2, τ) dx1 dx2

(2.15)

and the correlation time is defined as

τc ≡
∫ ∞

0
g(t) dt (2.16)

where g(t) ∝ G(t).

G(τ) is a real and even function of τ, which follows from the properties of the

conditional probability. It is a measure of the rate of fluctuation of the random

processes and its frequency spectrum is the spectral density, its Fourier transform4,

where the Fourier variable ω can be identified with the frequency:

J(qq′) (ω) =
∫ ∞

0
Gq,q′(τ)e−iωτ dτ (2.17)

4The spectral density is defined here as 1/2 the Fourier transform of the correlation function. The
Fourier transform is defined as F (ω) =

∫ ∞
−∞ f (t)e−iωt dt with the inverse transform being f (t) =

1
2π

∫ ∞
−∞ F (ω)eiωt dω.
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Often there is no cross-correlation between different random processes q, e.g. if

they are due to different kinds of motion, and cross-terms are zero: Gq,q′(τ) =

δqq′Gq,q(τ).

An understanding of stochastic processes and knowledge of their properties are

indispensable for the derivation of the stochastic relaxation theory on the one hand,

and a perturbative approach on the other.

2.2 The stochastic model

In this approach the spin variables follow the quantum Liouville-von Neumann

equation (2.18), the stochastic variables a master equation derived from a phe-

nomenological model used for the stochastic processes, resulting in wide appli-

cability and solvable equations. This procedure ignores the reaction of the system

to the bath (i.e. assumes infinite temperature). There are several approaches within

the stochastic model [160]. The most general technique is based on Kubo’s stochas-

tic Liouville equation [92], treating the noise via a probability distribution function

P(Ω, t). Kubo [91] and Freed [51] have developed a generalised cumulant expan-

sion technique, a perturbation expansion for the relaxation function, which will be

discussed below in connection with the perturbative relaxation theory. The results

obtained using the former approach can be always be derived by the latter one,

which will be discussed here. Freed has applied this in the context of EPR [53].

The density matrix equation of motion due to Hamiltonian Ĥ(t) is the familiar

Liouville-von Neumann equation

dρ(t)
dt

= −i
[
Ĥ(t), ρ(t)

]
(2.18)

The random behaviour of Ĥ(t) is assumed to be described by a complete set of

random variables Ω. The stochastic property of the time-dependent real function

Ω(t) is specified as a Markov process. The stochastic Liouville equation approach

uses a conditional probability distribution function P(Ω, t|Ω′, t′). This specifies
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the probability of finding Ω′ at time t′ for an initial Ω at time t, instead of, for

example, following an explicit time-sequence in Ω(t). The Markov equation for

the probability distribution function, which can be derived from the Chapman-

Kolgomorov equation [90], is

∂

∂t
P (Ω, t) = Γ̂ΩP (Ω, t) (2.19)

with Γ̂Ω as the Markov operator. This is time-independent for a stationary process:

the ensemble of Ĥ1(t) is assumed to remain at equilibrium (as in the absence of,

e.g., an external disturbance). The probability distribution function for the initial

condition P0(Ω) is defined by

P(Ω′, t′) ≡
∫

P(Ω|Ω′, t′)P0(Ω) dΩ, τ = t′ − t (2.20)

where Ω corresponds to the initial (t = 0) distribution. The initial condition is

assumed to be a unique equilibrium distribution such that

P(Ω, 0) ≡ P0(Ω) = Peq(Ω) = lim
t→∞

P(Ω, t) (2.21)

for which

Γ̂ΩP0(Ω) = 0 (2.22)

The Hamiltonian is a sum of terms

Ĥ(Ω) = Ĥ0 + Ĥ1(Ω) (2.23)

where Ĥ0 is the Hamiltonian for the spin system of interest, and Ĥ1(Ω) is the

Hamiltonian coupling the system to the function Ω(t). This is of the form (with

the prime denoting the molecular axis system)

Ĥ1(Ω) = ∑
l

l

∑
m′=−l

cl,m(t)T̂l,m′D
(l)
m′,m(Ω) (2.24)
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The coefficients cl,m(t) characterise the interaction. Since they are functions of all

spatial variables, they are time-dependent in general. Details of the form of the

cl,m(t) for the various interactions of rank-2 that cause fluctuations will be dis-

cussed below. The density operator of the initial states is factorised into that of

the spin system and the initial probability

ρ(Ω, t) = ρs(0)P0(Ω) (2.25)

where ρs(t) is the spin density operator. From these premises Kubo derives the

stochastic Liouville equation (SLE) for the density operator [89, 92]. Kubo’s as-

sumption of a Gaussian process is not necessary [53], and the equation also holds

for rotational diffusion, which is Markovian though not Gaussian. The SLE is given

by
∂

∂t
ρ(Ω, t) = −i

[
Ĥ(Ω), ρ(Ω, t)

]
+ Γ̂Ωρ(Ω, t) (2.26)

It should be noted that ρ(Ω, t) is now an average ρ, associated with a particular

value of Ω for the bath (and thus a particular value of Ĥ(Ω)). The density matrix

of the system is expressed as

ρs(t) =
∫

ρ(Ω, t) dΩ (2.27)

The above discussion holds for any Markovian or diffusive process and for any

speed of the motion.

Applied to rotational modulation, Ω refers to the values of the set of Euler an-

gles α, β, γ, which define the orientation of the molecule with respect to the labo-

ratory axes. Favro [42] shows that the diffusion equation for rotational Brownian

motion and the quantum mechanical equation for a rigid rotor are analogous. The

Markov operator for anisotropic rotational diffusion is then [42, 56]

Γ̂Ω → − ∑
p=x,y,z

Dpp Ĵ2
p (2.28)
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where Ĵp is the projection of the angular momentum operator equivalent onto the

molecule-fixed p-axis. For axially symmetric diffusion we identify the molecule-

fixed coordinates5 with the eigenframe of the diffusion tensor D with principal val-

ues D⊥ = Dxx = Dyy and D‖ = Dzz. Then the Markov operator simplifies to

Γ̂Ω → −D⊥ Ĵ2 +
(

D⊥ − D‖
)

Ĵ2
z (2.29)

with the Wigner functions as eigenfunctions and the corresponding eigenvalues:

Γ̂ΩD
(l)
m,k(Ω) =

(
−D⊥ l(l + 1) +

(
D⊥ − D‖

)
k2)D

(l)
m,k(Ω) (2.30)

Again, the D
(l)
m,k(Ω) denote Wigner matrix elements of rank l. For isotropic rota-

tional diffusion with Dxx = Dyy = Dzz ≡ D, it is simply

Γ̂Ω → −DĴ2 (2.31)

There are several methods of solving the stochastic Liouville equation [56]. If

it is possible to determine the set of eigenfunctions of the stochastic operator, the

SLE (2.26) can be expanded in terms of these. This leads to a convenient solution

for the spectral line shape, which requires the Fourier-transformed density matrix

[53]. The resulting infinite eigenfunction expansion must be truncated at a suitable

point. While combining computational feasibility with an insight into the relax-

ation processes, this method is not appropriate for the form of solution required in

this study.

A very general solution to the SLE is obtained by formally integrating it, and

expanding the resulting exponential exp
(
−i
∫ t

0 Ĥ1(t′) dt′
)

in terms of cumulants

(which are closely related to moments, but give a convergent expansion) [51, 52,
5When the principal axis system of the interaction described by Hamiltonian Ĥ1 is not aligned

with that of the diffusion tensor, this alignment must be achieved by further rotations. This is also
necessary when there are several interactions in the Hamiltonian whose eigenframes are not aligned.
This problem is treated systematically below in section 2.4. The equations presented here may be
used without modification if the diffusion tensor and the interaction tensors in the Hamiltonian are
aligned, or if we are limiting ourselves to isotropic diffusion with Ĥ1 describing interactions whose
principal axis systems are aligned.
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91]. Because of the complexity of the resulting integro-differential equation, this

method of solution is only feasible if the perturbation is secular. Under certain

conditions [51] of short correlation times, the perturbative relaxation theory dis-

cussed in the following section is recovered, including an expression for higher

order terms.

The computationally most feasible solution of the SLE employs a discretisation

of the stochastic parameter, thus solving it directly [62, 70, 86, 113, 121, 148, 156, 173,

183, 184, 185, 186]. This is the method employed here, in chapter 6. The discretisa-

tion has hitherto not been performed for rotational diffusion considering more than

one Euler angle since in the high-field case only one Euler angle, β, is important as

the secular terms in Ĥ0 dominate.

2.3 Perturbative relaxation theory

A spin relaxation theory based on an ensemble-averaged perturbation expansion

of the density operator is the most convenient and widely used approach. Its for-

mulation is primarily due to Redfield [128] and Abragam [3], with useful further

developments made by Freed and Fraenkel [54], and it is thus often referred to

as ‘Redfield theory’. It results in relatively simple prescriptions for the elements

of a time-independent relaxation superoperator ˆ̂R (often known as the ‘relaxation

matrix’ or ‘Redfield matrix’). It thus constitutes an extension of the phenomeno-

logical Bloch equations [18] which characterise the decay of magnetisation in terms

of relaxation times T1 and T2, the longitudinal (or spin-lattice) and transverse (or

spin-spin) relaxation times, respectively. Redfield theory has proved indispensable

in the context of NMR and EPR. It is applicable under conditions normally encoun-

tered in liquids, and its validity can be verified experimentally. Often, the range of

validity extends further than predicted theoretically [61, 98, 128]. A more involved

theory (for example, as outlined in the previous section) is required under condi-

tions of slow motion or near rigidity [53, 148]. However, it is possible to extend
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Redfield theory, which is essentially a second order perturbation theory, to higher

orders, so that slower motion conditions can be treated without having to resort to

a more involved stochastic approach. This generalised form of Redfield theory is

known as the cumulant expansion technique [51, 88, 91].

To date, perturbative relaxation theory has nearly always been used under high-

field conditions when the static (i.e., Zeeman) Hamiltonian Ĥ0 is much greater in

magnitude than the fluctuating perturbation Ĥ1(t). There are very few examples of

an application at low static fields, notably by Fedin et al. [43, 44, 45] in the context

of electron spin relaxation and CIDEP. Although muon spin relaxation has been

studied under zero- and low-field conditions [31], these studies have employed a

simple transition rate (rather than full relaxation matrix) treatment, which is not

sufficient in the context of radical pairs.

The validity of a perturbation theory approach at very low fields, where the per-

turbation is of similar magnitude or greater than the static interactions, has never

been explicitly demonstrated. That this approach is indeed permissible may not be

obvious, since one might expect a condition similar to
∥∥Ĥ0

∥∥ � ∥∥Ĥ1(t)
∥∥ to apply.

For example Gamliel and Levanon [56] cite this as a condition for the applicability

of Redfield theory. In the context of spin relaxation in high fields, the conditions

for the validity of Redfield theory are not always made very clear, possibly because

Redfield theory is by now so well established, and results are often confirmed ex-

perimentally. In the derivation of Redfield theory outlined here, which is mainly

based on Abragam [3], Redfield [128] and Goldman [61], special care is taken to

shed light on the conditions of validity of the theory.

The theoretical derivation presented in this section is a general formulation.

In particular, no explicit relaxation mechanism is required, and the treatment is

equally valid for all physical mechanisms provided they fulfil the basic criteria

on the nature of the stochastic process. The quantities derived here are formu-

lated with several aims in mind: a convenient estimation of their validity, a ready

comparison with higher order treatments and the cumulant expansion, comparison
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with (not always identical) formulae given in the literature, and, ultimately most

importantly, an expedient evaluation of the required relaxation matrix (or relax-

ation rates). To this end, formally equivalent expressions for the same quantities

are sometimes given. For example, whilst the relaxation matrix is usually formu-

lated in the eigenbasis of Ĥ0, an expression for its construction in another basis is

useful at low magnetic field strengths, when Ĥ0 can be diagonalised analytically

only in the simplest cases. Further, both formulations in terms of superoperators

and commutators are given as these will be useful under different circumstances.

The Hamiltonian can be split into static and dynamic (time-dependent) compo-

nents:

Ĥ = Ĥ0 + Ĥ1(t) (2.32)

We assume that the perturbation is a stationary random process, i.e.
〈

Ĥ1(t)
〉

= 0:

the ensemble of Ĥ1(t) is assumed to remain at equilibrium. In a semi-classical

relaxation theory Ĥ1(t) can be factorised:

Ĥ1(t) =
l

∑
q=−l

F(q)(t)Â(q) (2.33)

The Â(q) are operators acting only on the spin system, and F(q)(t) are random func-

tions describing the lattice dynamics. In a quantum mechanical treatment, the ran-

dom functions would be replaced by quantum mechanical operators acting on the

lattice. Note that ‘lattice’ denotes the surroundings of the spin system, i.e. com-

ponents exterior to the spin system. The indices q denote distinct mechanisms

as well as irreducible tensor components. The Hermiticity of Ĥ1(t) requires that

F(−q)(t) = F(q)∗(t) and Â(−q) = Â(q)†. Which factorisation (i.e. form of F(t) and

Â) to choose depends on the problem, and should be done to allow for convenient

correlation function evaluation.

The precise form of the correlation functions is not required here, and their eval-

uation based on a model of the motion is left until the following section (2.4). How-

ever, an understanding of their form is useful in developing Redfield theory and in
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determining its validity. Often, more or less correctly, the correlation functions are

assumed to be decreasing exponentially with a time constant τc
6 such that

Gq,q′(τ) =
〈

F(q)(t)F(q′)∗(t± τ)
〉

=
〈

F(q)(t)F(q′)∗(t)
〉

e−|τ|/τc (2.34)

This is the type of correlation function used in this work, leading to the following

form of spectral density, according to its definition in equation (2.17):

J(qq′) (ω) =
〈

F(q)(t)F(q′)∗(t)
〉( τc

1 + ω2τ2
c
− i

τ2
c ω

1 + ω2τ2
c

)
(2.35)

The imaginary component is known as the dynamic frequency shift and is usually

very small in magnitude. It results in a very small shift in the energy of the sys-

tem which could be included in a redefined static Hamiltonian, or neglected, as is

usually the case in the literature. Its experimental manifestation remains elusive as

very sensitive techniques are required for its detection [35]. While the techniques

developed in this work for the calculation of the relaxation matrix can just as easily

be used for a complex spectral density [99], the imaginary components of the J(ω)s

are vanishingly small at low fields (where ωτ2
c � 1), and the dynamic frequency

shift is consequently neglected throughout.

Substituting the form of the time-dependent Hamiltonian (2.32) into equation

(1.27), the Liouville-von Neumann, we obtain

dρ(t)
dt

= −i
[
Ĥ0, ρ(t)

]
− i
[
Ĥ1(t), ρ(t)

]
(2.36)

It is expedient to work in the interaction representation denoted by a double dag-

ger (‡). This allows us to focus on the effect of the perturbation by removing the

static Hamiltonian. (In the case of a purely Zeeman Ĥ0 this procedure corresponds

6A physically justifiable derivation of this form of the correlation function is provided below in
section 2.4.
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to the passage to the rotating frame.) The density matrix in this representation is

ρ‡(t) = T̂†(t)ρ(t)T̂(t) (2.37)

where the Hilbert propagator is given by

T̂(t) = e−iĤ0t (2.38)

and similarly Ĥ‡
1 (t) = T̂†(t)Ĥ1(t)T̂(t). The equation of motion for the density

matrix in the interaction representation becomes

dρ‡(t)
dt

= −i
[

Ĥ‡
1 (t), ρ‡(t)

]
(2.39)

By formally integrating we obtain

ρ‡(t) = ρ‡(0)− i
∫ t

0

[
Ĥ‡

1 (t′), ρ‡(t′)
]

dt′ (2.40)

This equation is rigorous. In order to obtain a first order perturbation expression,

ρ‡(t′) in the integrand is set to ρ‡(0). A second order expression (for the derivative

of ρ‡(t)) results when equation (2.40) is substituted into the commutator for ρ‡(t)

in equation (2.39).

dρ‡(t)
dt

= −i
[

Ĥ‡
1 (t), ρ‡(0)

]
−
∫ t

0

[
Ĥ‡

1 (t),
[

Ĥ‡
1 (t′), ρ(0)‡

]]
dt′ (2.41)

Letting τ = t− t′ because the perturbation is stationary,

dρ‡(t)
dt

= −i
[

H‡
1 (t), ρ‡(0)

]
−
∫ t

0

[
Ĥ‡

1 (t),
[

Ĥ‡
1 (t− τ), ρ(0)‡

]]
dτ (2.42)

This procedure can be continued indefinitely – resulting in a Taylor expansion with

time-ordering for dρ‡(t)
dt about t = 0.

The above equation is exact to second order. The observable behaviour of an en-
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semble of spin systems is described by the average density matrix 〈ρ(t)〉. Thus we

take an ensemble average of all terms. This is equivalent to considering a macro-

scopic ensemble of non-interacting spin systems: distant parts of the large system

relax independently of each other, each being subjected to a different random cou-

pling, leading to different local density matrices ρ‡. All of these spin systems have

identical ρ‡(t). Due to the stationary nature of the perturbation (
〈

Ĥ1(t)
〉

= 0), the

first term on the right hand side of (2.42) vanishes:

d
〈
ρ‡(t)

〉
dt

= −
∫ t

0

〈[
Ĥ‡

1 (t),
[

Ĥ‡
1 (t− τ), ρ(0)‡

]]〉
dτ (2.43)

As it stands, this equation is still unsolvable except in the special case of a secu-

lar perturbation, when Ĥ1 at different times commute [61]. In order to arrive at

a usable theory of relaxation, two conditions must be fulfilled: the fluctuation of

the random perturbation must be fast compared with the evolution of the density

matrix due to relaxation. Furthermore, we limit our attention to times which are

long compared with the correlation time of the perturbation such that t � τc. A

more rigorous statement of the former condition is developed below. These two

conditions result in the following simplifications to equation (2.43) [3]. The corre-

lation between H‡
1 (t) and ρ(0)‡ is neglected. It is clear that there must be such a

correlation: ρ‡(0) depends on Ĥ1 before the time t = 0. Because there is a correla-

tion between Ĥ‡
1 (t) and Ĥ‡

1 (t± τ), there is also one between these and ρ‡(0). The

correlation between Ĥ‡
1 (t) and Ĥ‡

1 (t − τ) is negligible unless τ . τc. In that case

the correlation between these two on the one hand and ρ‡(0) on the other becomes

negligible if t � τc. Thus it is permissible to average separately over ρ‡(0) and

Ĥ‡
1 (t)Ĥ‡

1 (t− τ) in the integral if t � τc. This property will be exploited when the

correlation functions are evaluated: since Ĥ1(t) is factorised into spin and lattice

parts Â and F(t), the average is performed only over the random functions F(t).

Then ρ‡(0) in the integrand can be replaced by ρ‡(t). Since the perturbation Ĥ1(t)

is ‘small’, there is a range of times that are long compared to τc but sufficiently
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short for ρ‡(0) not to change significantly. The increase in (ρ(t)− ρ(0)) /ρ(0) is of

the order

t
ρ(0)

∣∣∣∣dρ

dt

∣∣∣∣ ≈ ∣∣∣∣t ∫ t

0

〈
Ĥ‡

1 (t)Ĥ‡
1 (t− τ)

〉
dτ

∣∣∣∣ ≈ t
〈∣∣Ĥ1(t)

∣∣2〉 τc (2.44)

Thus if t� τc as well as t
〈∣∣Ĥ1

∣∣2〉 τc � 1 hold,
〈
ρ‡(0)

〉
may be replaced by

〈
ρ‡(t)

〉
in the integral. In other words, we require

1〈∣∣Ĥ1(t)
∣∣2〉 τc

� t� τc (2.45)

This is a more precise statement of the necessity for the evolution due to relaxation

of the density matrix being slow compared with the rate of fluctuation of the pertur-

bation (or T1, T2 � τc, as it is sometimes quoted as a requirement in the literature,

e.g. [39]).

In order to proceed further, we realise that the various ρ(t) in the ensemble are

equal [61] since they experience the random perturbation for many times τc so that

we can replace 〈ρ(t)〉 by ρ(t) . Finally, the upper limit of the integral is extended

to infinity. This is valid for t � τc because the integral
∫ t

0

〈
Ĥ‡

1 (t)Ĥ‡
1 (t− τ)

〉
dτ

becomes negligible when τ � τc. The resulting equation for the evolution of the

density matrix in the interaction representation is

dρ‡(t)
dt

= −
∫ ∞

0

〈[
Ĥ‡

1 (t),
[

Ĥ‡
1 (t− τ), ρ‡(t)

]]〉
dτ (2.46)

where the ensemble average is taken to be over the random functions pertaining to

Ĥ1 only. In superoperator notation this becomes

dρ‡(t)
dt

= −
(∫ ∞

0

〈
ˆ̂H‡

1 (t) ˆ̂H‡
1 (t− τ)

〉
dτ

)
ρ‡(t) (2.47)

where ˆ̂H1 is the usual commutator superoperator.

In deriving these equations, the expansion of the density matrix has been cur-
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tailed after the first two terms. That higher orders can be neglected within the

assumptions of this theory is now verified. An nth order expansion of d
dt ρ‡(t), ob-

tained by integrating equation (2.41) and substituting into the Liouville-von Neu-

mann equation (2.39) in turn, gives for the nth term Rn

Rn(t) = (−i)n
∫ t

0

∫ t1

0
. . .
∫ tn−1

0

ˆ̂H‡
1 (t) ˆ̂H‡

1 (t1) . . . ˆ̂H‡
1 (tn−1) dtn . . . dt2 dt1 (2.48)

and
dρ‡(t)

dt
=

(
∞

∑
n=1

Rn(t)

)
ρ‡(0) (2.49)

In order to be able to truncate this series at n = 2, it must be convergent and we

require R3 � R2. Applying the simplifications discussed above, and anticipating

the evaluation of correlation functions (see (2.34) and (2.35)), we find that each term

is independent of t and approximately equal to

Rn ≈
〈
|H1(t)|n

〉
τn−1

c (2.50)

and, that we can replace ρ‡(0) on the right hand side of equation (2.49) by ρ‡(t).

Subsequent terms differe by a factor

Rn

Rn−1
≈
〈
|H1(t)|2

〉1/2
τc � 1 (2.51)

That each term is much smaller than the previous one is a result of the more strin-

gent condition (2.45) already applied. These two conditions, (2.45), are thus the

only ones to fulfil to guarantee the validity of Redfield theory, and R2 can be iden-

tified with the Redfield relaxation superoperator. An extension to higher orders

can be obtained by a generalised cumulant expansion, as described by Freed [51].

It should be noted that the relative magnitudes of the static Hamiltonian Ĥ0 and

the perturbation Ĥ1(t) are irrelevant to its validity, and thus Redfield theory can be

applied at zero and low fields as well as at high fields.



2.3. Perturbative relaxation theory 69

2.3.1 The relaxation superoperator in the eigenbasis of Ĥ0

In the literature, the matrix elements of the relaxation superoperator ˆ̂R are usually

formulated in the eigenbasis of the static Hamiltonian Ĥ0. This is because under

the high-field conditions of NMR and EPR when Ĥ0 is effectively diagonal, this

is the natural choice. From this formulation and the properties of the correlation

function and thus spectral density, many useful properties of the relaxation matrix

can be derived.

An alternative definition (to (2.35)) of the spectral density is given in terms of

pairs of matrix elements of Ĥ1(t):

Jijkl(ω) =
∫ ∞

0

〈
H1(t)ijH∗1 (t− τ)kl

〉
e−iωτ dτ (2.52)

Assuming exponential decay of correlation and neglecting the dynamic frequency

shift (cf. equation (2.35)):

Jijkl(ω) =
〈

H1(t)ijH∗1 (t)kl
〉 τc

1 + ω2τ2
c

(2.53)

In the eigenbasis of the static Hamiltonian, the master equation for the density

matrix in the interaction representation (2.46) may then be written [8, 128]:

dρ
‡
αα′(t)
dt

= ∑
ββ′

ei(ωαα′−ωββ′ )tRαα′,ββ′ρ
‡
ββ′(t) (2.54)

Here, |α〉 , |β〉 denote eigenstates of Ĥ0 with eigenvalues α and β. The difference of

the latter, α− β, is written ωαβ. The relaxation superoperator elements Rαα′,ββ′ are

given by

Rαα′,ββ′ = Jαβα′β′(ωαβ) + Jαβα′β′(ωβ′α′)

− δαβ ∑
γ

Jβ′γα′γ(ωβ′γ)− δα′β′ ∑
γ

Jαγβγ(ωγβ)
(2.55)

The literature features a range of subtly differing definitions for ˆ̂R, not all of which
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yield correct results in the general case of complex spectral densities at arbitrary

field strengths. Both Ernst et al. [39] and Slichter [149] calculate the complex conju-

gate of ˆ̂R. Of course, if the dynamic frequency shift is neglected, ˆ̂R = ˆ̂R∗.

The symmetry properties of ˆ̂R warrant some special consideration. The dy-

namic Hamiltonian Ĥ1(t) is, of course, Hermitian, which results in the following

symmetry properties of the (in general complex) spectral densities:

Jαα′ββ′(ω) = J∗αα′ββ′(−ω) = Jββ′αα′(ω) = Jα′αβ′β(ω) (2.56)

It is physically necessary for the relaxation matrix to be Hermitian: its real part

should be symmetric as forward and backward relaxation rates between density

matrix elements must be equal; relaxation destroys any coherences in the system.

This requirement has also been asserted in the literature, for example by Kumar

[96]. However, the relaxation superoperator given by (2.55) is not Hermitian in

general (nor is its real part symmetric). This can be seen by considering the ele-

ments of the adjoint of ˆ̂R, for which we expect to find Rαα′ββ′ = R∗ββ′αα′ . Making use

of the symmetry properties of J(ω) outlined above in (2.56) we derive the follow-

ing:

R∗ββ′,αα′ = Jαβα′β′(ωαβ) + Jαβα′β′(ωα′β′)

− δαβ ∑
γ

Jβ′γα′γ(ωγα′)− δα′β′ ∑
γ

Jαγβγ(ωαγ)
(2.57)

It should be noted that elements for which δαβ = δα′β′ = 1 are along the matrix diag-

onal (cf. section 1.2.4 in the previous chapter) and thus do not affect the symmetry

properties of ˆ̂R. It follows from (2.57) that ˆ̂R is precisely Hermitian if

ωγα′ = ωβ′γ ∀ γ for δαβ = 1, δα′β′ = 0 (2.58)

ωαγ = ωγβ ∀ γ for δαβ = 0, δα′β′ = 1 (2.59)

These conditions are not fulfilled in general, and we find for example that, in the
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general case:

R12,13 6= R∗13,12 and R13,23 6= R∗23,13 etc. (2.60)

Secular elements (as discussed in the subsequent section) Rαα,ββ, Rαα,α and Rαβ,αβ

are not affected by this issue. Redfield recognises the problem and suggests a mod-

ification [128] in order to make ˆ̂R ‘precisely Hermitian’: substituting in the summa-

tion terms of (2.55), ωαγ for ωγβ and/or ωγα′ for ωβ′γ. This is no general solution as

it is subject to the same constraints, as those indicated in equations (2.58) and (2.59).

Chapter 3 investigates the significance of these somewhat puzzling findings.

2.3.2 The secular approximation

A commonly used simplification of the relaxation matrix is known as the ‘secular

approximation’7 All matrix elements of ˆ̂R for which ωαα′ 6= ωββ′ are neglected:

the effect on ρ‡ of the rapidly varying exponentials should be negligible. Then the

master equation for the density matrix in the interaction representation, equation

(2.54), reduces to
dρ

‡
αα′(t)
dt

= ∑′

ββ′
Rαα′ββ′ρ

‡
ββ′(t) (2.61)

The prime indicates that only terms for which ωαα′ = ωββ′ are included in the sum.

When transformed back into the laboratory frame, we obtain

dραα′(t)
dt

= −iωαα′ραα′(t) + ∑′

ββ′
Rαα′ββ′ρββ′(t) (2.62)

The only remaining non-zero elements of the relaxation matrix within the secular

approximation are Rii,ii, Rij,ij and Rii,jj (unless there are degeneracies in the system).

These have obvious physical interpretations, causing the population ρii decay, co-

herence ρij decay and population transitions ρii ↔ ρjj, respectively. The secular

relaxation matrix is always precisely Hermitian, as can bee seen from the discus-

7This is not to be confused with the similarly termed secular approximation affecting the static
Hamiltonian Ĥ0, whereby (crudely speaking) smaller off-diagonal elements in Ĥ0 are neglected. For
more details, see e.g. Levitt [100].
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sion in the previous section.

The secular approximation is only valid provided all energy differences ωαβ and

combined differences ωαα′ − ωββ′ that are not identically zero are large compared

with the relative rate of change of ρ‡,
〈∣∣Ĥ1(t)

∣∣2〉 τc. This is not the case at low

magnetic fields, nor in many other systems when there are overlapping transitions.

It should also be noted that, contrary to assertions in some publications [8, 39],

it is possible to transform the master equation (2.54) into the laboratory frame with-

out invoking the secular approximation. The result is the same as the above equa-

tion (2.62), except that there are more non-zero elements to be considered in the

relaxation matrix.

It is generally advisable, and certainly mandatory at low fields, to avoid the

secular approximation. Fortunately this simplification of the relaxation matrix is

no longer required in any case as a very efficient method of formulating the full

relaxation matrix has been developed; this will be discussed in section 3.3.

2.3.3 The relaxation matrix in a basis of choice

The above expression for the relaxation matrix in terms of spectral densities, albeit

correct, is not the most convenient form. This is because it requires ˆ̂R to be for-

mulated in the eigenbasis of the static Hamiltonian, which may not be either easily

achieved or useful for the problem to be solved. For example at low magnetic fields

it is not possible analytically to diagonalise Ĥ0 except in the simplest cases. Further-

more, a useful approximation that will be made is more easily invoked before the

formulation of ˆ̂R in terms of spectral densities J(ωij). Here, a general expression

for the relaxation matrix in an arbitrary basis is derived.

The master equation (2.46) is transformed from the interaction representation

back into the laboratory frame using relation (2.37) resulting in

dρ(t)
dt

= −i
[
Ĥ0, ρ(t)

]
−
∫ ∞

0

〈[
Ĥ1(t),

[
T̂(τ)Ĥ1(t− τ)T̂†(τ), ρ(t)

]]〉
dτ (2.63)
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Again, the Hilbert propagator is T̂(t) = e−iĤ0t. An expression for the relaxation

superoperator can be derived utilising the discussion of superoperator properties

in the previous chapter (in section 1.2.4). Let us consider

K̂ = T̂(τ)Ĥ1(t− τ)T̂†(τ) (2.64)

This is a unitary transform of the same form as in equation (1.58). It follows from

equations (1.55) and (1.56) that

ˆ̂K = ˆ̂T(τ) ˆ̂H1(t− τ) ˆ̂T†(τ) (2.65)

where ˆ̂K is the commutator superoperator corresponding to K̂. The Liouville prop-

agator is given by

ˆ̂T(t) = T̂(t)⊗ T̂∗(t) (2.66)

(For a real Ĥ0 we have T̂∗(t) = T̂†(t).)

The master equation in Liouville space can then be written as

dρ(t)
dt

=
(
−i ˆ̂H0 + ˆ̂R

)
ρ(t) (2.67)

and the relaxation superoperator is given by

ˆ̂R = −
∫ ∞

0

〈
ˆ̂H1(t) ˆ̂T(τ) ˆ̂H1(t− τ) ˆ̂T†(τ)

〉
dτ (2.68)

This superoperator ˆ̂R is the same as the one constructed using the eigenstates of Ĥ0

in equation (2.55), but can now be in any basis, chosen to fit the problem.

2.3.4 The extreme narrowing limit

When the random processes take place at a rate much smaller than the eigenvalue

differences (that is, transition frequencies in a spectrum), the limit of motional or

extreme narrowing applies. For this it is required that all eigenvalue differences be
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much greater that τ−1
c :

ω2
αβτ2

c � 1 ∀ α, β (2.69)

This condition is satisfied in the case of very short correlation times: typical rota-

tional correlation times of small organic molecules in non-viscous solvents are of

the order of 10−12 to 10−10 s. In addition, this condition is frequently satisfied for

species in low magnetic fields, where the energy level splittings are of the order

of several MHz. The validity of this condition will be explored in more detail in

subsequent chapters. It follows from the expression for the spectral density (2.35)

or (2.53) that it becomes frequency-independent:

J(ω) ' J(0) (2.70)

This considerably simplifies the computation of the relaxation matrix using its ex-

pression in terms of spectral densities (2.55):

Rαα′ββ′ = 2Jαβα′β′(0)− δαβ ∑
γ

Jβ′γα′γ(0)− δα′β′ ∑
γ

Jαγβγ(0) (2.71)

This means that ˆ̂R is now both real and symmetric (and therefore Hermitian). The

definitions of ˆ̂R in terms of J by all authors mentioned above [8, 39, 128, 149] now

reduce to the same formula.

A particularly convenient expression for the relaxation matrix in an arbitrary

basis can be obtained for the extreme narrowing condition by considering the fol-

lowing. A unitary matrix X̂ affects a transformation into the eigenbasis of the static

Hamiltonian, denoted by a superscript (0), such that Ĥ(0)
0 is diagonal with eigen-

values
[

H(0)
0

]
nn

= ωn:

X̂†Ĥ0X̂ = Ĥ(0)
0 X̂†Ĥ1(t)X̂ = Ĥ(0)

1 (t) (2.72)

It can be seen from equation (2.63) that this leads to an expression for the relaxation
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matrix (still in an arbitrary basis)

ˆ̂Rρ(t) = −X̂
(∫ ∞

0

〈[
Ĥ(0)

1 (t),
[

F̂(t, τ), ρ(0)(t)
]]〉

dτ

)
X̂† (2.73)

where

F̂(t, τ) = e−iĤ(0)
0 τ Ĥ(0)

1 (t− τ)eiĤ(0)
0 τ (2.74)

Expanding the double commutator results in terms of the form K̂ (or similar):

K̂ =
∫ ∞

0

〈
Ĥ(0)

1 (t)F̂(t, τ)
〉

dτ (2.75)

Given that Ĥ(0)
0 is diagonal and letting ωn − ωm = ωnm, a single matrix element

becomes

Kpm = ∑
n

∫ ∞

0

〈[
H(0)

1 (t)
]

pn

[
Ĥ(0)

1 (t− τ)
]

nm

〉
e−iωnmτ dτ (2.76)

Assuming a mono-exponential correlation function like that in equation (2.34) (see

also section 2.4), the integral is evaluated to the following:

Kpm = τc ∑
n

〈[
H(0)

1 (t)
]

pn

[
H(0)

1 (t)
]

nm

〉
1

1 + ω2
nmτ2

c

' τc ∑
n

〈[
H(0)

1 (t)
]

pn

[
H(0)

1 (t)
]

nm

〉 (2.77)

The contributions from the energy differences ωnm are negligible in the extreme

narrowing limit, where equation (2.69) holds. Using the same reasoning for all

terms on the right hand side of equation (2.73), we can transform it back out of the

eigenbasis of Ĥ0, and obtain the master equation in the extreme narrowing limit

dρ(t)
dt

= −i
[
Ĥ0, ρ(t)

]
− τc

〈[
Ĥ1(t),

[
Ĥ1(t), ρ(t)

]]〉
(2.78)

where the operators may be in any desired basis. The same equation is written in
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terms of Liouville space commutator superoperators as

ˆ̂R = −τc

〈
ˆ̂H1(t) ˆ̂H1(t)

〉
(2.79)

In fact, provided that the extreme narrowing condition (2.69) holds, the relaxation

matrix can be evaluated for any form of the correlation function according to

ˆ̂R = −
∫ ∞

0

〈
ˆ̂H1(t) ˆ̂H1(t− τ)

〉
dτ (2.80)

This is very useful when the form of the correlation function is more complicated

than in equation (2.34).

It is this conveniently simple formula which is valid at low magnetic fields. As

a result, there is no need to work in the eigenbasis of Ĥ0 and deal with the compli-

cated field-dependence of the eigenstates of the static Hamiltonian, as required by

the full treatment of equation (2.63). Fedin et al. [45, 44] did not exploit this sim-

plicity, which makes the expression for the relaxation matrix unnecessarily cum-

bersome in all cases where the low-field limit holds. The exact determination of the

relaxation matrix in the general case, according to equation (2.68), requires knowl-

edge of the eigenvalues and -vectors of Ĥ0. This is only possible for the simplest

systems, a nucleus-electron pair, and an electron coupled to two equivalent nuclei,

cf. [45]. For larger, and thus more realistic, spin systems with more nuclei, the relax-

ation matrix can realistically only be obtained in the extreme narrowing limit, using

equation (2.80). It would, of course, be possible numerically to diagonalise Ĥ0 for

larger spin systems. This would in principle allow the formulation of the general

relaxation matrix according to equation (2.68) or (2.55). However, this is not conve-

nient in practice because this operation would have to be performed at every field

strength and for every spin system of interest, and a large number of relaxation ma-

trices would not only be very time-consuming to evaluate, but also cumbersome to

store and retrieve in the reaction yield calculations, given their large dimension.

Thus equation (2.80) provides a direct route to the relaxation matrix even for large
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spin systems, allowing it to be formulated immediately in the basis convenient for

the application.

We have thus far assumed an exponential form for the correlation function (e.g.

(2.34)), and it will be shown below that this is indeed reasonable. Furthermore, a

formalism is developed which allows the swift evaluation of correlation functions

even in large spin systems, which is a prerequisite for the efficient calculation of the

relaxation matrix according to equations (2.79) or (2.80).

2.4 Evaluation of correlation functions

The form of the correlation function asserted above is now derived from a model of

the motion. The time-dependent Hamiltonian in molecular coordinates (denoted

by prime), expressed in terms of irreducible tensor operators, which are quantised

in the laboratory-fixed axis system, is given below:

Ĥ1(t) = ∑
l

l

∑
m=−l

cl,mT̂′l,m (2.81)

The coefficients cl,m are related to the eigenvalues of the interaction tensor. They

are time-dependent in general because of internal motions [54]. Here, however, we

assume internal rigidity for simplicity, so that the spin-spin interactions are aver-

aged over electronic and vibrational coordinates. It follows from the transforma-

tion properties under rotation of the spherical tensor operators (1.80) that

T̂′l,m = ˆ̂R(Ω)T̂l,m =
l

∑
m′=−l

T̂l,m′D
(l)
m′,m(Ω) (2.82)

The rotational superoperator ˆ̂R(Ω) effects a rotation from the laboratory-fixed to

the molecule-fixed axis system about Euler angles Ω ≡ α, β, γ. Since Ω, the ori-

entation, is a randomly varying function of time, t, the Wigner functions are also

random functions of t by D
(l)
m′,m(Ω(t)) = D

(l)
m′,m(t). In order to formulate the relax-

ation matrix to second order we must evaluate correlation functions of the form
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〈
Ĥ1(t)Ĥ∗1 (t− τ)

〉
. This requires knowledge of correlation functions of the Wigner

functions at different orientations or, equivalently, times:
〈
D

(l′)
k,m (Ω)D (l′)∗

k′,m′ (Ω′)
〉

=〈
D

(l)
k,m(t)D (l)∗

k′,m′(t + τ)
〉

8. Thus the random functions F(q)(t) in the factorisation of

the perturbation Hamiltonian (2.33) can be identified with the Wigner functions

D
(l)
k,m(t), which allow a convenient correlation function evaluation.

The Wigner function at time t + τ or orientation Ω′ is related to that at time t

or orientation Ω using the properties of the stochastic process. The second-order

correlation function for D
(l)
k,m(Ω(t)) according to equation (2.14) requires knowl-

edge of the conditional probability P(Ω|Ω′; τ) for the stationary Markov process of

rotational diffusion so that we can evaluate the integral
∫

D
(l)
k,m(Ω′)P(Ω|Ω′; τ) dΩ′.

Favro [42] shows that the probability distribution of a particle undergoing an-

isotropic random rotational reorientations can be described by a diffusion equation.

He further proves that the problem of finding the probability distribution P(Ω, t)

can be reduced to determining the eigenfunctions ψn and eigenvalues En of the

rotational diffusion operator. Using the notation of Freed [50], we have

P(Ω|Ω′; τ) = ∑
n

ψ∗n(Ω)ψn(Ω′)e−En|τ| (2.83)

For axially symmetric rotational diffusion, the eigenfunctions ψn are proportional

to the Wigner functions according to9

ψn(Ω) 7→ ψl
k,m(Ω) = (−1)k−m (2l + 1)

8π2 D
(l)
k,m(Ω) (2.84)

with corresponding eigenvalues

En 7→ El,k = D⊥l(l + 1) + (D‖ − D⊥)k2 = τ−1
l,|k| (2.85)

8Here we consider t + τ for convenience, but the result for t − τ is the same as the correlation
functions are real and even, following from the properties of the conditional probability.

9This treatment can be generalised to fully anisotropic rotational diffusion, see e.g. [42, 50, 64, 87].
In that case the eigenfunctions of the diffusion operator are linear combinations of the Wigner func-
tions. The coefficients as well as general eigenvalues are given in the literature. This generalisation is
deemed unnecessarily complicated for the present purposes.
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For isotropic diffusion this reduces to

El = D l(l + 1) = τ−1
l (2.86)

The initial distribution is assumed to be an equilibrium distribution, normalised to

P0(Ω) =
1

8π2 (2.87)

From the definition of the correlation function (2.14) we have

〈
D

(l)
k,m(Ω)D (l′)∗

k′,m′ (Ω′)
〉

=
∫∫

D
(l)
k,m(Ω)D (l′)∗

k′,m′ (Ω′)P0(Ω)P(Ω|Ω′; τ) dΩ dΩ′ (2.88)

The conditional probability in terms of Wigner functions is

P(Ω|Ω′; τ) = ∑
l,k,m

2l + 1
8π2 D

(l)∗
k,m (Ω)D (l)

k,m(Ω′)e−|τ|/τl,k (2.89)

so that the correlation function can be easily evaluated using (2.87) and the orthog-

onality property of the Wigner functions (1.82) to be

Glk,l′k′(τ) =
〈
D

(l)
k,m(Ω)D (l′)∗

k′,m′ (Ω′)
〉

=
1

2l + 1
δl,l′δk,k′δm,m′e

−|τ|/τl,|k| (2.90)

In the present work we limit ourselves to isotropic diffusion such that

Gl,l′(τ) =
〈
D

(l)
k,m(Ω)D (l′)∗

k′,m′ (Ω′)
〉

=
1

2l + 1
δl,l′δk,k′δm,m′e−

|τ|/τl (2.91)

where the correlation time τc in the general form of the correlation function in the

previous section (2.34) can be identified with τl . While an error is introduced by this

simplification, this is unavoidable as the diffusion tensor is not usually known, and

thus a simple estimate of τc based on the viscosity of the solution and an estimate

of the molecular radius is used.
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2.5 Multiple interacting spins

In real molecules there are several interacting spins. The interactions of interest

here are all bilinear (or quadratic) in the spins, as discussed in section 1.4. In a

radical, the electron-nuclear interactions dominate the inter-nuclear ones, and the

spin Hamiltonian for an electron spin S interacting with N spins Ij is of the form,

from (1.68)

Ĥ1(t) =
N

∑
j=1

Ŝ ·Mj · Îj (2.92)

In the eigenframe of each of the interaction tensors Mj, denoted by the double

prime (′′), and referred to as the principal interaction frame, PASj, we have

Ĥ1(t) =
N

∑
j=1

2

∑
m=−2

c(j)
m T̂′′(j)

2,m (2.93)

The c(j)
m are related to the eigenvalues of the interaction tensor for spin Ij, and for a

traceless rank-2 interaction M we have

c(j)
0 =

∆Mj√
6

c(j)
±1 = 0 c(j)

±2 =
δMj

2
(2.94)

where ∆Mj and δMj denote the axiality and rhombicity, respectively, of the interac-

tion on spin j, as defined by equations (1.108) and (1.109). The nuclear interaction

tensors are not in general aligned. We define, arbitrarily, a ‘molecular frame’ (MF),

which need not be aligned with any of the interaction tensors in the Hamiltonian.

(For anisotropic diffusion, this frame can be defined to be coincident with the eigen-

frame of the diffusion tensor, the principal diffusion frame, PDF.)

The tensor operators in the eigenframe of each of the interaction tensors can be

related to the tensor operators in the molecular frame, denoted by prime (′), by the

following:

T̂′′(j)
l,m = ˆ̂R(Ωj)T̂′(j)

l,m =
l

∑
k=−l

M
(l)
k,m(Ωj)T̂′(j)

l,k (2.95)

The rotation through Ωj ≡ αj, β j, γj is from the molecular frame to the tensor eigen-
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frame, that is Ωj ≡ ΩMF→PASj . The M
(l)
k,m(Ωj) are also Wigner functions. They are

distinct from the time-dependent Wigner functions D
(l)
m,k(Ω(t)), and they describe

the internal reorientations. Assuming a rigid molecular configuration, these are

time-independent. The relative internal configurations can be combined in a pa-

rameter ζ for each spin j and component k:

ζ
(j)
k =

2

∑
m=−2

c(j)
m M

(2)
k,m(Ωj) (2.96)

This is dependent on the principal values of the interaction tensor as well as its

orientation relative to the molecular frame. Then the Hamiltonian, now in the form

of equation (2.81) with time-independent coefficients, is

Ĥ1(t) =
N

∑
j=1

2

∑
k=−2

ζ
(j)
k T̂

′(j)
2,k (2.97)

Applying the (now time-dependent) rotation into the laboratory frame according

to (2.82), we have

Ĥ1(t) =
N

∑
j=1

2

∑
k=−2

2

∑
m=−2

ζ
(j)
k D

(2)
m,k(Ω(t))T̂(j)

2,m (2.98)

The angles Ω(t) ≡ α(t), β(t), γ(t) denote a time-dependent rotation from the lab-

oratory frame (LF) to the molecular frame, that is Ω ≡ ΩLF→MF. Combining the

nuclear parameter ζ and the Wigner functions into a parameter Γ(t) for each nu-

cleus j, we obtain

Ĥ1(t) =
N

∑
j=1

2

∑
m=−2

Γ(j)
m (t)T̂(j)

2,m (2.99)

where the time-dependence and the internal configurations are contained in

Γ(j)
m (t) =

2

∑
k=−2

ζ
(j)
k D

(2)
m,k(Ω(t)) (2.100)

This is a very compact form of the perturbation Hamiltonian, which allows a conve-

nient evaluation of the relaxation matrix. When large spin systems are considered,
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this simple form becomes crucial for its computation. If several interaction tensors

and their relative orientations were to be included explicitly, a hopelessly compli-

cated Hamiltonian would result, and attempts at evaluating the relaxation matrix

would be futile.

In order to determine the relaxation matrix in the extreme narrowing limit for

isotropic diffusion according to (2.79), we must evaluate correlation functions of the

following type, whose solution follows from the properties of the Wigner functions

and (2.91): 〈
Γ(j)

m (t)Γ(j′)
m′ (t)

〉
=

1
5
(−1)mδm,−m′χj,j′

1
τc

(2.101)

Thus the correlation functions can be evaluated directly from the Γ(t) without

needing to revert to the Wigner D-functions. The parameter χi,j contains all the

information about the relative orientations and magnitudes of the interaction ten-

sors for spins i and j:

χi,j = τc

2

∑
k=−2

(−1)kζ
(i)
k ζ

(j)
−k (2.102)

These are the cross-correlation coefficients. The auto-correlation coefficient for spin

Ij is given by

χj,j = τc

2

∑
m=−2

(
c(j)

m

)2
(2.103)

For example in the case of anisotropic hyperfine coupling we have

c(j)
0 =

∆Aj√
6

c(j)
±1 = 0 c(j)

±2 =
δAj

2
(2.104)

and χj,j = 1
6

(
∆A2

j + 3δA2
j

)
τc = τc

[
Aj : Aj

]
.

These relations are useful for evaluating the relaxation matrix within an isotro-

pic diffusion model (within the extreme narrowing limit according to equation

(2.79)). A more general formulation of the relaxation matrix in the extreme nar-

rowing limit, making no assumptions about the form of the correlation functions,

is given by equation (2.80). For the case of axially symmetric diffusion discussed

above define the molecular frame (MF) above to be coincident with the eigenframe
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of the diffusion tensor (PDF) and using (2.90) we obtain correlation functions of the

form10 ∫ ∞

0

〈
Γ(j)

m (t)Γ(j′)
m′ (t− τ)

〉
dτ =

1
5
(−1)mδm,−m′χj,j′ (2.105)

where χj,j′ is now

χj,j′ =
2

∑
k=−2

(−1)kζ
(j)
k ζ

(j′)
−k τ2,|k| (2.106)

where τ2,|k| is the correlation time for rank 2, component k according to equation

(2.85). The coupling of the interaction and diffusion tensors is thus contained

within this expression. These correlation functions can also be used (without the

integration over τ at this stage) to evaluate the full relaxation matrix, i.e. not in the

extreme narrowing limit, according to equation (2.68). A general analytical solution

for ˆ̂R, however, is precluded for large spin systems unless the static Hamiltonian is

secular and therefore of diagonal matrix form.

10The seemingly arbitrary integration over τ is justified by the formulation of the relaxation matrix,
which is required here only in the extreme narrowing limit, cf. (2.80). This means that the correlation
times are included in the parameter χ, which results in more elegant expression for the relaxation
rates.



Chapter 3

The Relaxation Matrix

Here we construct and analyse the relaxation matrix for rotational modulation

of the anisotropic hyperfine interaction, which is likely to be the most important

mechanism to consider at low fields for small to medium-sized organic radicals.

In these the electron-nuclear dipolar interaction is the dominant anisotropic inter-

action. The relaxation matrix is readily evaluated using the formalism discussed

in the previous chapter. The evaluation of the correlation functions in particular

becomes very simple, and we obtain the relaxation matrix in an analytical form

in all cases. We assess the form of the relaxation matrix in terms of various basis

functions to gain insight into the relaxation processes and for use in subsequent

calculations. The molecular parameters, their likely magnitudes and their effect

on the relaxation rates are discussed. It is also possible to investigate the impact

of applying simplifications when constructing ˆ̂R. Some of these, such as working

in the extreme narrowing limit only, will facilitate the evaluation of the relaxation

matrix for more complicated spin systems. For very simple spin systems, we can

obtain the relaxation matrix in the eigenbasis of the static Hamiltonian, and thus

examine the relaxation-induced transition rates between eigenstates, and their in-

teresting field dependence at low magnetic fields. Finally, we discuss the high-field

relaxation rates, which have previously been used for low-field calculations due to

the lack of a proper low field treatment. Their deviation from the low-field results
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is made clear and the effects on the spin dynamics are illustrated.

Some general remarks about the relaxation matrix, and its interpretation at high

fields, help to clarify the unusual situation at low fields.

3.1 High field - low field correspondence

The concept of the longitudinal relaxation time T1 and the transverse relaxation

time T2 is well known from magnetic resonance experiments. T1 is the decay con-

stant of the z-magnetisation, T2 of the xy-magnetisation. They were first defined by

Bloch [18] based on a classical model of magnetisation in a two-level system, that

is for an ensemble of isolated spins- 1
2 .

dMz

dt
= − 1

T1
(Mz −M0) (3.1)

dMx

dt
= − 1

T2
Mx (3.2)

dMy

dt
= − 1

T2
My (3.3)

where M0 is the equilibrium magnetisation. At low magnetic fields, it is not mean-

ingful to speak of transverse and longitudinal relaxation since the laboratory z-axis

is no longer the eigenaxis of the spin system when there are internal interactions.

It is the aim of this section to identify these relaxation times with elements in the

relaxation matrix and to outline how the description of relaxation is modified at

low fields.

The stochastic Liouville equation for an n-level system in the eigenbasis of the

static Hamiltonian (whose eigenvalue differences run along the diagonal of ˆ̂H(0)
0 ) is
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written explicitly in matrix form as:

d
dt



ρ11

ρ12

...
ρ21

ρ22

...
ρnn


=


−i ˆ̂H(0)

0 +



R11,11 R11,12 ··· R11,21 R11,22 ··· R11,nn
R12,11 R12,12

...
. . .

...

R21,11 ··· R21,21

...

R22,11

... R22,22

...
. . .

Rnn,11 ··· Rnn,21 Rnn,22 Rnn,nn







ρ11

ρ12

...
ρ21

ρ22

...
ρnn


(3.4)

The relaxation matrix elements are referred to by their Liouville indices, which aid

the identification with the rates of transition between the elements of the density

matrix. It is obvious that element Rii,ii corresponds to the decay rate of density

matrix element ρii, and Rij,ij to that of ρij. It follows from the definition of the

relaxation matrix (2.68) that these diagonal and pseudo-diagonal elements are nec-

essarily negative. The transition rates for the populations (ρii to ρjj) are given by

Rii,jj = Rjj,ii. For population conservation it is required that

∑
j 6=i

Rii,jj = −Rii,ii (3.5)

At high magnetic fields and in the absence of degenerate transitions, the only

elements of the relaxation matrix normally required are the Rii,ii, Rii,jj and Rij,ij.

There is a set of n coupled ordinary differential equations governing the evolution

of the populations. These are T1-type processes. The coherences all relax indepen-

dently, giving rise to another n
2 (n − 1) ordinary differential equations (ODEs) for

these T2-type processes. Thus (T2)ij is the decay constant for a particular coherence

ρij:

Re
{

Rij,ij
}

= −
(

1
T2

)
ij

(3.6)

In Bloch’s two-level system, there is just one transverse relaxation time, which is

the decay constant of the transverse magnetisation. T−1
1 can be identified with the

transition rate between the two states, R11,22. In general T−1
1 for the spin S of interest
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is the decay rate of the z-magnetisation of this spin, that is

T−1
1 = Tr

{∫ ∞

0

〈[
Ĥ1(t),

[
e−iĤ0τ Ĥ1(t− τ)eiĤ0τ, Ŝz

]]〉
dτ · Ŝz

}
(3.7)

It can be identified in a weakly coupled system with the sum of the rates of transi-

tions which involve a flip of spin S.

In general, however, the evolution of the density matrix is governed by n2 cou-

pled ODEs: there are more non-zero elements in the relaxation matrix. This is the

case at high fields when there are degenerate transitions (and the secular approx-

imation does not hold) and always at low fields. While the above formulae for T1

and T2 (equations (3.7) and (3.6)) still hold, the T2s are not eigenvalues of the re-

laxation matrix and the decay of
〈
Ŝz
〉

is coupled with that of other spin operators,

that is, the decay of the z-magnetisation is not a simple exponential. Instead, the

relaxation matrix is block-diagonal according to coherence order difference ∆M (in

the eigenbasis or another suitable basis, such as the product operator basis) when

the relaxation is due to an interaction bilinear in the spin operators.

Furthermore, because at low fields the eigenstates of the static Hamiltonian are

field-dependent, the elements of the relaxation matrix are also field-dependent.

Each non-zero element of ˆ̂R in the eigenbasis of Ĥ0 consists of a sum of terms

of a field-dependent function multiplied by a spectral density J(ωnm), which de-

pends on some energy difference ωnm in the system. The details are, of course,

specific to the system and relaxation mechanism. In the case of extreme narrowing,

J(ω) ' J(0), but the relaxation matrix in the eigenbasis of the static Hamiltonian is

still field-dependent. It is now no longer field-dependent in a fixed basis (such as

the product or product operator basis).

3.2 An electron-nucleus system and its relaxation rates

Some insight into relaxation processes and the importance of using a low-field re-

laxation matrix can be gained by considering a single radical, before investigat-
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ing radical pairs and magnetic field effects in the following chapter. Fedin et al.

[43, 44, 45] report a low-field relaxation matrix in the eigenbasis of the static Hamil-

tonian for this system. It has been more conveniently parametrised here, and the

validity of the approximations inherent in Redfield theory, as well as that of the

extreme narrowing limit can be ascertained. The often-used secular approxima-

tion (discussed in section 2.3.2) and the perplexing non-Hermiticity of the Redfield

matrix (see section 2.3.1) can also be investigated. The formalism for evaluating

ˆ̂R permits a ready extension to larger spin systems, which have hitherto not been

investigated.

It is instructive to examine in detail the simplest possible system, consisting

of one electron coupled to one nucleus of spin 1
2 . We focus our attention on the

isotropic Zeeman interaction of the electron with the applied magnetic field along

the laboratory z-axis and the electron-nuclear hyperfine interaction, as discussed in

the introduction (1.4). All other interactions in this system are much smaller and are

neglected. The static Hamiltonian consists of the Zeeman and isotropic hyperfine

interactions (see equations (1.84) and (1.103)):

Ĥ0 = ωŜz + aŜ · Î (3.8)

In terms of the general formalism developed in the previous chapter, the perturba-

tion Hamiltonian is (2.99) (dropping the nuclear index since we are dealing with

one nuclear spin only)

Ĥ1(t) =
2

∑
m=−2

Γm(t)T̂2,m (3.9)

Since there is only one nucleus, we obtain just one parameter χ ≡ χ1,1, as de-

fined by equation (2.103). It results from the evaluation of correlation functions

〈Γm(t)Γm′(t− τ)〉 according to (2.105) and is given here by

χ = τc
1
6
(
∆A2 + 3δA2) = τc [A : A] (3.10)
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In order to obtain the full relaxation matrix using equation (2.68), we must deter-

mine the eigenfunctions and eigenvalues of Ĥ0. These are well-known and given

by

|1〉 = |αeαn〉 E1 =
ω

2
+

a
4

(3.11)

|2〉 = c1 |αeβn〉+ c2 |βeαn〉 E2 =
1
2

√
ω2 + a2 − a

4
(3.12)

|3〉 = c2 |αeβn〉 − c1 |βeαn〉 E3 = −1
2

√
ω2 + a2 − a

4
(3.13)

|4〉 = |βeβn〉 E4 = −ω

2
+

a
4

(3.14)

Crucially, the eigenfunction coefficients c1 and c2 are field-dependent:

c1 =
1√
2

√
1 +

ω√
ω2 + a2

(3.15)

c2 =
1√
2

√
1− ω√

ω2 + a2
(3.16)

The energies E1 to E4, scaled by a, are illustrated as a function of field strength in

figure 3.1. In the high-field limit (where ω � a), we have c1 ' 1 and c2 ' 0 so

that the high-field eigenfunctions are simply the product functions |αeβn〉 etc. The

high-field energies are, to first order in a, E1 = ω
2 + a

4 , E2 = ω
2 −

a
4 , E3 = −ω

2 −
a
4 ,

E4 = −ω
2 + a

4 .

The full relaxation matrix in the eigenbasis of Ĥ0 is determined using equation

(2.68), and the correlation functions are evaluated according to equation (2.105). We

obtain a 16× 16 relaxation matrix ˆ̂R, which is block diagonal according to coher-

ence order difference ∆M: there is no cross-relaxation between elements of different

order. It should be noted that this is the case here without making the secular ap-

proximation; more generally ˆ̂R may not be block-diagonal due to cross-correlations

between different relaxation mechanisms [39]. The blocks of ˆ̂R and their constituent
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Figure 3.1: Energy levels as a function of field strength in the electron-nucleus system of
(3.8).

Liouville indices (basis states) are:

block coherence order size connected Liouville kets

ˆ̂R0 ∆M = 0 6× 6 |1, 1〉 , |2, 2〉 , |3, 3〉 , |4, 4〉 , |2, 3〉 |3, 2〉

ˆ̂R1 ∆M = 1 4× 4 |1, 2〉 , |1, 3〉 , |2, 4〉 , |3, 4〉

ˆ̂R−1 ∆M = −1 4× 4 |2, 1〉 , |3, 1〉 , |4, 2〉 , |4, 3〉 (3.17)

ˆ̂R2 ∆M = 2 1× 1 |1, 4〉

ˆ̂R−2 ∆M = −2 1× 1 |4, 1〉

Block ˆ̂R0 contains the transition rates Rii,jj, and zero-quantum coherences. Blocks

ˆ̂R1 and ˆ̂R−1 are identical and give rates for the single-quantum coherences. Blocks

ˆ̂R±2 are also identical and give the rate for the two double-quantum coherences in

the system. Within these blocks there are no zero elements in the general case.

In order to obtain an understanding of the form of the relaxation rates, we exam-

ine the secular elements Rii,jj and Rij,ij in more detail. It should, however, be noted
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that the other, non-secular, non-zero matrix elements are of no lesser importance

to the spin dynamics in the system. Their form is more complicated, and giving

them explicitly in generality would be cumbersome. The rates given here are cor-

rect for the isotropic diffusion model (i.e. mono-exponentially decaying correlation

functions), and valid at all field strengths, provided the motion is sufficiently fast,

as discussed in section 2.3. We have neglected the dynamic frequency shift, that is,

we have assumed J(ω) to be real. The error thus introduced is negligible at the low

field strengths of interest here, where Im{J(ω)} ' ω2τc
1+ω2τ2

c
. It should be noted that,

should we so wish, including dynamic frequency shifts can be achieved without

any modification of the theory. We simply omit the simplification J(ωij) = J(ωji).

Not all elements of the relaxation matrix need to be listed since they can easily be

obtained from the relations Rii,ii = −∑j 6=i Rii,jj, Rii,jj = Rjj,ii and Rij,ij = Rji,ji. The

Liouville indices are related to the matrix element indices according to (1.35). The

distinct population transition rates are

R11,22 =
1
40

σ2 J(ω12) R11,33 =
1
40

δ2 J(ω13) (3.18)

R11,44 =
1

10
J(ω14) R22,33 =

1
60

δ2σ2 J(ω23) (3.19)

R22,44 =
1

40
σ2 J(ω24) R33,44 =

1
40

δ2 J(ω34) (3.20)

The following functions of the coefficients c1 and c2 are defined for compactness:

σ = c1 + c2 δ = c1 − c2 µ = c1c2 (3.21)

Each rate is proportional to a product of the anisotropy parameter χ, a function of

the wavefunctions coefficients c1 and c2, and a spectral density depending on the

difference in energies between the two states involved in the transition.

All distinct elements Rij,ij = Rji,ji describing the decay of coherences are given

below. They are more complicated sums of spectral densities. Except for R14,14, they

are strongly field-dependent at low fields due to the coefficients (see also figures 3.3
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and 3.5).

R12,12 = − 1
240

(
8(µ2 + σ2)J(0) + 6σ2 J(ω12) + 3δ2 J(ω13)

+ 12J(ω14) + 2σ2δ2 J(ω23) + 3σ2 J(ω24)
) (3.22)

R13,13 = − 1
240

(
8(δ2 + µ2)J(0) + 3σ2 J(ω12) + 6δ2 J(ω13)

+ 12J(ω14) + 2σ2δ2 J(ω23) + 3δ2 J(ω34)
) (3.23)

R14,14 = − 1
240

(
3σ2 J(ω12) + 3δ2 J(ω13) + 24J(ω14)

+ 3σ2 J(ω24)) + 3δ2 J(ω34)
) (3.24)

R23,23 = − 1
240

(
32µ2 J(0) + 3σ2 J(ω12) + 3δ2 J(ω13)

+ 4σ2δ2 J(ω23) + 3σ2 J(ω24) + 3δ2 J(ω34)
) (3.25)

R24,24 = − 1
240

(
8(µ2 + σ2)J(0) + 3σ2 J(ω12) + 12J(ω1,4)

+ 2σ2δ2 J(ω23) + 6σ2 J(ω24) + 3δ2 J(ω34)
) (3.26)

R34,34 = − 1
240

(
8(δ2 + µ2)J(0) + 3δ2 J(ω13) + 12J(ω14)

+ 2σ2δ2 J(ω23) + 3σ2 J(ω24) + 6δ2 J(ω34)
) (3.27)

It can be seen that each rate Rij,ij combines terms depending on the spectral densi-

ties J(ωin) and J(ωjn), where n = 1, 2, 3, 4. The (c1- and c2-dependent) coefficients

for each contributing J-term are always the same. The remaining (non-secular) ma-

trix elements cause the matrix to be non-symmetric (and non-Hermitian when the

dynamic frequency shift is included). For example R22,23 6= R23,22, R12,13 6= R13,12.

The difference here lies purely in the frequency of the spectral density. For example

R22,23 = − 1
240

σδ (8µJ(0)− 3 (J(ω13) + J(ω34))) (3.28)

R23,22 = − 1
240

σδ (8µJ(ω23)− 3 (J(ω12) + J(ω24))) (3.29)

Though intriguing, this and the other asymmetries are negligible in practice: at
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very low fields, the extreme narrowing limit applies (see below), and the frequency

factors in the spectral densities vanish. At high fields, however, the ωij that cause

the asymmetries become almost identical (ω23 ' ω14 etc.) and the secular approxi-

mation holds, making this matrix element insignificant.

At zero field (ω = 0), we have c1 = c2 = 1√
2
, and E1 = E2 = E4 = 1

4 a, E3 = − 3
4 a

and

R11,22 =
1

20
J(0) R11,44 =

1
10

J(0) R22,33 =
1

20
J(0) (3.30)

R11,33 = R22,33 = R33,44 = 0 (3.31)

All distinct coherence self-relaxation rates are

R12,12 = R24,24 = −1
5

J(0) (3.32)

R13,13 = R34,34 = − 1
12

J(0) (3.33)

R14,14 = − 3
20

J(0) (3.34)

The only other non-zero relaxation rates are

R12,24 = R21,42 = − 1
20

J(0) (3.35)

There are now many zero elements in the relaxation matrix blocks. There are no

relaxation-induced transitions to or from state |3〉 = 1√
2
(|αeβn〉 − |βeαn〉) and no

coherence cross-relaxation rates except for R12,24 and R21,42. Thus many relaxation

transitions that do not exist at zero field are opened up at low fields. Furthermore,

the rates of some of these transitions are strongly field-dependent, especially at

low fields, due to the dependence of the relaxation rates on the wavefunction coef-

ficients. These effects are illustrated for an isotropic diffusion model in figures 3.2

to 3.5.

The relaxation rates are affected by a number of parameters: the field strength ω,



3.2. An electron-nucleus system and its relaxation rates 94

the isotropic hyperfine coupling constant a, the anisotropy parameter χ and the cor-

relation time τc. We can work in dimensionless reduced units so that all parameters

are expressed relative to the isotropic hyperfine constant (see also section 4.4.1)

χr =
χ

|a| τcr = τc|a| [A : A]r =
[A : A]
|a|2 ωr =

ω

|a| (3.36)

The correlation time lies between several nanoseconds and picoseconds, depend-

ing on the viscosity of the solvent (and therefore the temperature), and the size of

the molecule. A typical size for a hyperfine coupling in a carbon-centred radical

is rarely more than 1 mT, so that we obtain for τcr realistic values between 10−5

and 0.1, though these can be greater for radicals with a larger a. The anisotropy

parameter [A : A] is composed of the axiality ∆A and rhombicity δA of the hyper-

fine interaction tensor. Both of these range from much smaller than a to somewhat

greater than a (see also section 1.4.2), where the rhombicity is normally smaller

than the axiality. Thus [A : A]r ranges from zero (for a purely isotropic hyperfine

interaction) to approximately 10.

The population transition rates Rii,jj and coherence decay rates −Rij,ij for two

different correlation times, τcr = 10−4 and τcr = 10−2 are shown in figures 3.2 to

3.5 within an isotropic diffusion model. The full expressions (3.18) to (3.27) includ-

ing spectral densities are used for evaluating the elements of ˆ̂R. For a hyperfine

coupling of a ≈ 1 mT, τcr = 10−4 corresponds to a correlation time τc of approxi-

mately 1 ps, and τcr = 10−2 to about 0.1 ns, thus covering both fast and rather slow

regimes of rotational motion for small molecules. Almost all relaxation rates (also

those not shown) are strongly dependent on the field strength at very low fields

(below ωr ' 5). Rates involving states |1〉 and |4〉 only, such as R11,44 and R14,14,

are field-independent. Some relaxation rates, as indicated, are identical at very low

fields. Relaxation-induced transitions to and from state |3〉 are forbidden at zero

field, and rates involving this state increase strongly at low fields. The relaxation

rates are displayed scaled by χ = [A : A] τc: there is very little dependence on the
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Figure 3.2: Relaxation-induced transition
rates between eigenstates as in 3.1. τcr =
10−4. Rii,jj is the rate between states |i〉 and
|j〉, as indicated.

Figure 3.3: Relaxation-induced decay of co-
herences. τcr = 10−4. −Rij,ij is the rate
of decay of coherence |i, j〉 and |j, i〉, corre-
sponding to the eigenstates indicated in fig-
ure 3.1.

Figure 3.4: Relaxation-induced transition
rates between eigenstates as in 3.1. τcr =
10−2. Rii,jj is the rate between states |i〉 and
|j〉, as indicated.

Figure 3.5: Relaxation-induced decay of co-
herences. τcr = 10−2. −Rij,ij is the rate
of decay of coherence |i, j〉 and |j, i〉, corre-
sponding to the eigenstates indicated in fig-
ure 3.1.

correlation time in the denominator of the spectral densities, and figures 3.2 and 3.4

as well as 3.3 and 3.5, respectively, show identical rates at very low fields. At higher

fields the frequency-dependence of the spectral densities causes a decrease in the

relaxation rates. This manifests itself for the larger τcr = 10−2 from ωr & 5 to 10,

but for τcr = 10−4 the rates remain virtually unaffected at the field strengths shown

here. The field-dependence of the relaxation rates due to that of the low-field eigen-

functions, and that of the spectral densities thus occur at different values of ωr, and

it is the former effect which is of particular interest here. The other non-zero re-

laxation rates (not shown) are also almost all strongly field-dependent at very low
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fields, and most are zero at zero field. All relaxation rates are proportional to χ,

and the largest rates are of the order of ± 1
5 χ. In terms of the reduced variables, we

have Rij,kl ≤ | a5 χr|, which is not normally greater than 0.01a for the anisotropies

and correlation times encountered here.

The validity of using Redfield theory requires fulfilment of the condition in in-

equality (2.45).
〈
|Ĥ1(t)|2

〉
τc can be equated with an element of the relaxation ma-

trix, and the validity condition must be fulfilled for the largest element of ˆ̂R. Here,

we need
1
5

χτc � 1 (3.37)

or, equivalently, in terms of reduced parameters

1
5

χrτcr � 1 (3.38)

Thus whether the Redfield expressions are valid depends on the relative sizes of

the anisotropy and the correlation time. For a large [A : A]r ≈ 5, a ≈ 1 mT and

a long correlation time of τc ≈ 5 × 10−10 s, the left-hand side of (3.37) or (3.38)

is still two orders of magnitude smaller than 1, and Redfield theory can safely be

used. The same applies to still longer correlation times with a less large [A : A]r.

There are indications that the validity interval of Redfield theory extends to slower

motion than predicted [98]. It will be seen in chapter 6, in the context of radical pair

reactions, that the Redfield relaxation rates produce the correct observable even

when the Redfield condition is violated.

3.2.1 High-field relaxation rates

Traditionally in the context of EPR and similar applications, the high-field approx-

imation is used for the relaxation rates [8]. At high fields (ω � a), the high field

eigenstates |1〉 = |αeαn〉, |2〉 = |αeβn〉, |3〉 = |βeαn〉 and |4〉 = |βeβn〉, with zeroth
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order energies E1 = E2 = ω
2 and E3 = E4 = −ω

2
1. The secular approximation does

not hold because there are degeneracies in the system (or overlapping transitions

if the energies are considered to first order in a). It is thus not correct to assert that

the only non-zero elements in ˆ̂R are the transition rates Rii,jj and coherence decay

rates Rij,ij (as Fedin et al. do [44]) when the full spin dynamics at high fields are to

be correctly accounted for. It is thus too simplistic, even at high fields, to describe

the effect of relaxation as causing the decay of coherences (due to Rij,ij) and the

attainment of equilibrium populations, due to Rii,jj and Rii,ii since coherence cross-

relaxation transitions also contribute. The high-field approximation for the secular

elements (which are not the only ones to consider) can be obtained from the full

low-field expressions (3.18) to (3.27) by substituting the high-field values for the

coefficients and the energies to the desired order. To zeroth order we obtain

R11,22 =
1
40

J(0) R11,33 =
1

40
J(ω) (3.39)

R11,44 =
1
10

J(ω) R22,33 =
1
60

J(ω) (3.40)

R22,44 =
1
40

J(ω) R33,44 =
1
40

J(0) (3.41)

All distinct coherence self-relaxation rates Rij,ij = Rji,ji are

R12,12 = R13,13 = R24,24 = R34,34 = − 1
120

(7J(0) + 10J(ω)) (3.42)

R14,14 = − 1
40

(J(0) + 5J(ω)) (3.43)

R23,23 = − 1
120

(3J(0) + 5J(ω)) (3.44)

1If desired the energies modified to first order in a are used: E1 = ω
2 + a

4 , E2 = ω
2 −

a
4 , E3 =

−ω
2 −

a
4 , E4 = −ω

2 + a
4 .
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Figure 3.6: The transition rates Rii,jj for τcr = 10−3, scaled by χ. The coloured lines are
the exact result between pairs of states, as shown in figure 3.2. The annotated rates are
calculated using the high-field approximation of zeroth order in the energies. R11,44 is the
same for this approximation; all other rates differ significantly at low fields.

The inadequacy of the high-field approximation in describing low-field relax-

ation rates is illustrated in figure 3.6. This shows the transition rates at low mag-

netic fields, labelled as before in figure 3.2. The rates calculated using the high-field

eigenfunctions and zeroth order energies are as indicated. Sufficient agreement

with the correct rates is not achieved for ωr . 20. The rates unaffected by the

high-field approximation are those involving states |1〉 and |4〉 only, as these are

independent of the coefficients c1 and c2. No significant improvement would be

achieved if the spectral densities were modified to include the correct low-field

energy level separations: the field-dependence at very low fields is entirely due

to the field-dependence of the wavefunctions, as the extreme narrowing condition

applies. Only at higher fields (ω ≈ a) where the extreme narrowing condition

breaks down do we see an improvement when the high field relaxation rates with

modified energies are used.
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3.2.2 Validity of the extreme narrowing limit

The validity of the extreme narrowing approximation at low fields is demonstrated

in figure 3.7. The scaled deviation of two selected relaxation rates in the extreme

narrowing limit from the correct value is shown for a range of correlation times.

This is defined here as

∆Rij,kl =
R(exnar)

ij,kl − Rij,kl

Rij,kl
(3.45)

The transition rate R11,33 is chosen as it depends on the largest energy difference

in the system, ω13, where the deviation is most pronounced. The coherence decay

rate R24,24 on the other hand depends on a combination of spectral densities, not

including J(ω13). It can be seen that, even for rather large τcr = τca, the error

introduced remains tolerably low. For example, for a typical correlation time of

10 ps and an isotropic hyperfine coupling of 1 mT, we have τcr ≈ 10−3, and the error

is negligible. For a larger correlation time of ca. 0.1 ns and hyperfine coupling of

1 mT, we have τcr ≈ 0.01 (green line in figure 3.7). The error reaches a maximum of

4% at ωr = 20, but remains below 0.3% up to ωr = 5. It is for very large correlation

times (e.g. 1 ns, so that τcr = 0.1 when a ≈ 1 mT), that the extreme narrowing

approximation is of limited validity. The maximum error is 3% at ωr = 1, and rises

to 30% for ωr = 5).

3.2.3 The product operator basis

Obtaining the relaxation rates between eigenstates and the decay rates of state co-

herences provides for considerable insight into the effect of relaxation processes on

populations and coherences, as well as for ready comparison of the exact results

with the high-field and secular approximations. The observables to be calculated

dictate which form of the relaxation matrix is the most convenient. Here, express-

ing the relaxation matrix in a fixed, i.e. field-independent, basis is considerably

more convenient for a number of reasons. At low fields, where the extreme nar-

rowing limit is valid, we can formulate the relaxation matrix directly from ˆ̂H1(t),
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Figure 3.7: Plot showing the scaled difference defined by equation (3.45) between the full
rate and the extreme narrowing limit rate, for a range of correlation times.

which can be in any basis, cf. equation (2.79). The resulting expressions for the re-

laxation rates are then not field-dependent (since Ĥ1(t) is field-independent here),

and there is no complicated dependence on the wavefunction coefficients as in

equations (3.18) to (3.27). By choosing the product operators described in section

1.2.5 as Liouville space basis states, we obtain a relaxation matrix that is block-

diagonal according to the difference in coherence order between the Liouville kets.

Some observables, such as the decay of the z-magnetisation of an ensemble of spins,

are naturally expressed in this basis. It also provides for expedient singlet yield cal-

culations, as will be described in the following chapter.

A matrix element of a superoperator, for example of ˆ̂R, in the product operator

basis is

ˆ̂RP̂j,P̂k
= 〈P̂j| ˆ̂R|P̂k〉 (3.46)

As discussed in section 1.2.4, the Liouville ket
∣∣P̂k
〉

is the row-wise flattened opera-

tor P̂k, and accordingly the Liouville bra
〈

P̂k
∣∣ is its conjugate transpose. The product

operators for a chosen set of generating operators B̂gen are constructed as explained

in section 1.2.5. In order to obtain an entire Liouville space matrix in the product
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operator basis, denoted by a superscript (Ω), we require a unitary transform

ˆ̂R(Ω) = ˆ̂Ω† ˆ̂R ˆ̂Ω (3.47)

It follows from (3.46) that the columns of the matrix form of ˆ̂Ω are the kets
∣∣P̂k
〉
. For

a system of N spins- 1
2 , as discussed in section 1.2.5, this matrix is of size 4N × 4N .

ˆ̂Ω =


∣∣P̂1
〉 ∣∣P̂2

〉
. . .

∣∣P̂4N
〉


(3.48)

It follows from the orthogonality property of the product operators (1.66) that

ˆ̂Ω† ˆ̂Ω = 1 (3.49)

It was shown in the previous section that the relaxation matrix is block-diagonal

according to coherence order difference ∆M. Thus it is block-diagonal in the prod-

uct operator basis when the shift operator generating set (1.62) is used. An example

of a product operator for the two-spin system used here is, according to equation

(1.63) or (1.65):

P̂SzS+ = Ŝz ⊗
Ŝ+√

2
(3.50)

This operator is referred to for short as ŜzŜ+, etc. for the other operators. The blocks
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of ˆ̂R(Ω) and the connected states are:

block coherence order size connected Liouville kets

ˆ̂R(Ω)
0 ∆M = 0 5× 5

∣∣ŜzÊ
〉

,
∣∣ÊŜz

〉
,
∣∣Ŝ+Ŝ−

〉
,
∣∣Ŝ−Ŝ+

〉
,
∣∣ŜzŜz

〉
ˆ̂R(Ω)

1 ∆M = 1 4× 4
∣∣Ŝ+Ê

〉
,
∣∣ÊŜ+

〉
,
∣∣Ŝ+Ŝz

〉 ∣∣ŜzŜ+
〉

ˆ̂R(Ω)
−1 ∆M = −1 4× 4

∣∣Ŝ−Ê
〉

,
∣∣ÊŜ−

〉
,
∣∣Ŝ−Ŝz

〉 ∣∣ŜzŜ−
〉

(3.51)

ˆ̂R(Ω)
2 ∆M = 2 1× 1

∣∣Ŝ+Ŝ+
〉

ˆ̂R(Ω)
−2 ∆M = −2 1× 1

∣∣Ŝ−Ŝ−
〉

It should be noted that the ˆ̂R(Ω)
0 block is of size 5× 5 instead of 6× 6 as above in 3.17.

This is because any transition involving the unit ket
∣∣ÊÊ

〉
is zero. No other elements

in the relaxation matrix blocks are zero in general. The full relaxation matrix in the

product operator basis, ˆ̂R(Ω), is thus block-diagonal and has slightly fewer non-

zero elements than that in the eigenbasis of Ĥ0, but no significant simplification is

achieved: the relaxation rates still possess a complicated dependence on c1 and c2

by virtue of the ˆ̂T(τ) in (2.68) since we require matrix exponentials of Ĥ0.

It is in the extreme narrowing limit that the relaxation rates between the product

operator kets obtain a very simple form. Furthermore, there are many fewer non-

zero relaxation rates, and these can easily be summarised. An element of the re-

laxation matrix coupling e.g. operators ŜzÊ and Ŝ+Ŝ− is written RzE,+− for brevity.

In the ∆M = 0 block ˆ̂R(Ω)
0 , we have the product operator decay rates (diagonal

elements)

RzE,zE = REz,Ez = −10
χ

60
(3.52)

R±∓,±∓ = −4
χ

60
(3.53)

Rzz,zz = −6
χ

60
(3.54)
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and cross-relaxation rates (off-diagonal elements)

RzE,Ez = −5
χ

60
(3.55)

R+−,−+ =
χ

60
(3.56)

R±∓,zz = 3
χ

60
(3.57)

In the ∆M = ±1 blocks the decay rates are

R±E,±E = RE±,E± = −7
χ

60
(3.58)

Rz±,z± = R±z,±z = −7
χ

60
(3.59)

and the cross-relaxation rates are

RE±,±E = −5
χ

60
(3.60)

Rz±,±z = −2
χ

60
(3.61)

For ∆M = ±2 we have

R±±,±± = −9
χ

60
(3.62)

The only relaxation rates that are non-negative (note the definition of ˆ̂R, (2.80)) are

the cross-relaxation rates which involve
∣∣Ŝ±Ŝ∓

〉
. This formulation of the relaxation

matrix is independent of the field strength (provided the extreme narrowing limit

is valid), and all field-dependent behaviour is contained within ˆ̂H0, which is not di-

agonal in the product operator basis at low fields, but has the same block-diagonal

structure as ˆ̂R. This basis is a natural choice when expectation values (or similar ob-

servables) of product operators are required. It should be noted that there is now

no obvious distinction between secular and non-secular elements of the relaxation

matrix. In the isotropic approximation all relaxation rates are proportional to χ, i.e.

the hyperfine anisotropy and the correlation time. All non-zero rates are of similar

magnitude, ranging from | χ
60 | to |10 χ

60 |.



3.3. Larger spin systems 104

3.3 Larger spin systems

In real radicals the electron typically interacts with more than one nucleus. All

anisotropic interactions contribute to the relaxation. Here we examine how the re-

laxation matrix can be formulated at low fields for larger spin systems, a subject

which has hitherto not been touched. Since the size of the matrices required in-

evitably grows exponentially with the number of spins, the relaxation matrix and

Hamiltonian, which are both needed in Liouville space, become large. An efficient

algorithm is vital for the construction of the relaxation matrix for larger spin sys-

tems. A novel Mathematica implementation is presented; this renders the evaluation

of large relaxation matrices possible for the first time. The relaxation rate between

any pair of operators for any number of spins is easily obtained from a set of rules,

thus allowing the construction of (a block of) the relaxation matrix for any size spin

system, provided the matrix size does not exceed the computational capabilities.

3.3.1 Matrix sizes

Here we consider nuclear spins of I = 1
2 only, although in principle the treatment

can be generalised by using the appropriate spin operators to generate the tensors

T̂2,m. As discussed in sections 1.2.4 and 1.2.5, the Liouville space for N spins- 1
2 is

spanned by
(
2N)2 = 4N Liouville kets, for example product operators. Both ˆ̂H0

and ˆ̂R are block-diagonal according to coherence order ∆M in the product operator

basis. For N spins- 1
2 , a block of coherence order q has size 2NCq+N , where q can take

2N + 1 values of N, N− 1, . . . , 0, . . . ,−N. The sizes of the matrix blocks in Liouville

space are shown in table 3.1.

3.3.2 Algorithm and implementation

Attempting to construct the relaxation matrix would be a futile undertaking with-

out several crucial achievements: the compact form of Hamiltonian Ĥ1(t) reduces

to a minimum the number of correlation functions that need to be determined. The
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n 4N ∆M block size

1 16
0 6
±1 4
±2 1

2 64

0 20
±1 16
±2 6
±3 1

3 256

0 70
±1 56
±2 28
±3 8
±4 1

4 1024

0 252
±1 210
±2 120
±3 45
±4 10
±5 1

n 4N ∆M block size

5 4096

0 924
±1 792
±2 495
±3 220
±4 66
±5 12
±6 1

6 16384

0 3432
±1 3003
±2 2002
±3 1001
±4 364
±5 91
±6 14
±7 1

7 65536

0 12870
±1 11440
±2 8008
±3 4368
±4 1820
±5 560
±6 120
±7 16
±8 1

Table 3.1: The sizes of the blocks in ˆ̂R and ˆ̂H0 for an N spin system with n nuclei (I = 1/2).
The Liouville space dimension is 4N , and the sizes of the blocks corresponding to the ∆M
are shown on the right.

evaluation of the correlation functions is optimised through the use of Mathematica

UpValues [2]. The entire relaxation matrix is generated directly without needing to

handle individual relaxation rates, which would be cumbersome at best, and im-

possible, unless ingeniously automated, for larger spin systems due to the large

matrix sizes involved. The implementation is sufficiently general so that any de-

sired number of spin- 1
2 nuclei can be incorporated – currently up to a maximum

of six due to memory constraints as the matrix sizes involved become very large

(cf. table 3.1). Some of the generality (regarding the relaxation mechanism and the

type of spin system) of the procedure described by Kuprov, Wagner-Rundell and
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Hore in [99] is sacrificed here for efficiency, which is necessary for the construc-

tion of the often large relaxation matrices. The relaxation mechanism is one type

of rank-2 electron-nucleus interaction, such as the anisotropic hyperfine interac-

tion. (An anisotropic Zeeman interaction could also be considered.) The relaxation

matrix is evaluated within the extreme narrowing limit only. This is valid at low

fields provided τc is not too large, as discussed above. Consideration of frequency-

dependent spectral densities is impossible analytically when more than a single

nucleus is present, since the static Hamiltonian Ĥ0 is not diagonal2. The optimised

Mathematica 5.2 algorithm is presented and explained below. The code is very com-

pact and can be reproduced here in full.

1. Define general functions and load the required package.

The Kronecker tensor product (⊗) is defined as IP for an arbitrary number

of matrices in succession, denoted by the triple underscore. This results, for

example, in the operation A⊗ B⊗ C → IP[A, B, C]. ExtractDiag[A] forms a

list (row vector) of the diagonal elements of matrix A. UpperDiag[A] sets all

elements on the lower diagonal of matrix A to zero, retaining only elements

Aij ∀ i ≤ j. Finally, MakeLiouv[A] constructs the commutator superoperator

(in matrix form) corresponding to operator Â.

2. Specify the number of spin- 1
2 to include (up to 6).

An example with four nuclei is chosen here.

2Ĥ0 can be diagonalised when multiple nuclei are considered, provided they are all equivalent. In
such cases an analytical form of ˆ̂R with field-dependent spectral densities could be obtained.
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3. Define spin matrices for each nucleus j.

The single-spin matrices as given by equation (1.24) are defined such that

Ŝ+ → sp, Ŝ− → sm and Ŝz → sz. The identity matrix is 12 → I2.

The spin matrices are scaled up such that the operator for the jth nucleus is

given by the direct product with the appropriate single-spin operator in the

jth position. The subscript on 1 denotes its matrix size.

Î(j)
q = 12(j−1) ⊗ Ŝq ⊗ 12(numNuc−j) (3.63)

4. Construct rank-2 tensors for each electron-nucleus couple e, nj.

The tensor operators are defined in equations (1.73) to (1.75). Here we use

spin operators appropriate for the size of the spin system.

5. Evaluate the Hamiltonian and construct the corresponding commutator superopera-

tor.

The Hamiltonian is evaluated according to equation (2.99). All information

about the internal configuration is contained within the Γ(j)
m (t)→ Γ[j, m].
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6. Specify UpValues for the evaluation of correlation functions.

The correlation functions are specified as given by equation (2.101). The up-

value ensures that the symbolic processing kernel replaces any product of

the form Γ(i)
k (t)Γ(j)

m (t + τ) with 1
5 (−1)k χi,jδk,−m whenever it occurs during

an evaluation. This is in marked contrast to simple Replace directives, which

are only applied once, rather than every time a suitable match is encountered.

An upvalue (∧ :=) rather than a plain assignment (:=) for the correlation func-

tions is crucial. An assignment is associated with the outermost object, which

is multiplication operator in this case, and referred to every time this object is

encountered [2]. This would result in a dramatic slow-down in performance,

and render the evaluation of the relaxation matrix unfeasible for spin sys-

tems with more than a few nuclei. The upvalue, on the contrary, associates

the given rule with the second object from the top [2], which are the Γ(t)-

functions, thus resulting in optimal performance.

7. Evaluate ˆ̂R (in the product basis).

Since the evaluation of correlation functions requires expanding all terms,

this costly operation is performed on the upper diagonal of the relaxation

matrix only. The full relaxation matrix is then constructed by exploiting its

symmetry.

8. Transform ˆ̂R into another basis, if desired.

For the singlet yield calculations performed in chapters 4 and 5, the product

operator basis is convenient. A pre-defined package containing the new basis

vectors is loaded.
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The required ∆M = 0,−1 blocks rather than the whole matrix are determined

by using only the relevant operators. Ω0 denotes a matrix with all product

operators
∣∣P̂k
〉

of coherence order ∆M = 0 as columns, i.e. it is a selection

of the columns in ˆ̂Ω as described in section 3.2.3. Similarly, Ωm1 corresponds

to a matrix consisting of the product operators
∣∣P̂k
〉

with ∆M = −1. Since ˆ̂R

is block-diagonal in the product operator basis, the two blocks required for

the singlet yield calculation (as discussed in the following chapter in section

4.2) can be obtained directly, without having to multiply by the entire matrix

ˆ̂Ω, thus substantially reducing the operation count, given the large matrix

sizes involved. Other blocks of ˆ̂R(Ω) could, of course, be obtained in a similar

manner.

The method described conveniently and efficiently evaluates the relaxation ma-

trix, within the extreme narrowing limit, for a spin system in which an electron is

coupled to up to six spin- 1
2 nuclei. Compact analytical forms are obtained for the

relaxation rates in the, often large, matrices. This allows for some insight into the

relaxational dynamics to be gained by inspection. Their compact form is useful in

other applications: the ˆ̂R for a number of coupled nuclei (1 to 6) are exported for

subsequent use in numerical calculations in Matlab for sets of specific molecular

parameters.

With few adaptations it is also possible to obtain the full relaxation matrix in-

cluding spectral densities when Ĥ0 can be diagonalised analytically. The Hamil-

tonian Ĥ1 is formulated in the eigenbasis of Ĥ0 and the kernel of the general ex-

pression for ˆ̂R (equation (2.68)) is set up. The correlation functions are evaluated

as before. The final step is the integration in (2.68), thus evaluating the spectral

densities. A custom-built integrator (as described in [99]) is used for this.
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The key components of the algorithm, the compact formulation of the Hamil-

tonian Ĥ1 and the evaluation of the correlation functions, could be employed in

future in different spin systems, for example with I 6= 1
2 , or for different relaxation

mechanisms.

3.3.3 Non-zero relaxation rates

The relaxation matrix constructed above can be used directly in calculations, for

example within the stochastic Liouville equation (see section 4.2). A brief investi-

gation of the form of relaxation transitions, as well as the connected states, arising

from this mechanism provides some insight into relaxation effects, as well as al-

lowing more general conclusions to be drawn about larger spin systems.

It is possible to derive general rules that prescribe the elements of the relaxation

matrix for a radical coupled to an arbitrary number of nuclei through anisotropic

hyperfine interactions. Not only does this summarise the type of allowed relax-

ation processes, but it also enables the determination of the relaxation rate between

any pair of operators in a spin system of arbitrary size, provided the interactions

are of the same general form as prescribed by Hamiltonian (2.99). All non-zero

contributions to the relaxation rates between pairs of product operators (including

self-relaxation rates) are listed below in tables 3.2 to 3.5. In every case, the contribu-

tion is only made if all other nuclear product operators remain constant during the

transition. Throughout we consider relaxation-induced transitions between prod-

uct operators of the form P̂j and P̂k, as discussed in section 3.2.3. All relaxation rates

obey the following rules.

The relaxation matrix must be block diagonal with respect to coherence order

∆M. That is, there are no relaxation-induced transitions between product opera-

tors P̂j of different coherence order. Each couple of electron-nucleus spin operators

constituting the product operators P̂j and P̂k contributes to the overall relaxation

matrix element ˆ̂RP̂j,P̂k
= 〈P̂j| ˆ̂R|P̂k〉, provided the other nuclear spin operators re-

main constant during the transition. Similarly, triads of operators (for the electron
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e ni contribution
×χi,i/60

E± −10
E z −10
±E −10
±± − 9
±∓ − 4
± z − 7
z E −10
z± − 7
z z − 6

Table 3.2: Self-relaxation, contribution
1/60χi,i for each nuclear product operator i

e ninj contribution
×χi,j/60

E±± −10
E±∓ +10
z±± − 4
z±∓ + 4
+±± − 3
+±∓ + 3
−±± − 3
−±∓ + 3

Table 3.3: Self-relaxation, contribution from
cross-correlations χi,j, for each eninj triad of
operators

and two nuclear spins) contribute to the relaxation rate if all other contributing

spin operators remain unchanged. Contributions to the transition rate from a pair

of product operators for the electron and nucleus i, while all other nuclear product

operators remain unchanged during the transition, are a multiple of χi,i. There can

be no change of coherence order for the two contributing product operators: tran-

sition (eni)init → (eni)fin with arbitrary, but constant, other nuclear operators must

maintain the coherence order of (eni) in order to contribute to the relaxation rate.

Contributions for a triad of product operators eninj with all other nuclei constant

are a multiple of χi,j. Again there can be no change of coherence order for the triad

(i.e. ∆M is conserved).

The precise contributions are given in tables 3.2 to 3.5. The electron spin is

labelled e, the ith nucleus ni. For example, the triad eninj = zE±, with i = 1 and

j = 3 with a total of six nuclear spins, corresponds to the product operator

P̂SzEX2S±X4X5X6 → ŜzÊX̂Ŝ±X̂X̂X̂ for short (3.64)

where X̂ is an arbitrary operator from the basis set {Ê, Ŝz, Ŝ+, Ŝ−} for the kth nu-

cleus. The notation in the tables is thus valid for any number of nuclei.

Tables 3.2 and 3.3 list the contribution to the self-relaxation rates of the various
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product operators P̂k, that is, the diagonal elements of the relaxation matrix in the

product operator basis, ˆ̂R(Ω). For example, in a three-nucleus system, the relax-

ation matrix element R+Ez−,+Ez− corresponds to the self-relaxation rate of operator

P̂S+ESzS− or Ŝ+ÊŜzŜ−. Each couple of electron-nucleus operators contributes to this

rate as detailed in table 3.2. In order to determine the contribution to the relaxation

rate from nucleus 1, we look up the value in table 3.2 corresponding to operator

Ŝ+ for the electron spin and operator Ê for the nuclear spin: this is −10 χ1,1
60 ; the

subscript on the relaxation coefficient χ arises from the nuclear label. Similarly,

for the contribution from nucleus 2, we find the contribution corresponding to the

Ŝ+ electron spin operator, with Ŝz for the nucleus, which is −7 χ2,2
60 , and so on. All

individual contributions are added to form the full relaxation rate:

R+Ez−,+Ez− =
1

60
(−10χ1,1 − 7χ2,2 − 4χ3,3) (3.65)

In this case, there are no contributions for operator triads as in table 3.3 since we

have not both of Ŝ+ and Ŝ− as nuclear spin operators. In a spin system with just

one nucleus, we obtain the relaxation rates given above in equations (3.52) to (3.62).

The cross-relaxation rates for all product operators P̂j ↔ P̂k for j 6= k can be de-

duced from tables 3.4 and 3.5. They can be divided into several categories of transi-

tions: those involving an electron-nucleus spin operator exchange (‘flip-flop’) give

rise to χi,i contributions (see table 3.4). The other transitions, as detailed in table

3.5, give contributions in χi,j that depend on two nuclear spin operators. They can

be grouped into three-spin (eninj) permutations, purely nuclear transitions (flip-

flop and other), and eni transitions with one other nuclear spin operator Ŝ± (again,

flip-flop and other), and three-spin operator changes. It should be noted that the

Hermiticity of ˆ̂R is taken into account, i.e. forward and backward rates are identical

and are only listed once.

From the rules in tables 3.2 to 3.5, a relaxation matrix for an arbitrarily large spin

system can be constructed. As an illustration, several relaxation matrix elements in
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e ni↔ e ni contribution
×χi,i/60

flip-flop

E±↔±E −5
E z↔ z E −5
+−↔−+ +1
± z↔ z± −2

other

z z↔±∓ +3

Table 3.4: Cross-relaxation χi,i contributions

a range of spin systems are shown below.

R+−−,+−− =
1

60
(−4(χ1,1 + χ2,2)− 3χ1,2) (3.66)

This is a self-relaxation rate for which we require the rules in table 3.2 and 3.3, in a

similar manner as described above for equation (3.65).

R++−,z+z =
1

60
(3χ2,2 − 1

2 χ1,2) (3.67)

The above is an off-diagonal element of the relaxation matrix. The nuclear spin op-

erator corresponding to nucleus 1 remains unchanged, so that nucleus 2 contributes

the term 3 χ2,2
60 , as shown at the bottom of table 3.4. Since the nucleus 1 operator is

a constant Ŝ+, we have a contribution proportional to χ1,2 as seen in table 3.5. The
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relaxation rates below are obtained in a similar manner.

R++−−,++−− =
1

60
(−9χ1,1 − 4(χ2,2 + χ3,3) + 3(χ1,2 + χ1,3 − χ2,3)) (3.68)

Rz−z+,zz−+ =
1
60

(−3χ1,2) (3.69)

RE+−+−,E+−+− =
1

60
(
− 10(χ1,1 + χ2,2 + χ3,3 + χ4,4)

+ 10(χ1,2 − χ1,3 + χ1,4 + χ2,3 − χ2,4 + χ3,4)
) (3.70)

Rz−−++,z−−++ =
1

60
(
− 7(χ1,1 + χ2,2 + χ3,3 + χ4,4)

+ 4(−χ1,2 + χ1,3 + χ1,4 + χ2,3 + χ2,4 − χ3,4)
) (3.71)

REEEE−,z−EEz =
1

60
( 5

2 χ14) (3.72)

Several interesting observations on the structure of the relaxation matrix, as

well as the relative magnitudes of the relaxation rates in different spin systems, can

be made. All diagonal elements of ˆ̂R(Ω) (i.e. the product operator self-relaxation

rates) are non-zero, except for the identity operator. Most off-diagonal elements,

that is, cross-relaxation rates, are zero, and ˆ̂R(Ω) is rather sparse. The relaxation

matrix is block-diagonal with respect to overall coherence order ∆M. Each of these

blocks is further block-diagonal according to whether the number of non-identity

spin operators is even or odd. Some of the fastest relaxation rates are the pure

electron spin operators ŜzÊÊÊ . . . and Ŝ±ÊÊÊ . . . which are, for a system with n

nuclear spins,

RzEEE...,zEEE... = R±EEE...,±EEE... = −1
6

n

∑
i

χi,i (3.73)

This is a crucial finding: the more nuclei with non-negligible hyperfine coupling

anisotropies are present, the faster the electron spin relaxation. The pure-nuclear

spin operators ÊŜzŜzŜz . . . and ÊŜ±Ŝ±Ŝ± . . . relax at a similar rate to the pure elec-

tron spin operators (for the latter, depending on on the sign of the cross-correlation

coefficients χi,j, as will be discussed in the following section). As the size of the

spin system grows, so does the difference between the fastest and slowest relax-
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e ni nj ↔ e ni nj contribution
×χi,j/60

purely nuclear
(a) flip-flop

(E) z ± ↔(E)± z −10
(z) z ± ↔ (z)± z −3
(+) z ± ↔(+)± z −7
(−) z ± ↔(−)± z −7
(z) E ± ↔ (z)± E −7
(+) E ± ↔(+) E ± −6.5
(−) E ± ↔(−) E ± −6.5
(z) z E ↔ (z) E z −6
(±) z E ↔(±) E z −7
(b) not flip-flop

(z) E E ↔ (z) z z −6
(±) E E ↔(±) z z −7
(E)± ∓ ↔(E) z z +10
(z)± ∓ ↔ (z) z z +3
(+)± ∓ ↔(+) z z +3.5
(−)± ∓ ↔(−) z z +3.5
(z)± ∓ ↔ (z) E E −7
(+)± ∓ ↔(+) E E −6.5
(−)± ∓ ↔(−) E E −6.5

eni transition with other nucleus nj constant ±
(a) flip-flop

E ±(±)↔ ± E (±) −2.5
E ±(∓)↔ ± E (∓) +2.5
z ±(±)↔ ± z (±) +0.5
z ±(∓)↔ ± z (∓) −0.5

(b) not flip-flop

E E (±)↔ ± ∓(±) −2.5
E E (±)↔ ∓ ±(±) +2.5
E E (±)↔ ± ∓(±) −2.5
z z (±)↔ ± ∓(±) −0.5

three-spin transitions
(a) flip-flop (and nuclear permutations)

E z ± ↔ ± E z −2.5
E z ± ↔ z ± E −2.5
z ± E ↔ ± E z +0.5
+ − z ↔ − z + +1
+ − E ↔ − E + +1

(b) other three-spin transitions

E E z ↔ z ± ∓ −2.5
E E z ↔ ± z ∓ +2.5
E E ± ↔ ± z z −2.5
E E ± ↔ z ± z +2.5
E z z ↔ ± E ∓ +2.5
z E E ↔ ± z ∓ +0.5
z E z ↔ E ± ∓ +2.5
z E z ↔ ± ∓ E +0.5

Table 3.5: Contributions to the cross-relaxation rates in terms of χi,j for transitions involving
triads of spin operators.
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ation rates. The precise spin dynamics depend, of course, on the relative sizes of the

various χi,j, and thus on the molecular geometry. It can generally be said, however,

that the self-relaxation rates grow in importance compared to the cross-relaxation

rates (i.e. off-diagonal elements in ˆ̂R) as the size of the spin system increases. This is

because many pairs of electron-nuclear spin operators contribute terms to the self-

relaxation rates in almost all cases, whereas cross-relaxation rates for the most part

have only one contributing term, due to the requirement for all remaining nuclear

spin operators to remain unchanged during the transition. There are exceptions,

however; some off-diagonal elements in ˆ̂R(Ω), namely those involving many nu-

clear Ŝ± operators, are of greater magnitude than the smallest diagonal elements,

which are pure nuclear operators with few non-identity operators.

Approximations involving an effective relaxation rate and neglecting cross-re-

laxations and/or off-diagonal elements in the relaxation operator are investigated

for a relatively large spin system in section 5.2.

3.3.4 Cross-correlations between nuclei

All relaxation rates of parametrised in terms of the anisotropy coefficients χi,j. Hav-

ing analysed the form of the relaxation matrix for multispin systems, we turn our

attention to the relaxation parameters χi,j, and their dependence on the molecular

geometry and hyperfine anisotropies.

The dependence of χi,j on the relative orientations of the i and j hyperfine ten-

sors can better be understood by considering a vectorised expression. The internal

reorientations for nucleus j are contained within a vector ζ(j) – the vectorised form

of equation (2.96):

ζ(j) = M̂(2)(αj, β j, γj)c(j) (3.74)

where ζ(j) is a column vector of length 5 with elements:

ζ(j)T =
(

ζ
(j)
−2 ζ

(j)
−1 ζ

(j)
0 ζ

(j)
1 ζ

(j)
2

)
(3.75)
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Similarly, the elements of 5-vector c(j) contain the coefficients c(j)
m , which corre-

spond to the principal values of the interaction tensor (see equation (2.94)). The

matrix form of M̂(2)(αj, β j, γj) is the array of Wigner functions M
(2)
k,m(αj, β j, γj) with

k + 3 denoting the row index and m + 3 the column index. The explicit forms of

these functions are not needed for the evaluation of the correlation functions, as

discussed in section 2.4. They are, however, necessary for an evaluation of the

cross-correlation coefficients χi,j, and require knowledge of the molecular geome-

try and hyperfine tensors. The necessary Wigner matrix elements are tabulated in

appendix A. It should be noted that M
(2)
k,m(α, β, γ) = e−ikαd(2)

k,m(β)e−imγ. The relax-

ation parameter is determined according to equation (2.102), which can be written

as a matrix inner product:

χi,j = τc ζ(i)T ·
( 0 0 0 0 1

0 0 0 −1 0
0 0 1 0 0
0 −1 0 0 0
1 0 0 0 0

)
· ζ(j) (3.76)

The general expression for the cross-correlation between two nuclei, χi,j, is a com-

plicated function of their hyperfine tensor principal values and the Euler angles

relating the two tensors. When the molecular frame (MF) and the PAS of interac-

tion tensor i are coincident, we have M̂(2)(0, 0, 0) = 1̂, and ζ(i) = c(i). Then the

angles αj, β j and γj suffice to characterise χi,j, which depends only on the relative

orientation of the two tensors. Its general form is

χi,j

τc
=∆Ai∆Aj

1
12
(
3 cos2 β j − 1

)
+

1
4

sin2 β j
(
δAi∆Aj cos(2αj) + ∆AiδAj cos(2γj)

)
+δAiδAj

1
4
(
(1 + cos2 β j) cos(2αj) cos(2γj)− 2 cos β j sin(2αj) sin(2γj)

)
(3.77)

The inner product notation in equations (3.74) and (3.76) helps to distinguish sev-

eral specific cases:

• In case of purely axial hyperfine tensors, we have δAi = δAj = 0. Again,

setting the molecular frame to be coincident with tensor i (which means the
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Ωj are the angles corresponding to a rotation of the jth hyperfine tensor from

the principal axis frame i to PASj). This gives the simple form

χi,j =
1

12
(
3 cos2 β j − 1

)
∆Ai∆Aj (3.78)

where there is a typical 3(cos2 β j − 1) orientation-dependence. This is valid

when the axiality of the hyperfine tensors is strongly dominant. A single an-

gle suffices to characterise the relative orientations of the hyperfine tensors.

It follows that χi,j is negative when 54.7◦ < β j < 125.3◦ and positive other-

wise, provided the axialities ∆Ai and ∆Aj have the same sign; if they differ in

sign, the reverse is true. The cross-correlation vanishes if the tensors differ in

orientation by the magic angle β j = cos−1(± 1√
3
) ≈ 54.7◦, 125.3◦.

• If tensors i and j have the same orientation, we have

χi,j =
1
6
(
∆Ai∆Aj + 3δAiδAj

)
(3.79)

• If the tensors are parallel, that is, β j = 0

χi,j =
1
6

∆Ai∆Aj +
1
2

cos
(
2(αj + γj)

)
δAiδAj (3.80)

The magnitude of the cross-correlation between two nuclei thus not only depends

on the relative orientation of the hyperfine tensors, but also the signs of the axial-

ities and rhombicities, and may be very small even if all anisotropies involved are

large. Because of this sensitivity of the χi,j on the molecular parameters, the relax-

ation matrix will be significantly different for different molecules, even if they have

similar size hyperfine couplings (and anisotropies).

The concept of nuclear equivalence requires some clarification when relaxation

processes are considered. Normally in magnetic resonance, two nuclei are consid-

ered equivalent when they are at positions in the molecule that can be transformed

into each other by symmetry operations of the molecule. In that case, they have
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identical isotropic hyperfine couplings. Two nuclei can also be accidentally equiv-

alent in this sense if they are not related by symmetry, but have identical hyperfine

couplings (within the experimental or theoretical margin of error). These two types

of equivalence are referred to as symmetrical and accidental equivalence, respectively

[54]. However, it does not follow that two symmetrically or accidentally nuclei are

also equivalent with respect to Ĥ1(t) (which can e.g. be the anisotropic hyperfine

Hamiltonian). Thus we name completely equivalent a pair of nuclei i and j for which

ζ
(i)
k = ζ

(j)
k ∀ k, which requires them to be related by particular symmetry operations.

For two nuclei i and j that are completely equivalent we thus find the following

1. Their isotropic hyperfine couplings are identical ai = aj

2. The axialities and rhombicities are identical such that

χi,i = χj,j (3.81)

3. The cross-correlations with all other nuclei in the system are the same for i

and j such that

χi,k = χj,k ∀ k (3.82)

Nuclear equivalence is a concept that is often fruitfully exploited in the calculation

of the spin evolution in radicals and radical pairs [6, 132, 151] as the spin Hamil-

tonian Ĥ0 is block-diagonal when there are (groups of) equivalent nuclei in the

system. However, this simplification cannot always be applied when relaxation

processes are to be considered. For the molecular symmetry to be exploited, it

must first be established whether the nuclei in question are completely equivalent.

Since complete equivalence is rather rare and the relaxation matrix would have to

be determined afresh for each molecule, as well as requiring a more complex the-

ory, nuclear equivalence will not be considered further in this work.



Chapter 4

Relaxation in a Single-Nucleus

Radical Pair

Having examined the relaxational transitions in an electron-nucleus couple and the

structure of the relaxation matrix more generally, we are now well-placed to assess

the effects of relaxation in the context of radical pair reactions in weak magnetic

fields. This subject remains entirely unexplored, and a comparison with accounts

of previous (usually high-field) relaxation models in radical pairs provides some

insight into the more complex situation at low fields.

Broadly speaking, we can classify common approaches to relaxation in radical

pairs as follows. Usually relaxation effects are simply neglected. They are difficult

to treat and require more spin couplings to be included than might be desirable.

The justification given is normally that the effects are negligible: typical relaxation

times T1 and T2 as estimated from EPR for organic radicals in low viscosity sol-

vents are of the order of 0.1 to 1 µs, which is significantly longer than the usual

RP lifetime, and thus there is insufficient time for relaxation to influence the spin

mixing [153]. Even though T1 and T2 are not measured at low field (and not mean-

ingful there), the same reasoning has been used when neglecting relaxation effects

in weak magnetic fields [165]. The validity of this assumption will be investigated

in this chapter.
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Sometimes generic relaxation effects are taken into account, usually in the form

of a kinetic model [68] or by considering other simple relaxation rates [154]. These

are often assumed to be Bloch-like (T1 and T2) relaxation rates [23, 48], whose size

is often estimated with reference to particular relaxation mechanisms [85]. These

approaches are useful only under high-field conditions where the spin dynamics

assume a simpler form, and relaxation-induced ST-transition rates can be identi-

fied. Brocklehurst [23], in the first theoretical account of the LFE, aims to provide

some insight into the relaxation processes and discusses the effect of spin relax-

ation on the singlet probability (in terms of limiting values). He describes T2 as

causing loss of phase coherence i.e. S-T0 interconversion, and T1 as causing spin

reversals and thus interconversion of all four states of the RP. T1 is field-dependent

(involving dissipation of Zeeman energy), T2 is not. While useful, such an approach

cannot account for the the complicated relaxational dynamics at low fields, as will

be shown below in section 4.3.

In the most sophisticated treatment to date of relaxation dynamics in radical

pairs under low-field conditions, Jørgensen et al. [82] consider intra-radical relax-

ation due to specific mechanisms (anisotropic g-tensor or hyperfine tensor modu-

lation due to tumbling, and spin-rotational relaxation). The authors take care to

include the field-dependence of the radical pair eigenstates in the relaxation treat-

ment, which is crucial at low fields. However, the theoretical set-up of the relax-

ation matrix is not very general (limited to a single nucleus or a group of equivalent

nuclei). Only transition rates, i.e. relaxation matrix elements Rii,jj, are determined

exactly. For coherence decay rates (matrix elements Rij,ij), a simple two-state model

is used. This treatment thus gives a simplified version of the secular relaxation ma-

trix. As explained in chapter 2, this is not permissible at low fields, and an error is

thus introduced, as shown in section 4.3.

In summary, there has been no full relaxation matrix treatment of relaxation

processes in radical pairs at low field. Usually, if at all, relaxation is accounted for

via simple, more or less ad hoc, relaxation rates. It is the aim here accurately to
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consider intra-radical relaxation due to the modulation of the anisotropic hyper-

fine interaction, which is the mechanism likely to be of the greatest importance in

RPs at low fields. It will be shown in section 4.3 that the relaxation dynamics are

complicated, and simple models give unsatisfactory results at low fields.

Inter-radical interactions are neglected for the time being as they are deemed

negligible at relatively large radical separations (see section 1.4). Relaxation ef-

fects arising from the motional modulation of inter-radical interactions (such as

the exchange interaction) should form the subject of future investigations. When

electron spin exchange [106] is important in determining the magnetic field ef-

fect of reaction yields [110, 138], spin exchange relaxation must be correctly ac-

counted for. Shakirov et al. [142] indicate that at low fields, previous high-field

expressions for this [144, 146, 147] are not valid. Relaxation due to distance- and

orientation-modulated radical-radical dipolar interactions may also come into play,

as discussed under high-field conditions by Steiner et al. [154].

We focus here on the effect of intra-radical relaxation due to the modulation

of anisotropic hyperfine interactions on the recombination yield of radical pairs. It

will be elucidated under which conditions such processes manifest themselves (and

thus should not be neglected), how the singlet yield and thus the MFE are affected,

and under which circumstances relaxation is too weak to be significant. This will

initially be set out for a simple RP with a single magnetic nucleus, before moving on

to more complicated (and thus realistic) species in the subsequent chapter. First of

all, it is helpful to examine the energy levels of a single-nucleus RP at low magnetic

fields.

4.1 Relaxation-induced transitions in a radical pair

Here the transitions induced by relaxation in a radical pair at low fields will be

examined, based on the relaxation matrix determined in the previous chapter for

intra-radical hyperfine-modulated relaxation. While this provides a helpful intro-
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Figure 4.1: Energy levels as a function of field strength in the non-interacting radical pair
with one spin-1/2 nucleus on radical A. The energies are related to those of radical A in
Figure 3.1. The wavefunctions are indicated in the legend; α and β correspond to the B
electron spin, 1 to 4 to the radical A eigenstates in (3.11) to (3.14).

duction, both the coherent and incoherent spin dynamics even in the simplest RP

at low fields are very complicated, and such a simple picture remains of limited

usefulness.

In the non-interacting radical pair with a hyperfine-coupled nucleus on radical

A, electron B is not coupled to any nuclei and its Hamiltonian is simply the Zeeman

interaction, which is thus diagonal in the product basis. The RP eigenfunctions and

energies can easily be derived from the radical A eigensystem described above in

3.2. The eigenstates are products of the electron-nuclear eigenstates (labelled |1〉 to

|4〉 in (3.11) to (3.14)) with the B-electron α and β states. The corresponding energies

are those of the electron-nucleus pair ±ω
2 :

Eiα = Ei +
ω

2
(4.1)

Eiβ = Ei −
ω

2
(4.2)

The low-field radical pair energies are illustrated in figure 4.1. The RP singlet and
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triplet functions are related to the eigenfunctions as follows. The coefficients c1 and

c2 are field-dependent and defined by equations (3.15) and (3.16).

|Sα〉 =
1√
2

(|1β〉 − c2 |2α〉+ c1 |3α〉) (4.3)

|Sβ〉 =
1√
2

(c1 |2β〉+ c2 |3β〉 − |4α〉) (4.4)

|T0α〉 =
1√
2

(|1β〉+ c2 |2α〉 − c1 |3α〉) (4.5)

|T0β〉 =
1√
2

(c1 |2β〉+ c2 |3β〉+ |4α〉) (4.6)

|T+α〉 = |1α〉 (4.7)

|T+β〉 = c1 |2α〉+ c2 |3α〉 (4.8)

|T−α〉 = c2 |2β〉 − c1 |3β〉 (4.9)

|T−β〉 = |4β〉 (4.10)

It can be seen that all states except |1α〉 = |T+α〉 and |4β〉 = |T−β〉 contribute to

the RP singlet character. The static Hamiltonian couples states |T0α〉 and |T+β〉 to

|Sα〉, and |T0β〉 and |T−α〉 to |Sβ〉. As the field strength increases, the contribution

of |2α〉 to |Sα〉 decreases relative to |3α〉 because the coefficients c1 and c2 are field-

dependent (see equations (3.15) and (3.16) for their definitions), and similarly for

|Sβ〉. Thus at high fields only |T0i〉 is coupled to |Si〉 through Ĥ0. The effects of

anisotropic hyperfine-induced relaxation in radical A were discussed in chapter 3.

This mechanism cannot induce a spin-flip of the B electron, and thus all relaxation

transitions in the radical pair are as for the electron-nucleus couple, leaving the B-

spin unchanged. The two previously unreachable triplet states |T+α〉 and |T−β〉

become coupled to the other states through relaxation transitions.

For a rigorous account of the low-field processes we must turn to a density

matrix treatment.
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4.2 A simple formula for ΦS

The aim here is to derive, for a non-interacting radical pair, an efficient (and ver-

satile) method of calculating the singlet yield, which exploits the block-diagonal

structure of both the Hamiltonian ˆ̂H and the relaxation matrix ˆ̂R for anisotropic HFI

relaxation. In order to achieve this, we consider the A and B radicals separately (see

also Till et al. [163]). The time-dependence of the master equation for the density

matrix is conveniently eliminated by a Laplace transform, and the solution of the

resulting system of linear equations is easily related to the Laplace-transformed sin-

glet probability, or singlet yield. By choosing to work in the product operator basis,

the block-diagonal structure of the matrices further simplifies the calculation.

Within the exponential model (see equation (1.126)), the singlet yield is given

by

ΦS = k
∫ ∞

0
σS(t)e−kt dt (4.11)

that is, it is the Laplace-transformed singlet probability σS(t). The master equation

for the density matrix to be solved here is

d |ρ(t)〉
dt

=
(
−i ˆ̂H + ˆ̂R

)
|ρ(t)〉 (4.12)

The Hamiltonian for the radical pair (see section 1.4 for a detailed discussion) is

a sum of the Zeeman and hyperfine Hamiltonians for the individual radicals since

we are neglecting the exchange and dipolar interactions between the electrons. The

difference in g-values of the two electrons is also neglected as it is insignificant at

very low field strengths. Then

Ĥ = ĤA + ĤB (4.13)

ĤX = ωŜX,z + ∑
i

aiŜX.Îi X = A, B (4.14)

The sum is over all nuclei on each radical. Since the spin operators for different
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spins commute, so do the Hamiltonians for the two radicals:

[
ŜA,p, ŜB,q

]
= 0 p, q = x, y, z,± (4.15)[

ĤA, ĤB
]

= 0 (4.16)

The Laplace transform of a function f (t), written here as f̃ (s), and its derivative

are defined as

f̃ (s) = L ( f (t)) =
∫ ∞

0
e−st f (t) dt L

(
ḟ (t)

)
= s f̃ (s)− f (0) (4.17)

The Laplace-transformed master equation is thus

(
s ˆ̂
1+ i ˆ̂H − ˆ̂R

)
|ρ̃ (s)〉 = |ρ(0)〉 (4.18)

where s is the Laplace variable. The singlet probability at time t is the expectation

value of the singlet projection operator (1.30):

σS(t) = Tr
{

P̂Sρ(t)
}

(4.19)

The singlet projection operator is defined as (see (1.22))

P̂S = ∑
n
|Sn〉〈Sn| (4.20)

The sum is over all nuclear states. Its matrix form is

P̂S =
1
4
1̂− ŜA · ŜB (4.21)

The trace of the singlet projection operator depends on the size of the spin system

and equals the number of nuclear spin states, M. The initial spin state for a singlet-

born radical pair is

ρ(0) =
1
M

P̂S (4.22)
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Firstly, we derive a convenient method for calculating the singlet probability

and yield via Hilbert space operators, and neglecting relaxation for the time being.

In the absence of relaxation the solution to the Liouville-von Neumann equation

(1.27) is the density matrix for the radical pair

ρ(t) = e−iĤtρ(0)eiĤt (4.23)

and for a singlet-born radical pair the singlet probability is

σS(t) =
1
M

Tr
{

P̂Se−iĤtP̂SeiĤt
}

(4.24)

Inserting the above expression for the singlet projection operator, (4.21), and ex-

panding we obtain

σS(t) =
1
M

(
1

16
Tr
{
1̂
}

+
1
2

Tr
{

ŜA.ŜB

}
+ Tr

{(
ŜA.ŜB

)
e−iĤt

(
ŜA.ŜB

)
eiĤt

})
(4.25)

The trace of the identity operator equals the number of spin states (4M). The second

term is zero as the trace of the spin operators Ŝp, p = x, y, z is zero, and since the

Kronecker product (scaling up the spin operators) is distributive, we have

Tr
{

ŜA.ŜB

}
= ∑

p=x,y,z
Tr
{

ŜA,pŜB,p
}

= ∑
p=x,y,z

Tr
{

ŜA,p
}

Tr
{

ŜB,p
}

= 0 (4.26)

The third term in the singlet probability expression (4.25) can be further expanded

using the following form of the scalar product:

ŜA.ŜB = ŜA,zŜB,z +
1
2
(
ŜA,+ŜB,− + ŜA,−ŜB,+

)
(4.27)

Exploiting the commutativity of the A and B spin operators as well as the distribu-



4.2. A simple formula for ΦS 128

tive nature of the Kronecker product we thus obtain

σS(t) =
1
4

+
1
M ∑

p,q=z,+,−
Tr
{

Ŝ′A,pe−iĤAt
(

Ŝ′A,q

)†
eiĤAt

}
Tr
{(

Ŝ′B,p

)†
e−iĤBtŜ′B,qeiĤBt

}
(4.28)

The adjoint of the spin operators in this equation is of importance since we are

dealing with non-Hermitian operators Ŝ− and Ŝ+, which are each other’s adjoint:

(
ŜX,±

)† = ŜX,∓ (4.29)

In order to simplify the notation we have defined the normalised spin operators

Ŝ′X,± =
1√
2

ŜX,± Ŝ′X,z = ŜX,z X = A, B (4.30)

It can be shown that the only non-zero terms are those with p = q = z and

p = q = ±: coherence order must be preserved as ĤA is block-diagonal according

to total A radical angular momentum z-component (and likewise for B), cf. (4.14).

We define the short-hand

QX
zz(t) = Tr

{
ŜX,ze−iĤAtŜX,zeiĤAt

}
(4.31)

QX
±∓(t) = Tr

{
ŜX,±e−iĤAtŜX,∓eiĤAt

}
(4.32)

The QX
i f (t) are proportional to the (time-dependent) expectation values of ŜX, f with

initial state ŜX,i. Since Ŝ†
± = Ŝ± we have

QX
+−(t) = QX

−+
∗
(t) (4.33)

This results in the very simple expression for the singlet probability

σS(t) =
1
4

+
1
M

QA
zz(t)QB

zz(t) +
1

2M
Re
{

QA
+−(t)QB

−+(t)
}

(4.34)

This expression is general for a non-interacting radical pair with Hamiltonians as in
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equation (4.14). An improvement compared to the expression in Till [163] is made

by using shift rather than Cartesian operators, thus reducing the number of distinct

non-zero QX
i f (t) from three to two.

The proof outlined above (which does not yet take account of relaxation), of

course also holds in Liouville space. The singlet probability can be calculated in

the same way when relaxation effects are considered. The singlet probability (4.19)

can be written as a Liouville scalar product, cf. (1.36):

σS(t) = 〈(P̂S)† |ρ(t)〉 (4.35)

Inserting the solution of the SLE (from equation (4.12)) gives

σS(t) =
1
M

〈
(P̂S)†

∣∣∣∣e(−i ˆ̂H+ ˆ̂R
)

t
∣∣∣∣ P̂S

〉
(4.36)

The radicals are assumed to be non-interacting, and for relaxation caused by the

modulation of interactions within each radical we have

ˆ̂R = ˆ̂RA + ˆ̂RB (4.37)

Since ˆ̂RA depends on the spin operators for radical A only, it commutes with all

B spin operators and ˆ̂RB and ˆ̂HB. It follows that the Liouville space equivalent of

equation (4.28) holds in this case:

σS(t) =
1
4

+
1
M

〈(
ŜAŜB

)†
∣∣∣∣e(−i ˆ̂HA+ ˆ̂RA−i ˆ̂HB+ ˆ̂RB

)
t
∣∣∣∣ ŜAŜB

〉
(4.38)

=
1
4

+
1
M ∑

p,q=z,+,−

〈(
Ŝ′A,p

)†
∣∣∣∣e(−i ˆ̂HA+ ˆ̂RA

)
t
∣∣∣∣ (Ŝ′A,q

)†
〉〈

Ŝ′B,p

∣∣∣∣e(−i ˆ̂HB+ ˆ̂RB

)
t
∣∣∣∣ Ŝ′B,q

〉
(4.39)

again using spin operators normalised according to equation (4.30). As discussed

in the previous chapter, relaxation due to the modulation of anisotropic hyperfine

interactions on radical A leads to a relaxation matrix ˆ̂RA which is block-diagonal
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according to coherence order difference ∆M – thus having the same structure as

ˆ̂HA. The same argument holds for radical B. As a result the only non-zero terms in

the expansion for σS(t) are the same as above and equation (4.34) applies. The QX
pq

above are written as Liouville scalar products

QX
zz(t) =

〈
ŜX,z

∣∣∣∣e(−i ˆ̂HX+ ˆ̂RX

)
t
∣∣∣∣ ŜX,z

〉
(4.40)

QX
±∓(t) =

〈
(ŜX,±)†

∣∣∣∣e(−i ˆ̂HX+ ˆ̂RX

)
t
∣∣∣∣ ŜX,∓

〉
(4.41)

While the singlet probability can now be calculated very conveniently requiring

only two terms for each radical, we are primarily interested in the singlet yield,

which requires the Laplace-transformed σS(t). In the special case of a radical pair

with nuclei coupled only to electron A this is readily obtained as follows. If there

are no magnetic nuclei on radical B, its Hamiltonian is simply the electron Zeeman

interaction

ĤB = ωŜB,z (4.42)

The required expectation values for B are

QB
zz =

1
2

(4.43)

QB
−+(t) = eiωt (4.44)

The singlet probability then takes the form

σS(t) =
1
4

+
1

2M

(
QA

zz(t) + Re
{

QA
+−(t)eiωt

})
(4.45)

requiring the evaluation of only two time-dependent expectation values for radi-

cal A. Most importantly, it can now be Laplace-transformed in order to obtain the

singlet yield:

ΦS = kσ̃S (k) =
1
4

+
1
2

b0 +
1
2

b−1 (4.46)
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The formal solutions for b0 and b−1 are

b0 = 2k
〈

ŜA,z

∣∣∣∣[k ˆ̂
1+ i ˆ̂HA − ˆ̂RA

]−1
∣∣∣∣ ŜA,z

〉
(4.47)

b−1 = kRe

{〈
ŜA,−

∣∣∣∣[(k + iω) ˆ̂
1+ i ˆ̂HA − ˆ̂RA

]−1
∣∣∣∣ ŜA,−

〉}
(4.48)

The benefits of this method for calculating ΦS are threefold. Since the radicals are

considered separately, the matrix size of spin operators on A is reduced by half, i.e.

it is 2M rather than 4M, thus allowing for faster calculation and inclusion of more

nuclei on A. No time-consuming calculation of time-dependent variables need ever

be performed – thanks to the Laplace transform we obtain the time-independent

desired solution (ΦS) directly. This is best done by using an efficient algorithm for

solving systems of linear equations, such as the Matlab backslash operator (\) [1].

Both ˆ̂HA and ˆ̂RA are block-diagonal in the product operator basis, and for each of b0

and b−1 only one block in the Liouvillian needs to be included, thus dramatically

reducing the size of the system of equations to be solved (see also tables 3.1 and

5.1).

4.3 Comparing various approximations for ˆ̂R

Any form of the relaxation matrix is permissible in the above formulae for the sin-

glet yield. The aim of this section is to prove and illustrate that the simplest form

valid at low fields, the extreme-narrowing ˆ̂R as discussed in the previous chapter,

gives correct ΦS results for the field strengths and parameters of interest. Further-

more, it is shown that other models of relaxation, as may have been used previously

[82, 153], do not yield adequate descriptions of the low-field behaviour of the MFE.

4.3.1 Validity of the extreme narrowing limit

We need to ascertain at which field strength the extreme narrowing limit breaks

down for two reasons. Firstly, it is useful to verify the validity condition (ω2
αβτ2

c �
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1, see equation (2.69)) to see whether the observable singlet yield is affected in the

same way as the individual relaxation rates, which have already been examined

in section 4.3.1. This would then allow satisfactory modelling of the low-field be-

haviour of the singlet yield in the presence of relaxation. Secondly, it is important

to know when the approximation fails so that the singlet yield can be adequately

calculated at all field strengths, using the simplest appropriate model. At the same

time, we can determine the field strength at which relaxation (due to the modula-

tion of the anisotropic hyperfine interaction) becomes negligible: that is, when the

(field-dependent) denominator of the spectral density becomes very large, and the

relaxation rates small compared with the rate of reaction.

The maximum field strength at which the extreme narrowing limit is valid is

dependent (in a single-nucleus RP) only on the correlation time. Thus we focus

here on an exemplary rate constant kr = 10−2 and set the rate of relaxation equal to

it: χr = kr. This ensures that there is a measurable effect of relaxation, and thus the

breakdown of any approximation can be ascertained. Outside the extreme narrow-

ing limit, when the full relaxation matrix including spectral densities is required,

we must also specify the correlation time τcr, and we choose three values 10−2, 10−3

and 10−4. For an isotropic hyperfine coupling constant of 1 mT, these correspond

to approximately 10−10, 10−11 and 10−12 s (and 10−9 s for a = 0.1 mT), respectively.

In order to maintain the same value of χr, and thus comparability, throughout, we

choose anisotropies [A : A]r = 1, 10 and 100, respectively.

Figure 4.2 shows the singlet yield vs field strength on a logarithmic scale for

the above-mentioned parameters. The sources of spin mixing are presumed to be

the isotropic Zeeman and hyperfine interactions, as well as relaxation due to the

modulation of the anisotropic hyperfine interaction. ∆g-mixing is neglected for the

moment. While this is not realistic at the higher field strengths considered, this

approach is justified here since the aim is to determine the validity of the extreme

narrowing limit – once this has been established, all other effects could be incorpo-

rated into the model if desired. Since the typical rate of relaxation is comparable to
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Figure 4.2: Illustrating the validity of the extreme narrowing limit for a range of correlation
times. Grey line: ΦS without relaxation. Black line: ΦS with relaxation, χr = kr. Coloured
lines: deviation from the extreme narrowing limit for the indicated correlation times τcr.
Here, kr = 10−2.

the rate of reaction, there is a significant reduction (of 4 to 12 %, depending on the

field strength) of the singlet yield (grey line) when relaxation is taken into account

(black line). The black line shows the singlet yield calculated using the extreme

narrowing relaxation matrix according to equation (2.79). This model is adequate

up to a certain field strength: the coloured lines indicate the singlet yield, for three

different values of τcr, calculated using the full relaxation matrix including spectral

densities. As expected, the larger the correlation time, the lower the field strength

at which the extreme narrowing limit becomes invalid. As the field strength rises

and the denominator of the spectral densities in the relaxation matrix increases, the

typical rate of relaxation decreases. As a result, the singlet yield (blue, green and

red) increases as relaxation becomes less significant. When all relaxation rates are

small compared with the rate constant, relaxation becomes negligible: the singlet
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yields for the various τcr all converge to ΦS(χ = 0) at higher fields. In general, the

singlet yield, even for a large correlation time τc, does not reach the ΦS(χ=0) value

because some spectral densities are frequency-independent, and thus not affected

as the field strength increases. Such J(0)-dependent terms arise only in ˆ̂R−1, not

ˆ̂R0. This can be seen from equations (3.18) to (3.20) for ˆ̂R0: they all depend on some

J(ωij), with i 6= j. Equations (3.22) to (3.27), on the other hand, show that ˆ̂R−1

depends on J(0). This means that b0 eventually reaches its non-relaxation value

when ω2τ2
c becomes large, whereas b−1 does not. As will be seen below, when kr is

very small, b−1 contributes to ΦS at extremely low fields only (cf. figure 4.12). For

larger kr (& 0.1), b−1 is non-negligible at higher field strengths. Thus the effect of

relaxation is not completely removed, even for large ω2τ2
c , when kr is larger.

The range of field strengths at which the singlet yield differs from either the

extreme narrowing value or the non-relaxation value (for small kr), depends on the

correlation time. The shaded areas denote the range of field strengths at which the

spectral densities have to be considered explicitly; neither the extreme narrowing

model nor the non-relaxation calculation give a correct result, and here the devia-

tion of the exact result from either of the approximations is greater than 1%. Blue

shading corresponds to τcr = 10−2, green to τcr = 10−3 and red to τcr = 10−4. For

all of these, the extreme narrowing limit becomes invalid at

ωr '
0.4
τcr

(4.49)

that is, at ωr ' 40, 4 × 102 and 4 × 103 for the three values of τcr investigated

here. This value is independent of the rate constant. The validity condition for the

extreme narrowing limit (as pertaining to individual relaxation rates) had theoreti-

cally been derived as being ω2
αβτ2

c � 1, cf. equation (2.69). At high field strengths,

ω2
αβτ2

c ' ω2τ2
c , i.e. the largest energy difference in the system is approximately

equal to the applied field. It follows that, when ΦS is the desired observable, the

extreme narrowing limit is valid at higher field strengths than might be expected
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from the theoretical validity condition: up to at least ω2τ2
c ' 0.16. Relaxation ef-

fects become negligible at still higher field strengths, when all relaxation rates are

small compared with the recombination rate constant, provided that b−1 does not

contribute to ΦS.

An accurate model of the singlet yield of these intermediate field strengths

should take into account the full relaxation matrix, including spectral densities. The

result is simply to increase the singlet yield over this interval to its non-relaxation

value, with a functional form similar to the hyperbolic tangent. For larger kr, relax-

ation remains important at all field strengths and a full relaxation matrix is required

above ωr ≈ 0.4
τcr

.

For multinuclear RPs the extreme narrowing limit ceases to be valid at similar

field strengths to the exemplary case above: the largest energy difference increases

only very slightly with the number of nuclei. However, it is not possible to obtain

the relaxation matrix in analytical form for a spin system with more than one nu-

cleus (except for the case of a RP with two nuclei with the same a [45], or with a

larger set of equivalent nuclei). Thus the exact modelling of ΦS at field strengths

ωτc & 0.4 is not possible, although a gradual, approximately hyperbolic tangent,

rise of ΦS to non-relaxation values can be presumed when kr is small.

4.3.2 Failure of high-field and other simple relaxation models

Various high-field and other relaxation models have on occasion been employed

to model the MFE, sometimes also at low fields, as discussed above. It will be

shown here that these are not, in general, adequate for predicting the low-field

behaviour of the singlet yield and MFE. In order to illustrate this, we compare

various simpler forms for ˆ̂R to the full expression. It should be noted that the

treatment of relaxation in the literature is often rather arbitrary, and here we do

not reproduce a particular literature reference, but rather employ some conceivable

high-field (and other) approximations for comparison. We focus here on the low-

field range of 0 ≤ ωr ≤ 10. We use the singlet yield calculated within the extreme
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narrowing limit as a reference point as this has been shown to be correct in this

field range except for very large τcr. Possible simplified relaxation models (that

have been employed in this form or similar) include, roughly in order of increasing

accuracy,

1. A ‘T1 type’ model: only the electron z-magnetisation decays, with rate T−1
1 .

2. A ‘Bloch type’ model: the relaxation model most frequently used. It is re-

ally only applicable to two-level systems (i.e. an ensemble of non-interacting

spins- 1
2 ), but is often used when a more sophisticated relaxation theory is not

readily available. (See also the discussion in section 3.1.) It amounts to using

a relaxation matrix with two non-zero rates:
∣∣ŜzÊ

〉
decays with rate T−1

1 and∣∣Ŝ+Ê
〉

with rate T−1
2 . At low fields (when J(ω) ' J(0)), these two rates are

equal (see, for example, Abragam [3]) and field-independent.

3. A relaxation matrix treatment for high-field conditions. In order to obtain a

high-field relaxation matrix in the product operator basis for use in the model

for ΦS, we first determine the full relaxation matrix in the high-field eigenba-

sis of the Hamiltonian (that is, setting off-diagonal elements to zero). This is

then transformed into the product operator basis. The levels of accuracy are:

(a) Transition rates. Only elements Rii,jj, denoting transitions between high-

field eigenstates, are retained in ˆ̂R before transforming into the product

operator basis.

(b) Secular elements. Only elements Rii,jj and Rij,ij, denoting transition and

coherence decay rates, are retained in ˆ̂R before transforming into the

product operator basis.

It should be noted that we are concerned here with intra-radical relaxation only.

The modulation of electron-electron interactions (exchange and dipolar) by motion

can also cause relaxation. For example Shushin [145, 146, 147] as well as Hayashi et

al. [68] model this as some form of singlet-triplet dephasing, using transition rates
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Set
Reduced parameters Actual parameters (a = 1 mT)

kr χr τcr [A : A]r k χ τc [A : A]
(106 s−1) (MHz) (ns) (mT2)

1.a) 0.005 0.0054 0.018 0.3 1 1 0.1 0.3
1.b) 0.005 0.054 0.018 3 1 10 0.1 3
2.a) 0.05 0.054 0.018 3 10 10 0.1 3
2.b) 0.05 0.54 0.09 3 10 100 0.5 3

Table 4.1: Parameters used in ΦS and MFE calculations comparing the various models for
intra-radical relaxation. Two different recombination rate constants kr are considered, 1.
and 2., corresponding to RP lifetimes of ca. 1 µs and 100 ns, respectively. In each case we
investigate relaxation rates such that a) χr ' kr and b) χr ' 10kr, that is, typical relaxation
rates are a) comparable to and b) greater than the rate constant. Realistic combinations
of correlation time and anisotropy that produce these values of χ are also shown. Since
[A : A]r is not often much greater than 3, in parameter set 2.b) a larger value of τcr is chosen
to obtain the desired χr.

between the S, T0 and T± states.

We illustrate here when and to what extent the singlet yield and magnetic field

effect calculated using the various simplified relaxation models deviate from the

correct result by investigating RPs with two different lifetimes, approximately 1 µs

(set 1, as shown in table 4.1) and 100 ns (set 2). These are chosen to be rather long

since relaxation effects will most clearly manifest themselves in long-lived RPs. The

relaxation rates in each case are chosen to be comparable to, and also larger than,

the rate constant k. The exact parameters used here are the kr and χr shown on the

left of table 4.1. Typical combinations of correlation time τcr and anisotropy [A : A]r

that could produce such a value of χr are also indicated – these are the values used

in the present calculation when spectral densities are required. On the right hand

side of table 4.1, (approximate) values of the actual parameters corresponding to

an isotropic HFC of a typical 1 mT are shown.
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Figure 4.3: The singlet yield in a single-
nucleus RP, calculated using various relax-
ation models (see legend in figure 4.5 be-
low). Parameters 1.a) in table 4.1 are used.

Figure 4.4: As above, but using parameters
2.a) from table 4.1.

Figure 4.5: As in figure 4.3, but using pa-
rameters 1.b) from table 4.1.

Figure 4.6: As in figure 4.3, but using pa-
rameters 2.b) from table 4.1.
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Figure 4.7: MFE (ΦS(ωr)−ΦS(ω=0))/ΦS(ω=0)
corresponding to ΦS in figure 4.3 for pa-
rameters 1.a) from table 4.1.

Figure 4.8: MFE (ΦS(ωr)−ΦS(ω=0))/ΦS(ω=0)
corresponding to ΦS in figure 4.4 for pa-
rameters 2.a) from table 4.1.

Figure 4.9: MFE (ΦS(ωr)−ΦS(ω=0))/ΦS(ω=0)
corresponding to ΦS in figure 4.5 for pa-
rameters 1.b) from table 4.1.

Figure 4.10: MFE (ΦS(ωr)−ΦS(ω=0))/ΦS(ω=0)
corresponding to ΦS in figure 4.6 for pa-
rameters 2.b) from table 4.1.
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The singlet yield calculated using the ‘T1’ model (1), ‘Bloch type’ model (2), high

field secular relaxation matrix (3b) and high field transition rates (3a) is shown in

figures 4.3 to 4.6. The corresponding fractional MFE (determined from equation

(1.17)) is shown in figures 4.7 to 4.10. The red curves show the singlet yield/MFE

calculated using the extreme narrowing low-field relaxation matrix. Where the full

calculation including spectral densities deviate from this, it is indicated by a dotted

red line: as expected from the previous section, this occurs only for the larger τc

of 500 ps considered here, in parameter set 2.b) for the field strengths shown. A

ΦS/MFE calculation without taking relaxation into account is also marked (as a

black line) for reference.

The singlet yield is shown as a function of field strength on a logarithmic scale

so that the low-field behaviour can readily be examined. The zero-field value (not

shown) is virtually the same as that at the lowest field strength shown. The char-

acteristics of ΦS and the effect of relaxation will be discussed in detail elsewhere;

the aim here is to give an indication of the inadequacy of other relaxation models at

low field strengths. Relaxation has the effect of decreasing ΦS, but not by the same

amount at all field strengths (which can be seen by comparing the black and red

lines). All simplified relaxation models underestimate the extent of this reduction,

i.e. overestimate ΦS at a given field strength. This is most clearly demonstrated

in the zero and extremely low field regions: all models 1. to 3.(b) provide unsatis-

factory results at field strengths up the onset of the LFE. Agreement with the full

relaxation treatment is better at higher fields. The simplified models’ inadequacy

becomes increasingly obvious as the typical rate of relaxation (χ) increases relative

to the rate constant k. When χ ' k, the effect of relaxation on ΦS is small yet notice-

able (see figures 4.3 and 4.4). All models converge to the correct ΦS for ωr & 1, the

relaxation matrix models (3b and 3a) from even lower ωr & 0.05. Thus the shape

and position of the LFE are reasonably well predicted. However, agreement at zero

field and in the extremely low field (ELF) region is poor. When the relaxation effect

is stronger though the LFE not removed by relaxation (for χ ' 10k, figures 4.5 and
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4.6), the overestimation of ΦS at extremely low fields is gross, with

ΦS(no relaxation) > ΦS(T1) > ΦS(HF, transitions) > ΦS(Bloch) > ΦS(HF, secular) > ΦS(LF, matrix)

(4.50)

The high-field relaxation matrix models are adequate from ωr ≈ 0.5, but the simpler

T1 and Bloch type models do not reproduce the correct ΦS at any field strength.

Furthermore, the shape of the LFE is not predicted correctly. (It should be noted

that, due to the larger τcr in parameter set 2.b), the extreme narrowing limit ceases

to be applicable, as predicted by equation (4.49) at ωr ≈ 4, and the full ˆ̂R calculation,

denoted by the dotted red line, is used as a reference point.)

The singlet yield is, as is clear from the derivation of its formula in section 4.2,

composed of two parts: b0 and b−1, or the contributions from the ∆M = 0,±1

blocks in ˆ̂R and ˆ̂H. As will be discussed in detail later1, both contribute to the

zero-field and ELF ΦS, whereas only b0 is non-zero at higher fields (beyond the

low-field minimum in ΦS) for the small values of kr examined here. The effect of

relaxation on b−1 is primarily to decrease the singlet yield at extremely low fields.

Within the ‘T1’ and high-field transition rate models, all relaxation rates affecting

b−1 are zero: in the former only
∣∣ŜzÊ

〉
relaxes, and all population transitions in the

relaxation matrix are zero quantum transitions [39]. Thus both these models signif-

icantly overestimate the ELF value of ΦS. The ‘Bloch type’ and high-field secular

ˆ̂R models both predict a decrease in b−1 due to relaxation, though underestimate

this: it is thus clear that all relaxation rates in ˆ̂R−1 contribute to the ELF behaviour

of the singlet yield. The effect of relaxation on b0 is to reduce it at all values of

ω, but more so at higher field strengths (past the minimum in ΦS). The ‘T1’ and

‘Bloch’ type models predict the same behaviour since both consider only pure elec-

tron spin relaxation. This underestimates the effect of relaxation at very low field

strengths, thus compounding the false prediction of b−1. At higher fields, these

models actually underestimate b0 (i.e. predicting faster relaxation). Both the high-

1For an overview of b0 and b−1, see for example figure 4.18.



4.3. Comparing various approximations for ˆ̂R 142

field relaxation matrix models work well for b0 in the ELF region. This indicates

that the only relaxation transitions important at such low field strengths are be-

tween
∣∣ŜzÊ

〉
,
∣∣ŜzŜz

〉
and

∣∣ÊŜz
〉

since these are the only non-zero relaxation rates in

model 3a. As the field strength increases (from ωr ≈ 1), relaxation rates involving∣∣Ŝ+Ŝ−
〉

and
∣∣Ŝ−Ŝ+

〉
also become more significant, though the high-field models

remain rather good.

It can be concluded that when relaxation is comparatively weak (yet effective),

simplified relaxation models can give a rather good prediction of ΦS except at ex-

tremely low field strengths. However, it should be noted that the zero field and ELF

values of ΦS are very important. Firstly, experimental measurements of the mag-

netic field dependence of reaction yields are performed at zero and very low fields

and a good model for it is thus required at all field strengths. Secondly, the quan-

tity measured experimentally is the MFE, not the singlet yield: all measurements

are scaled by the zero-field value. If this cannot be accurately modelled, the effect

on the predicted MFE is dramatic, as illustrated in figures 4.7 to 4.10. None of the

simpler relaxation models predict the correct MFE behaviour. The high-field tran-

sition rate and ‘T1’ models even forecast an increase in the LFE due to relaxation,

as shown by the blue and green dotted lines in figure 4.10; this is clearly false.

The only feature that is not significantly distorted is the position of the low-field

minimum. This failure could not simply be remedied by using a more appropriate

zero-field model for the reference ΦS since the ELF region is also implicated.

While this exemplary single-nucleus RP model is rather crude, in particular

predicting an atypical zero-field value of ΦS that is larger than that at higher fields,

this malfunctioning of simpler relaxation models will persist in larger spin sys-

tems for the same reasons: the relaxational dynamics cannot simply be reduced to

a few rates at low fields. While the high-field secular relaxation matrix appears

to yield satisfactory results for ΦS except at extremely low fields, it might seem

simpler to use this instead of a low-field version. It should be noted, however,

that there is no difference between high-field and low-field relaxation matrices in
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a field-independent basis like the product operator basis, so long as the extreme

narrowing limit holds. It follows that it is no simpler to formulate a high-field re-

laxation model based on a matrix treatment; thus there would be no gains in using

this instead. However, outside of the extreme narrowing limit, there is a differ-

ence between high-field and low-field matrices, and it might be advantageous to

use a secular high-field relaxation matrix at relatively low fields when it is known

that the extreme narrowing approximation does not hold, at least for larger spin

systems where a formulation of a low-field ˆ̂R is only possible in the extreme nar-

rowing limit.

4.4 An analytical solution for ΦS

For a radical pair with a single magnetic nucleus on one radical, the singlet yield

can be determined analytically. This is useful for gaining an insight into the ef-

fects relaxation has on the singlet yield, and the results will be presented here in

some detail. We restrict our attention to the extreme narrowing limit here since the

expressions become extremely lengthy when the spectral densities are considered,

which brings no gain at low fields. The explicit form of the Liouville space Hamil-

tonian and relaxation matrix for the zero order (∆M = 0) block is (see Chapter 3):

ˆ̂H(0)
A =

1
2



0 0 a −a 0

0 0 −a a 0

a −a 2ω 0 0

−a a 0 −2ω 0

0 0 0 0 0


(4.51)
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ˆ̂R(0)
A = − χ

60



10 5 0 0 0

5 10 0 0 0

0 0 4 −1 −3

0 0 −1 4 −3

0 0 −3 −3 6


(4.52)

The ordering of states for these matrices is

∣∣ÊŜz
〉

,
∣∣ŜzÊ

〉
,
∣∣Ŝ+Ŝ−

〉
,
∣∣Ŝ−Ŝ+

〉
,
∣∣ŜzŜz

〉
(4.53)

As Hamiltonian and relaxation matrix of coherence order −1 (∆M = −1), we

have:

ˆ̂H(−1)
A = 2



0 0 a −a

0 −ω −a a

a −a −ω 0

−a a 0 0


(4.54)

ˆ̂R(−1)
A = − χ

60



10 5 0 0

5 10 0 0

0 0 7 2

0 0 2 7


(4.55)

The corresponding ordering of states is

∣∣ÊŜ−
〉

,
∣∣Ŝ−Ê

〉
,
∣∣Ŝ−Ŝz

〉
,
∣∣ŜzŜ−

〉
(4.56)

Several observations about the structure of these matrices and thus the master

equation the density matrix can be made. Since the block-diagonal structure (ac-

cording to ∆M) of ˆ̂H and ˆ̂R is the same, virtually no states are reached through

relaxation that are inaccessible through coherent spin evolution alone. The only

exception is the state
∣∣ŜzŜz

〉
, which becomes populated through relaxation pro-
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cesses. Relaxation induces mixing between states that are not directly connected

by the isotropic hyperfine interaction (e.g.
∣∣ÊŜz

〉
↔
∣∣ŜzÊ

〉
and

∣∣Ŝ−Ŝ+
〉
↔
∣∣Ŝ+Ŝ−

〉
).

Each block of the relaxation matrix is block-diagonal according to the parity of the

number of non-identity operators contributing to the state. This property can be ex-

ploited at higher magnetic field strengths (ω � a) provided the extreme narrowing

condition still holds: the off-diagonal elements of ˆ̂HA become negligible in compar-

ison with the diagonal ones, and the number of states required for a solution of the

SLE is reduced to two for each block,
∣∣ÊŜz

〉
,
∣∣ŜzÊ

〉
and

∣∣ÊŜ−
〉

,
∣∣Ŝ−Ê

〉
. As noted in

the previous chapter, the relaxation parameter χ for isotropic tumbling is [A : A] τc

(see (2.102)). The product operators that contribute to the singlet character of the

radical pair have the fastest self-relaxation rates (which are the diagonal elements

of ˆ̂R in the present basis). These are the purely electron spin operators
∣∣Ŝ−Ê

〉
and∣∣ŜzÊ

〉
. From this discussion it is to be expected that relaxation effects on the singlet

yield will become apparent if the relaxation parameter χ is comparable in size to

(or larger than) the reaction rate constant k.

4.4.1 Dimensionless parameters

It will prove convenient to express all parameters in the calculation in terms of

the magnitude of the isotropic hyperfine coupling constant a, giving the following

dimensionless reduced parameters:

ωr =
ω

|a| (4.57)

∆Ar =
∆A
|a| (4.58)

δAr =
δA
|a| (4.59)

χr =
χ

|a| (4.60)

τcr = |a|τc (4.61)
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It will be seen that quantities of importance, such as ΦS, b0 and b−1, can be ex-

pressed in terms of reduced parameters ωr, kr and χr. Furthermore, the sign of a in

the single-nucleus case does not affect any observables, so that the dependence on

a can be entirely absorbed into the reduced parameters.

4.4.2 Analytical solutions and limiting cases

Analytical solutions to the Laplace-transformed master equation for blocks ∆M =

0,±1 can be found. For this, the explicit matrix forms of the Hamiltonian and

relaxation superoperators (equations (4.51), (4.52), (4.54) and (4.55)) are inserted

into the formal expression for b0 and b−1, equations (4.47) and (4.48), respectively.

That is, the matrices are inverted analytically, and the relevant element is extracted.

This allows for assessing the functional form and other features of the singlet yield

as well as the impact of relaxation. For convenience, we define qr = 1
60 χr, which

means that the fastest relaxation rate in the system (
∣∣ŜzÊ

〉
,
∣∣Ŝ±Ê

〉
self-relaxation) is

10qr. We obtain for b0:

b0 = kr
2(kr + 6qr)(kr + 10qr)ω2

r + kr(kr + 9qr)(2(kr + 5qr)(kr + 10qr) + 1)
4(kr + 15qr) [(kr + 5qr)(kr + 6qr)ω2

r + kr(kr + 9qr) ((kr + 5qr)2 + 1)]
(4.62)

The expression for b−1 is too complicated to be reproduced here2, but some limiting

cases can provide some insight. At zero field the equation for b0 and b−1 is

b0(ω = 0) =
1
2

b−1(ω = 0) =
kr(2(kr + 5qr)(kr + 10qr) + 1)
4(kr + 15qr) ((kr + 5qr)2 + 1)

(4.63)

They are equal (bar a factor of two) as, because there is no applied field, the orien-

tation of the laboratory frame is arbitrary and there is no distinction between the

Cartesian components x, y, z. In the absence of relaxation, the expression for b0 is

simple:

b0(χ = 0) =
1
2

(
1− 1

2 (k2
r + ω2

r + 1)

)
(4.64)

2An expression for b−1 can be found in appendix B.
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In the absence of relaxation, b−1 is given by

b−1(χ = 0) =
2k2

r

(
8k6

r + 4
(
4ω2

r + 3
)

k4
r +

(
8ω4

r + 6ω2
r + 4

)
k2

r + 2ω4
r + ω2

r

)
16 (k2

r + 1)2 k4
r + 8 (4k4

r + 3k2
r + 1) ω2

r k2
r + (4k2

r + 1)2
ω4

r

(4.65)

From these two equations it can be seen that, when χ = 0, b0 becomes independent

of k when ω2
r + 1� k2

r , and b0 approaches 1
2 as the field strength becomes large. It

is instructive to look at several limiting cases at very low magnetic field strengths

(ω � a). Firstly, in the absence of relaxation (χ = 0), we have (see also Timmel et

al. [165])

k� a� ω b0 =
1
2

b−1 = 1 ΦS = 1 (4.66)

a� k� ω b0 =
1
4

b−1 =
1
2

ΦS =
5
8

(4.67)

a� ω � k b0 =
1
4

b−1 = 0 ΦS =
3
8

(4.68)

When the rate of reaction is very fast (see equation (4.66)), there is no spin evolution

during the lifetime of the radical pair, and the singlet yield of a singlet-born radical

pair equals unity. Case (4.67) allows for hyperfine-driven spin evolution during

the lifetime of the RP, and the singlet yield is reduced to 5
8 . When the field strength

becomes sufficiently large to play a role in the spin evolution, (scenario (4.68)), b−1

is reduced to zero when k is very small, whereas b0 remains unchanged. Thus the

low-field limiting ΦS is 3
8 . The effect of relaxation can be summarised in the limits

of

• k � χ: Relaxation has no effect, and the limiting values of b0, b−1 and ΦS are

as above, equation (4.66) to (4.68).

• χ � k: The effect of very fast relaxation results in a singlet yield at the statis-

tical value of 1
4 . The values of both b0 and b−1 are zero in this limit.

It is at values of χ comparable to k that the effect of relaxation is the most interesting

and subtle. It should be noted that the effect of relaxation is always to reduce ΦS

in this case of a singlet-born single-nucleus RP: relaxation processes enhance ST-
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mixing at all field strengths and thus increase the fraction of non-reactive triplet-

state RPs. However, while b0 is also always reduced by relaxation, this is not the

case for b−1. This is reduced at zero field (where it is the same as 2b0) but can be

increased by relaxation at higher field strengths.

4.5 Quantifying the effect of relaxation on ΦS

The effect of modulated anisotropic HFI relaxation on the singlet yield is examined

here, and compared to ΦS calculated without taking relaxation effects into account.

(For a fuller discussion of the latter, see for example Timmel et al. [165] or Brock-

lehurst [23].) Throughout, the case of extremely long-lived RPs deserves special

mention: not only are they most likely to manifest relaxation effects due to their

long lifetime, but they are also most conveniently investigated by considering the

limit of small k. The decomposition of ΦS into b0 and b−1 (according to equation

(4.46)) yields several physical insights, as well as facilitating the investigation of re-

laxation effects. The singlet yield and its constituents arising from the ∆M = 0,±1

blocks of the Liouvillian (i.e. b0 and b−1) are displayed in figures 4.11 to 4.14. Show-

ing the field strength on a linear scale is useful for comparison to previous results

(namely in [165]) and experiments, whereas the logarithmic scale allows a closer

investigation of the low-field behaviour. A brief overview of the features of ΦS

as well as its constituent b0 and b−1 in the absence of relaxation allows expedient

comparisons with the relaxation calculations of the same quantities. We find, as

illustrated in figures 4.11 to 4.14:

• ΦS is a linear combination of b0 and b−1, which are equal (bar a factor of

two) at zero field (see equation (4.63). The behaviour of ΦS at extremely low

fields is determined by that of b−1 since b0 is virtually constant here. b−1 de-

cays rapidly with field strength to a constant value so that the higher field

behaviour of ΦS is due to that of b0, which continues to rise (virtually inde-

pendently of the rate constant) with increasing ωr.
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Figure 4.11: The singlet yield (without relaxation) vs field strength ωr for a range of rate
constants kr in a single-nucleus RP. The reduced parameters are explained in section 4.4.1.

Figure 4.12: Plots of b0 and b−1 vs field strength for the same kr as in the above figure 4.11,
and ΦS = 1

4 + 1
2 b0 + 1

2 b−1.
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Figure 4.13: The singlet yield vs field strength, as in figure 4.11, but on a logarithmic scale
to emphasise the low-field behaviour.

Figure 4.14: b0 and b−1 vs field strength, as in figure 4.12, but on a logarithmic scale to
emphasise the low-field behaviour. The same kr are used as in the above figure 4.13, and
ΦS = 1

4 + 1
2 b0 + 1

2 b−1.
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• For very small kr . 0.01, while b0 is virtually independent of the rate constant,

the decay in b−1 from its zero-field value to effectively zero occurs at lower

field strengths the smaller kr. This can be seen very clearly in figure 4.14. The

rather sharp drop in b−1 occurs at ω
k ≈ 1 for any kr, and b−1 tends to 4k2

r
1+4k2

r
at

higher field strengths.

• The low-field minimum in ΦS occurs when the gradients of b0 and b−1 are

equal in magnitude and opposite in sign. This means that, because b0 is

hardly dependent on kr, as kr increases and b−1 decays at higher values of

ωr, the minimum in ΦS occurs at increasingly large ωr. This can be seen with

aid of figures 4.13 and 4.14. As kr increases beyond approximately 0.2, the

minimum in ΦS shifts back to lower field strengths (cf. figure 2. in Timmel et

al. [165]).

• The depth of the low-field minimum, and thus the magnitude of the LFE

according to equation (1.17), depends both on the zero-field value and the

minimum value of ΦS. The difference between these decreases markedly as

kr increases, thus causing a reduction in the LFE from its small-kr value of

40%.

• The width of the low-field effect increases with kr. This feature is important

in experimental observations [112], but is not readily quantified in the sim-

ple single-nucleus RP: its magnetic field effect is atypical in that, for RPs with

more hyperfine couplings, the zero-field value of ΦS is smaller than the high-

field value. For a single-nucleus RP, the reverse is the case, and this results in

comparatively large values of the LFE. This should be borne in mind; when

a more realistic radical pair with more hyperfine couplings is discussed in

the subsequent chapter, deviations from observations made here for a simple

case will be mentioned. For now, this exemplary RP serves as a good refer-

ence point. The width of the LFE is characterised for example by the value

of B(0) (see figure 1.5), although here we confine ourselves to a qualitative
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assessment of the shape of the ΦS and MFE curves.

With the behaviour of ΦS and its ∆M = 0,±1 constituents b0 and b−1 in mind,

the effect of relaxation can be readily assessed. The typical rate of relaxation is

quantified by χr, and it is to be expected that relaxation effects become observable

when this typical rate of relaxation is comparable in size, or larger than, the recom-

bination rate constant3. It will prove convenient to quantify χr (or χ) in multiples

of the rate constant kr (or k, respectively) such that

χr = nkr or (with the same n) χ = nk (4.69)

In figures 4.15 to 4.18, the singlet yield and its constituents b0 and b−1 are shown for

χ = k, i.e. n = 1. All are affected (even though the relaxation rates are actually all

smaller than kr). Expressing the relaxation rate relative to the RP lifetime results in

a relaxation effect of similar magnitude for a given n and each value of kr, although

the details of the relaxation effect still depend on kr. The same functions in the

absence of relaxation are shown by broken lines for reference. For larger values of

n (some of which will be displayed later), the effect is similar in quality as described

below, but more pronounced.

Zero field. The reduction in ΦS due to relaxation is strongest at zero field as both

b0 and b−1 are equally affected. This can be seen most clearly in figures 4.17 and

4.18: at extremely low fields, ΦS, b0 and b−1 are unchanged from their zero-field

values. For small kr and n4,

b0 =
1
2

b−1 '
1

4 + n
+

12 + n
48

k2
r (4.70)

so that

ΦS '
1
4

+
3
2

(
1

4 + n
+

12 + n
48

k2
r

)
(4.71)

3It should be remembered that, in this single-nucleus RP, the rates of relaxation in the relaxation
matrix range from | 1

60 χr| to | 16 χr|, when expressed in the product operator basis.
4This is a series expansion in kr, neglecting O(k4

r ) and higher, which is reasonable for any kr that
is small enough to show a LFE (i.e. . 0.5) provided χr is no more than a few times kr.
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Figure 4.15: The singlet yield vs field strength ωr for a single-nucleus RP, for a range of rate
constants kr. The key to the colours can be found in figure 4.11. The solid lines correspond
to χr = kr, the broken lines to χr = 0 (no relaxation).

Figure 4.16: Plots of b0 and b−1 vs field strength for the same kr as in the above figure 4.15,
and ΦS = 1

4 + 1
2 b0 + 1

2 b−1. The key to the colours can be found in figure 4.11.
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This means that the small-kr value of ΦS at zero field is reduced from 0.625 to 0.55

as seen in figure 4.15, with a similar (though very slightly larger) reduction at zero

field for larger values of kr.

ELF. The value of ΦS at extremely low fields is best examined on the logarith-

mic scale plots in figures 4.17 and 4.18. b0 remains at its zero-field value up to

ωr ≈ 0.1; this is hardly changed by relaxation. b−1 experiences a decay with field

strength whose gradient is slightly reduced by relaxation, but whose position is

hardly changed (from ω = k). As a result the decay of the singlet yield with field

strength is less sharp due to relaxation effects, for all values of kr.

High-field limiting value. ΦS at higher fields is substantially reduced by relax-

ation, though less so than at zero fields. This reduction is due to that of b0, which is

independent of kr. It tends towards

b0 '
1

4 + n
+

3
12 + n

(4.72)

at higher fields, i.e. here it is reduced from 0.5 to 0.43. For small kr, b−1 is virtually

zero at higher fields, and relaxation has no effect. For large kr and n, it is decreased

due to relaxation, but here, for n = 1, there is an increase in b−1 due to relaxation

at higher fields for all kr. This increase is, however, very small. The limiting value

of b−1 at high field is

b−1 '
4k2

r (1 + 7n)
1 + 4k2

r (1 + 17n + 70n2)
(4.73)

The reduction of ΦS due to relaxation at field strengths higher than the low-field

minimum (ωmin
r ) is only weakly field-dependent. This is particularly true for larger

values of kr, where the relaxation-induced increase in b−1 and decrease in b0 with

field strength counteract one another.

Position of low-field minimum. The position of the minimum in ΦS is hardly

changed by relaxation effects for n = 1: the decay of b−1 and rise in b0 with

field strengths occur at very similar values of ωr even in the presence of relax-
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ation. Larger values of n are required to bring about a perceptible change in ωmin
r ,

and even for large n, the low-field minimum does not shift much from its non-

relaxation value, as shown in figure 4.35, which will be discussed in more detail

below. An exception is constituted by the ΦS curves for larger values of the rate

constant (kr & 0.1), where even for n = 1 there is a noticeable shift to lower field

strengths of the low-field minimum.

Value of ΦS at minimum. This is also decreased by relaxation, almost entirely due

to the reduction of the low-field b0 value due to relaxation. Thus the reduction of

ΦS, for a given n, at its low-field minimum is approximately a third of that at zero

field.Through series expansions of b0 and b−1 it can be shown that the minimum

value of ΦS is given approximately by

ΦS(ωmin
r ) ' 1

4
+

1
2

(
1

4 + n
+

n + 10
6n + 40

(ωmin
r )2

)
(4.74)

% MFE, limiting LFE. The magnetic field effect vs field strength is shown in fig-

ure 4.19. This is the form in which a magnetic field dependence would be recorded

experimentally (for example when measured by MARY spectroscopy [138]). In

order to focus on the low-field behaviour, the same data is also shown on a loga-

rithmic scale, cf. figure 4.20. Since the LFE depends on ΦS both at ω = 0 and at its

low-field minimum, the effect of relaxation is always to reduce the LFE. The limit-

ing (fractional) LFE (for vanishingly small kr, see Timmel et al. [165]) is reduced as

LFE ' 4
10 + n

(4.75)

This corresponds to a 9% reduction in LFE from 40% to 36.4% when χ = k, as

is manifested by the smallest rate constant (kr = 10−3) shown in figure 4.19. For

slightly larger kr, where ωmin
r is not negligibly small, the LFE is further reduced by

relaxation according to

LFE ' 4
10 + n

− 2(4 + n)
3n + 20

(ωmin
r )2 (4.76)



4.5. Quantifying the effect of relaxation on ΦS 156

Figure 4.17: As figure 4.15, but on a logarithmic scale to emphasise the low-field behaviour:
showing the singlet yield vs field strength ωr for a range of rate constants kr. The solid lines
correspond to χr = kr, the broken lines to χr = 0 (no relaxation).

Figure 4.18: As figure 4.16, but on a logarithmic scale to emphasise the low-field behaviour:
plots of b0 and b−1 vs field strength for the same kr as in the above figure 4.17, and ΦS =
1
4 + 1

2 b0 + 1
2 b−1.
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Figure 4.19: %MFE (ΦS(ωr)−ΦS(ω = 0)/ΦS(ω = 0)× 100), for χ = k, for a range of kr as
given below in figure 4.20. The corresponding MFE in the absence of relaxation is shown
by broken lines.

Figure 4.20: As the above, 4.19, but on a logarithmic scale to emphasise the low-field be-
haviour.
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While an analytical form of ωmin
r is difficult to obtain in general and unwieldy,

no harm is done by using the non-relaxation value of ωmin
r , as given in figure 2. in

[165], up to kr ≈ 0.15 for n = 1 (and smaller values of kr for larger n). While for

n = 1 the limiting LFE is reduced to 36.4%, equation (4.76) predicts a reduction of

the LFE from 30% (no relaxation) to 25% (n = 1) for a larger kr of 0.1. The exact

values are 29% and 23%, respectively. Thus a good upper estimate of the size of the

LFE can be conveniently obtained from equation (4.76).

In summary, relaxation affects the ΦS curves and magnetic field dependence

(MFE) for all values of kr when χr = kr. The reduction of ΦS due to relaxation is

largest at zero field. It is larger at very low fields than at field strengths past the

minimum in ΦS. The LFE is reduced by relaxation for all rate constants, although

it is still significant for χ = k. The position of the low-field minimum is hardly

affected by relaxation when n = 1.

A note concerning the applicability of Redfield theory. As will be seen in chapter 6,

the Redfield validity condition (2.45) is not very strict. That is, to produce the cor-

rect ΦS, we do not require 6
χr
� τcr. However, for Redfield theory to be applicable

we need the rotational motion to be fast compared with the recombination rate, or

k . 1
30τc

5. In the above discussion, we have parametrised the relaxation rate by

χr throughout, which leaves open the relative magnitudes of [A : A]r and τcr. It is

helpful to state what the maximum value of τcr is for which Redfield theory can be

used with confidence. This is shown in table 4.2. It can be seen that, for the lower

values of kr considered here, the maximum permissible value of τcr is larger than

would be realistic even in viscous solution; Redfield theory can be used without

concern here. For the larger values of kr (& 0.1), it is possible to be in a situation

where the correlation time is larger than permitted within Redfield theory. In that

case an alternative relaxation treatment should be used, as described in chapter 6.

This may then either establish the applicability of Redfield theory, or provide the

correct results. It will be seen in section 6.6 that the disagreement usually occurs

5This condition is equivalent to D/k & 5, which produces satisfactory agreement of Redfield theory
with the non-perturbative relaxation theory presented in chapter 6.
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kr τcr [A : A]r τc/ s (max.) k/106 s−1

(maximum) for n = 1 with max. τcr for a = 1 mT for a = 1 mT

0.001 33.3 3× 10−5 1.9× 10−7 0.176
0.005 6.67 7.5× 10−4 3.8× 10−8 0.880
0.01 3.33 3× 10−4 1.9× 10−8 1.76
0.02 1.67 1.2× 10−2 9.5× 10−8 3.52
0.05 0.667 7.5× 10−2 3.8× 10−8 8.80
0.1 0.333 0.3 1.9× 10−9 17.6
0.2 0.167 1.2 9.6× 10−9 35.2
0.3 0.111 2.7 6.3× 10−10 52.8

Table 4.2: Showing the estimated maximum value of τcr for each kr that falls within Redfield
validity (i.e. that satisfies k . 1/30τc). The values of [A : A]r required in order to achieve a
significant relaxation effect (with n = 1) is also given, as are the maximum permissible
correlation times corresponding to a = 1 mT.

only at very low field, where a LFE not predicted within Redfield theory is some-

times observed. It should be noted that the Redfield validity condition k . 1
30τc

is not hard and fast, and whenever we suspect being in this regime, the applica-

bility of Redfield theory ought first to be established. Concerning the survey of

relaxation effects in this chapter, we can be assured that Redfield theory remains

valid for all parameters χr and kr investigated as the validity condition concerns

τcr. In order to achieve a significant relaxation effect for the larger values of kr and

still be within the Redfield regime, the hyperfine anisotropy [A : A]r needs to be

rather large – values will become unrealistic for large n = χ
k when recombination

is relatively fast. For example, for n = 6 and kr = 0.3, we require [A : A]r & 16

for Redfield theory to be valid for this χr. This restriction on τcr relative to kr must

always be borne in mind when using Redfield theory to model relaxation effects.

It should also be noted that the extreme narrowing limit only holds at very low

fields provided that τcr is not too large, and when τcr & 0.1, a full relaxation ma-

trix treatment (which is possible for a single-nucleus RP) must be used even under

low-field conditions. While this limits the applicability of Redfield theory under

slow-motion conditions, it should be noted that normal correlation times for small

radicals in solution are unlikely to be as large as a nanosecond, and Redfield theory
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in the extreme narrowing limit is applicable.

4.5.1 Higher rates of relaxation

The singlet yield and %MFE for three selected values of the rate constant, kr = 10−3,

10−2, 10−1, are shown in figures 4.22 to 4.27. For each kr, a range of n is inves-

tigated. It thus becomes immediately obvious what sort of effect is expected for

small, medium and relatively large rate constants as the rate of relaxation increases.

For each rate constant, a range of relaxation rates is investigated such that there

is a gradual increase in the effect of relaxation, up to the point where the field-

dependence of ΦS, and thus the LFE, vanishes. In each figure 4.22 to 4.27 the rate of

relaxation is given in multiples of kr, as indicated in the legend in figure 4.21. The

red line with the largest LFE corresponds to n = 0, where there is no relaxation.

The smaller kr, the larger χr is permitted to be relative to kr in order still to observe

a LFE. Thus the maximum n investigated in figures 4.22 and 4.23 is twice as large

as that for the two larger values of kr, shown in figures 4.24 to 4.27. For a line of any

given colour, n is twice as large in the former (corresponding to kr = 10−3) as in

the latter (for kr = 10−2, 10−1). It should be noted that the absolute (reduced) value

of the relaxation rate is obtained for each kr according to χr = nkr. The values of

non-zero χr range from 2× 10−4 to 0.2 in figure 4.22, from 10−3 to 1 in figure 4.24

and from 10−2 to 10 in figure 4.26.

As mentioned above and discussed in more detail in chapter 6, Redfield the-

ory models the relaxation effect on ΦS correctly for all combinations of χr and kr,

provided that the rotational motion is fast compared with the recombination rate.

The maximum permissible value of τcr for the rate constants investigated here are

shown in table 4.2, as is the corresponding [A : A]r required to produce a percepti-

ble relaxation effect (within Redfield validity). The largest value of χr investigated

here for kr = 10−3 is 0.2, which could correspond to, for example [A : A]r = 2 and

τcr = 0.1: these values are both valid and realistic. For the medium-sized kr in-

vestigated here, the largest χr corresponds to n = 100, or χr = 1. Again realistic
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combinations of [A : A]r and τcr are possible. In neither of these cases the cap on τcr

is restrictive, as the correlation time in solution is unlikely to be as large as would

be permissible within Redfield theory (in order to complete the motional averaging

during the RP lifetime). For the largest value of kr considered here, we are restricted

to a maximum τcr of ca. 0.33 (see table 4.2), which corresponds to a correlation

time of approximately one nanosecond. While this is the largest value of τc we are

likely to observe in solution, this means that rather large hyperfine anisotropies

are required to produce a strong relaxation effect. For example, n = 50, with the

maximum allowed τcr, requires [A : A]r ≈ 17. Such large hyperfine anisotropies

are only observed in extreme cases. Nonetheless, the smaller values of n produce a

significant relaxation effect, even for the largest kr considered here, and can result

from realistic combinations of correlation time and hyperfine anisotropy.

Figure 4.21: Values of n for figures 4.22 and 4.23 (kr = 10−3) and figures 4.24 to 4.27 (kr =
10−2, 10−1). For each set of figures the value of χr is easily obtained from χr = nkr.

Figure 4.22 shows the singlet yield for kr = 10−3, and figure 4.23 the correspond-

ing %MFE at low fields. This kr corresponds to a very long RP lifetime of 5.7 µs for



4.5. Quantifying the effect of relaxation on ΦS 162

Figure 4.22: The singlet yield in a single-nucleus RP vs field strength, with kr = 10−3, n = χr
kr

ranging from 0.2 to 200 (20 values evenly spaced on a logarithmic scale. For a legend, see
figure 4.21).

Figure 4.23: %MFE. (ΦS(ωr)−ΦS(0))/ΦS(0)× 100, for ΦS in figure 4.22 above. The arrow
denotes the curve corresponding to χr ' 0.1 for comparison with figures 4.25 and 4.27.
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a hyperfine coupling of a = 1 mT, as might be found in confined systems such as

in micelles. However, for a larger a the lifetime of the RP is shorter. As n, and thus

the rate of relaxation, increases from red (no relaxation) via yellow, green and blue

to pink (fastest relaxation), ΦS decreases at all field strengths, as discussed above.

In particular, the relaxation-induced decrease at zero field is the most pronounced,

from 0.625 to an eventual 0.26 for n = 200, whereas the low-field minimum value

of ΦS decreases from 0.375 to ca. 0.26 over the same range of n. Thus the magnitude

of the LFE decreases steadily from near 40% to almost zero for the largest n, as seen

in figure 4.23, and as given by the limiting LFE in equation (4.75). It can be seen that

the low-field minimum in ΦS shifts to larger values of ωr as the relaxation becomes

faster: the drop in ΦS becomes less sharp. The effect of relaxation is rather small

when n < 1. Nevertheless, a 5% reduction of the LFE occurs for a value of n as

small as 0.5 (cf. equation (4.75)): this is surprising considering the largest relaxation

rate in the system is 1
6 χr and thus over an order of magnitude smaller than kr. At

n = 6, when the fastest relaxation rates equal kr, the LFE is reduced to below 25%.

Even when the typical relaxation rate is considerably faster than kr, the LFE is still

pronounced for such a long-lived RP; for n = 96.7 it is still 2.8%.

The radical pair simulated in figures 4.24 and 4.25 is shorter-lived by a factor

of 10: here kr = 10−2, corresponding to a lifetime of 570 ns for a = 1 mT. Again,

relaxation effects decrease ΦS and the LFE, but a lower value of n is necessary to

bring about the same decrease in LFE as for the smaller value of kr. When n & 50,

the magnetic field dependence of ΦS and thus the LFE vanishes; previously n & 200

was required for this. The low-field minimum in ΦS shifts to slightly higher field

strengths (from ωmin
r = 0.17 for n = 0 to ωmin

r = 0.29 for n = 48.3), before the low-

field minimum in ΦS disappears. When n = 6, the LFE is reduced by 42% from

39% (no relaxtion) to 22.5%.

Finally, we consider a radical pair with kr = 0.1, which corresponds to a lifetime

of 57 ns for a = 1 mT. The singlet yield and MFE are shown in figures 4.26 and 4.27,

respectively. For n & 20 there is no longer a LFE, and the field-dependence of ΦS
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is removed long before it reaches the statistical value of 0.25: when n = 100, ΦS

equals ca. 0.28 at all field strengths. When n = 6, the LFE is reduced by 79% from

29% (no relaxtion) to 6%.

Thus it can be concluded that, the shorter-lived the RP for a given a, the smaller

the value of n = χ
k at which the LFE vanishes. It should be noted, however, that

the absolute value of χr that brings about a certain reduction in the LFE is smaller

for shorter-lived RPs. We can compare the effect of χr ' 0.1 for the three values of

kr investigated, corresponding to n = 100, 10 and 1 for kr = 10−3, 10−2 and 10−1,

respectively. These lines (or their nearest approximations) are marked by arrows in

figures 4.23, 4.25 and 4.27. It is immediately obvious that a given χr has the greatest

effect for the smallest kr, reducing the LFE to 2.6% in the case of kr = 10−3. The

other values of kr, 10−2 and 10−1 give LFEs of 17% and 23%, respectively.

Larger recombination rate constants are not considered here: even in the ab-

sence of relaxation the LFE is less pronounced and as relaxation effects become

noticeable, the LFE is quickly obliterated. Large values of χr would be required in

order to observe any relaxation effect in that case.
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Figure 4.24: The singlet yield vs field strength, with kr = 0.01, n = χr
kr

ranging from 0.1 to
100 (20 values evenly spaced on a logarithmic scale; for a legend, see figure 4.21)

Figure 4.25: %MFE. (ΦS(ωr)−ΦS(0))/ΦS(0)× 100, for ΦS in figure 4.24 above. The arrows
denote the curves corresponding to χr ' 0.1 for comparison with figures 4.23 and 4.27.
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Figure 4.26: The singlet yield vs field strength, with kr = 0.1, n = χr
kr

ranging from 0.1 to
100 (20 values evenly spaced on a logarithmic scale; for a legend, see figure 4.21)

Figure 4.27: %MFE. (ΦS(ωr)−ΦS(0))/ΦS(0)× 100, for ΦS in figure 4.26 above. The arrow
denotes the curve corresponding to χr ' 0.1 for comparison with figures 4.23 and 4.25.
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4.5.2 Charting the effect of relaxation

Having investigated in detail the singlet yield and MFE for a range of rate constants

when n = 1, as well as a range of n for a number of kr, we have a good idea

of the sort of effects caused by relaxation. It is now worthwhile to chart several

key aspects of the ΦS and MFE for a wider range of parameters. This is useful

for a number of reasons. The effect of relaxation can be assessed most readily:

whether there is one at all for the given parameters, how large it is (by a number of

metrics), and at which relaxation rate the LFE disappears. The effect of relaxation

for different rate constants and relaxation rates can be compared very easily. If the

parameters, in particular kr and τcr, are not known very accurately, the observed

magnetic field effect can be used in conjunction with the below figures to obtain, at

a glance, plausible combinations of kr and χr, akin to a simplified version of curve-

fitting. Further, deviations from the small-kr case (for which several key equations

were quoted above, (4.71), (4.74) and (4.76)), become immediately apparent.

The parameters are chosen so as to cover the entire realistic range, from very

long-lived to fairly short-lived RPs (for which there is still a LFE), from negligibly

slow relaxation to relaxation so fast that the LFE vanishes. Specifically, we inves-

tigate values of kr from 5 × 10−4 to 0.5. For a = 1 mT, this corresponds to RP

lifetimes between 10 ns and 10 µs. As discussed above in section 2.4, the rate of re-

laxation depends on the rotational correlation time τc and the hyperfine anisotropy

[A : A] = 1
6

(
∆A2 + 3δA2). Realistic values of τc for small organic radicals range

from a few picoseconds to several nanoseconds at most (in very viscous solvents or

micelles). For a typical isotropic HFC of ca. 1 mT, the corresponding reduced corre-

lation time values are shown in table 4.3. The axiality ∆A and rhombicity δA of the

hyperfine tensor are seldom much larger than the isotropic HFC, resulting in val-

ues of 10 or smaller for the reduced anisotropy [A : A]r. The values of χr produced

by these realistic combinations of τcr and [A : A]r are shown in table 4.3. Larger

values of a, for the same τc, result in larger values of χr, and thus we choose here

to investigate values of χr up to 10. It was shown in figures 4.22 to 4.27 that when
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χr is much smaller than kr, the effect of relaxation is negligible. Since the smallest

rate constant considered in this survey is kr = 4 × 10−5, any χr below 10−4 will

cause only negligible relaxation effects, and this is chosen as the lowest χr to be

investigated.

τc/s→ 10−12 10−11 10−10 10−9

τcr for a ≈ 1 mT → 2× 10−4 2× 10−3 2× 10−2 2× 10−1

[A : A]r ↓ 10−2 2× 10−6 2× 10−5 2× 10−4 2× 10−3

0.1 2× 10−5 2× 10−4 2× 10−3 10−2

1 2× 10−4 2× 10−3 2× 10−2 0.2
10 2× 10−3 2× 10−2 0.2 2

Table 4.3: Listing values of the relaxation parameter χr = τcr[A : A]r resulting from a range
of correlation times (columns) and hyperfine anisotropies (rows). The physically realistic
range for τc and [A : A]r is sampled. The corresponding reduced correlation time τcr for
a ≈ 1 mT is also shown. It can be seen that physically reasonable values for χr span several
orders of magnitude, from 10−6 to 10.

Figures 4.28 to 4.35 show a number of ΦS and MFE characteristics as a function

of firstly, krand χr and secondly, kr and n. Figures 4.32 and 4.33 exhibit the %LFE,

the main observable of importance in magnetic field dependent reactions at low

field6. This depends on ΦS both at zero field and at its low-field minimum, which

are affected by relaxation in different ways; they are illustrated in figures 4.28 to

4.31. Finally, the position of the low-field minimum is indicated in figures 4.34

and 4.35, and the effect of relaxation on ωmin
r can be assessed. Together with the

knowledge of the full ΦS plots in this chapter (figures 4.15 to 4.27), these figures

allow for a good understanding of relaxational effects on ΦS and the MFE.

In each figure, kr runs along the vertical axis and χr or n along the horizontal

axis, which are all on a logarithmic scale. The magnitude of the ΦS characteristics

examined is shown in colour, whose corresponding values are given in the bar

on the right hand side of each figure. For the parameters investigated, 0.25 ≤

ΦS < 0.7, and the spectrum in figures 4.28 to 4.31 covers values from 0.25 to 0.7.

Each colour is used twice for added precision, so that approximate values of the

quantities of interest can be directly inferred from each graph. This should not lead

6As discussed above, in this exemplary RP, the value of B(0) is not normally defined.
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to any ambiguity since the general shape of ΦS and the MFE is already well-known

from the above discussion, and the locations of the minimum and maximum values

of each metric are indicated on each figure. The parameter space in which no LFE

is observed is shaded on each figure.

The first figure for each of the quantities ΦS(ωr = 0), ΦS(ωmin
r ), %LFE and ωmin

r

(i.e. figures 4.28, 4.30, 4.32 and 4.34) shows the effect of varying kr and χr, over the

ranges explained above. This is useful because χr is directly related to the molecular

parameters τc, [A : A] and a. The hyperfine tensor is usually known, and the cor-

relation time can be estimated, e.g. from viscosity measurements. Experimentally

determined quantities, such as the %LFE or the position of the low-field minimum

in the MFE can thus be correlated with an approximate value of kr on this figure.

The second figure for each of the quantities shows the effect for the same range

of kr, but as a function of n = χr
kr

. This is particularly useful since it makes it imme-

diately obvious how large χr must be, for a given kr, in order for relaxation effects to

manifest themselves, and for them to cause a loss of ΦS magnetic field dependence.

Furthermore, for relatively small kr, these effects can be quantified in terms of n (cf.

equations (4.70) to (4.76)), and the deviation from this small-kr situation described

above is easily grasped.

The leftmost vertical section of each figure, where χr = 10−4 or n = 0.1, corre-

sponds approximately to the non-relaxation scenario: it was seen, for example in

figures 4.22 to 4.27, that at such low values of the relaxation rate, there is almost no

discernible change in the ΦS curve. (For an exact comparison with non-relaxation

results for χr = 0, see figures 4.11 and 4.13.) This section of the figures thus serves

as a reference point when assessing the effect of relaxation on the quantities exam-

ined.

In order to comprehend the magnitude of the LFE, we must consider ΦS at zero

field and at its low-field minimum in turn. The value of ΦS(ωr = 0) is exhibited

in figures 4.28 and 4.29. The zero-field value of 0.625 (and slightly larger for larger

kr) is reduced by relaxation effects, eventually to the statistical 0.25 when n is very
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large (or χr much greater than kr). Figure 4.29 shows that for small kr the zero-field

expression for ΦS, equation (4.71), holds: ΦS(ωr = 0) is almost entirely charac-

terised by n. For values of kr larger than about 0.04, this is no longer true, and

larger values of n are required to bring ΦS down to the same value (or colour) as

for a lower kr. Even at n = 100, the statistical value of 0.25 is not yet reached: since

the fast recombination precludes complete spin mixing. For small kr, when n = 1,

ΦS(ωr =0) = 0.55, when n = 10 it is 0.38 – and larger for larger kr. This reduction of

ΦS at zero field can also be seen (for a small selection of kr) in figures 4.22, 4.24 and

4.26. Very similar information is displayed differently in figure 4.28. The top left

triangular section shows no relaxation effects, whereas the bottom right part cor-

responds to complete relaxation. This makes it clear that, unless χr is really rather

large, ΦS(ωr = 0) is not affected by relaxation except when kr is very small. This

requires a highly anisotropic hyperfine tensor and/or slow rotational reorientation,

as set out in table 4.3. However, when the RP is long-lived, fairly slow relaxation

brings about a substantial drop of ΦS at zero field: for example, for kr = 5× 10−3,

its value reaches 0.44 for [A : A]r = 1 and a τc of approximately 100 ps (i.e. a χr of

2× 10−2).

The value of ΦS at its low-field minimum is shown in figures 4.30 and 4.31.

The parameter space where this is in fact the same as the zero-field ΦS is shaded:

either there is no minimum in ΦS at all, or the lowest value of ΦS occurs at zero

field, and relaxation is obliterating any magnetic field-dependence of ΦS. This is

seen for the larger values of n in the above ΦS plots, figures 4.22, 4.24 and 4.26.

For small kr (. 0.01), there is again a near-uniform n-dependence of ΦS, as given

by equation (4.74). Comparing to figure 4.29, it is clear that the relaxation-induced

decay of ΦS(ωmin
r ) is significantly slower than at zero field: the colour changes are

more widely spaced over the decay from 0.37 (n = 0.1) to 0.25 (n = 100). For larger

values of kr, ΦS(ωmin
r ) decreases only slightly with n before the low-field minimum

vanishes (shown by the shaded area). The dependence of ΦS(ωmin
r ) on the absolute

rate of relaxation is made clear in figure 4.30: while a χr of 0.1 has reduced ΦS to
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its statistical value of 0.25 for kr . 2× 10−3, the minimum value of ΦS is hardly

reduced for kr & 0.05.

The combined effect of relaxation on ΦS at zero field and at its low-field min-

imum manifests itself in the magnitude of the LFE, as shown in figures 4.32 and

4.33. As noted before, whenever relaxation is effective, its impact is to reduce the

LFE and when n is sufficiently large, the LFE vanishes. Figure 4.33 shows for which

n and kr this occurs (in the shaded area). It is important to realise that n > kr still

results in a larger LFE for long-lived RPs than n = 0 (i.e. no relaxation) for larger

kr. This means that for experimentally recorded MFEs for radicals with rather long

lifetimes, a substantial observed LFE, which is nonetheless smaller than 40%, could

be explained by relaxation effects. Since the LFE decreases with increasing kr and is

below 10% for kr & 0.3 even when relaxation is not effective, the result of relaxation

for such relatively large kr is to remove the LFE completely. This is seen partic-

ularly clearly in figure 4.32: the LFE is not affected by an increase in χr for these

kr until the former has become very large, and the LFE is removed. As a conse-

quence, relaxation effects are unlikely to manifest themselves in radical pairs with

lifetimes much below 50 ns: if these show a field-dependent reaction yield, relax-

ation is not effective, otherwise, their recombination yield is not field-dependent.

Relaxation effects produce more interesting results for longer-lived RPs. The LFE is

well-described by the approximate equation (4.76), and the limiting LFE by (4.75):

a low field effect is still observed when χr is many times greater than the recom-

bination rate. A potential use of figure 4.32 is not only to estimate the size of the

LFE for a given kr and χr, but also to obtain an estimate of the lifetime of a radi-

cal pair for a given χr, provided an experimental measurement of the size of the

LFE is to hand. The relaxation rate can be calculated from molecular parameters

(i.e. the hyperfine anisotropy) and the correlation time (which is proportional to

the viscosity7). Combined, they point to a rate constant kr. It is also clear from this

figure that the same magnitude of LFE can be caused by a fast rate constant with no

7Within a Stokes-Einstein-Debye model, we have τc = 4πr3η/3kBT for a spherical particle with
hydrodynamic radius r in a solvent of viscosity η [87].
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relaxation or a slower rate constant with substantial relaxation, for example a 20%

LFE is predicted for kr ' 0.2 without relaxation as for kr ' 10−2 with χr ' 8× 10−2.

However, the low-field minimum occurs at rather different field strengths for these

two cases, a subject which is examined in figures 4.34 and 4.35.

The relaxation-induced shift of the low-field minimum in ΦS is exhibited in fig-

ures 4.34 and 4.35. The vale of ωmin
r is not dramatically affected by relaxation, and

its dependence on kr is much more pronounced than that on the rate of relaxation.

When the rate constant is very small (kr . 0.04), the ΦS-minimum moves to slightly

higher field strengths when relaxation becomes very fast. For extremely long-lived

RPs this shift is imperceptible until n ≈ 10, which can also be observed in the ΦS

field-dependence curves for kr = 10−3 in figure 4.22. Together with the decrease

in LFE, this shift in ωmin
r attenuates the extremely sharp drop in ΦS (or MFE) seen

for extremely long-lived RPs. However, the LFE is removed by relaxation before

ωmin
r can shift to fields larger than ωmin

r ≈ 0.15 when kr . 10−3. For slightly larger

recombination rate constants, the increase in ωmin
r is more pronounced and occurs

at lower values of n: when kr = 0.01, ωmin
r increases from 0.19 to 0.3 (when n = 40).

When recombination is relatively rapid, the minimum in ΦS occurs at significantly

higher fields than for very small kr when relaxation is not effective. This is still true

when relaxation is fast (compared with kr), even though for kr & 0.04, ωmin
r actually

decreases due to relaxation, whereas it increases for the smaller kr. When compar-

ing figures 4.32 and 4.34 it is clear that when the %LFE is the same for two different

rate constants, the minimum in ΦS occurs at a significantly lower field strength for

the smaller rate constant.
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Figure 4.28: The value of ΦS at zero field, represented by colours, vs log kr and log χr. This
is appropriate for a single-nucleus RP within the extreme narrowing limit.

Figure 4.29: The value of ΦS at zero field, as above, represented by colours, vs log kr and
log n.
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Figure 4.30: The value of ΦS at its low-field minimum, represented by colours, vs log kr and
log χr. This is appropriate for a single-nucleus RP within the extreme narrowing limit.

Figure 4.31: The value of ΦS at its low-field minimum, as above, represented by colours, vs
log kr and log n.
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Figure 4.32: The percentage LFE, represented by colours, vs log kr and log χr. This is appro-
priate for a single-nucleus RP within the extreme narrowing limit.

Figure 4.33: The percentage LFE, as above, represented by colours, vs log kr and log n.
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Figure 4.34: ωmin
r , the position of the low-field minimum in ΦS, represented by colours, vs

log kr and log χr. This is appropriate for a single-nucleus RP within the extreme narrowing
limit.

Figure 4.35: ωmin
r , the position of the low-field minimum in ΦS, as above, represented by

colours, vs log kr and log n.
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4.6 Conclusion

Presented here is a versatile method for calculating the radical pair singlet yield

within the exponential model, which is efficient whenever Liouville space is un-

avoidable (e.g. when relaxation is included). Radical-radical interactions are ne-

glected, and hyperfine couplings are assumed to be significant on one radical only.

The relaxation matrix ˆ̂R described in chapter 3 is included, thus taking account of

relaxation due to the modulation of the anisotropic hyperfine interaction on one

radical. The symmetry of the system is exploited, thus significantly reducing the

size of the matrix equations. This leads to an analytical solution for ΦS in the pres-

ence of relaxation in a RP with a single nucleus when the extreme narrowing limit

holds. ΦS can also be calculated for field-dependent relaxation rates in a single-

nucleus RP, allowing its magnetic field-dependence to be determined up to higher

field strengths, although including the spectral densities is not necessary for mod-

elling the LFE for the typical correlation times encountered in solution-phase RPs.

The same calculational procedure can be used for multinuclear RPs, as will be

seen in the following chapter. It can also easily be extended to model RPs with nu-

clei on both radicals, although the calculational efficiency will be diminished. Since

the LFE is significantly smaller in such systems (see e.g. [165]), any relaxation effect

is likely to remove it completely. Modelling the LFE in the presence of relaxation

is thus of lesser importance. Other intra-radical relaxation mechanisms could be

considered within this method; all that is necessary is the formulation of the corre-

sponding relaxation matrix. If the resulting ˆ̂R does not have the same convenient

block-diagonal structure (or this arises from cross-correlations between different re-

laxation mechanisms [96]), the described calculational procedure can still be used,

although the matrices involved will be considerably larger.

It has been assumed in the past that relaxation effects are only significant when

the rate of relaxation is fast compared with the RP recombination rate, and that un-

der such circumstances the magnetic field-dependence of the reaction yield would
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be abolished [165]. It has been shown that the latter surmise is too simplistic, but

that there is some truth in the former assumption: relaxation effects can be ne-

glected when the relaxation rate, as quantified by χr = [A : A]rτcr, is much smaller

than the recombination rate. When it is much greater, relaxation does indeed re-

move the LFE, but when the relaxation and recombination rates are comparable

in magnitude, relaxation processes have subtle effects on the singlet yield and the

MFE, and should not be neglected. This is necessary in the region of 1 . χ
k . 100,

although for relatively large values of kr, the LFE is obliterated when χ is only one

order of magnitude greater than k.

The singlet yield of a singlet-born radical pair is always reduced by relaxation,

which enhances the singlet-triplet mixing, resulting in the statistical yield of 1
4 in

the case of extremely fast relaxation. (For a triplet-born RP, where ST-mixing is in-

creased by relaxation in the same manner, the singlet yield is accordingly increased

by relaxation.) However, the acceleration of the ST-mixing due to relaxation is not

uniform across all field strengths. This is a result of the field-dependence of the RP

eigenstates at low fields. The singlet yield at zero field is reduced more than that

around the low-field minimum. Thus relaxation, when effective, always causes a

decrease in the %LFE. The position of the low-field minimum in ΦS is only weakly

affected by relaxation, being shifted to slightly higher field strengths for very small

kr, and somewhat lower field strengths for larger kr. Relaxation effects can be quan-

tified in terms of the relative sizes of the relaxation parameter and the rate constant

(by n = χ
k ), and they are very similar for the same n when kr is very small. A LFE

remains even for fast relaxation rates, and is only obliterated for n ≈ 200 when kr

is small. For shorter-lived RPs, relaxation rates an order of magnitude greater than

kr suffice to remove the LFE, as it is much smaller in those RPs even in the absence

of relaxation effects. For kr & 0.04, we find that values of the relaxation parameter

of χr ≈ 5 to 8 suffice to erase the LFE.

It has been shown that only a full relaxation matrix treatment can accurately

model the low-field behaviour of the singlet yield. High-field models or other ap-
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proximate approaches that have been used in the past are not satisfactory. How-

ever, the relaxation parameter χ is proportional to the high-field relaxation times

T1 and T2– provided these are determined within the extreme narrowing limit or

at very low field strengths. We find that 1
6 χ = T−1

1 = T−1
2 . (T1 and T2 for this re-

laxation mechanism are identical in the extreme narrowing limit and at zero field.)

Thus while the low-field ΦS cannot accurately be modelled by a simple Bloch-type

relaxation model, the high-field relaxation times are nevertheless useful for deter-

mining whether relaxation effects are likely to play a role in the system at hand.

Care must be taken if experimentally determined relaxation times are used: of

course, the correlation time must be appropriate, and, importantly, high-field val-

ues of T−1
1 may underestimate a possible relaxation effect if the measured T1 has a

significant contribution from spectral densities J(ω) 6= J(0).

Expressing the physical parameters driving spin evolution, as well as the re-

combination rate, relative to each other is very convenient for gaining an under-

standing and overview of the importance and character of relaxation effects in rad-

ical pair reactions. Possible values of the relaxation parameter χr arising from real-

istic combinations of correlation times and hyperfine anisotropies are listed in table

4.3. A given relaxation rate χr (= τcr[A : A]r) brings about a greater relaxation ef-

fect the longer-lived the radical pair. For a typical isotropic HFC of 1 mT in a RP

with a (long) lifetime of a microsecond, even a short rotational correlation time of

a picosecond can show relaxation effects if the anisotropy is large. If the RP per-

sists for less than a microsecond, it is unlikely that relaxation effects will manifest

themselves if the correlation time is as short as a picosecond. Longer correlation

times (arising in viscous solvents or micelles) are more likely to produce relaxation

effects, and when τc is as long as a nanosecond, RP lifetimes of tens of nanoseconds

can result in relaxation effects, provided there is a substantial hyperfine anisotropy

in the system. Such long correlation times are, however, not commonly found in

solution (though possibly in micelles). Relaxation effects are unlikely unless the

RP is long-lived and has at least either a larger hyperfine anisotropy or is tumbling
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rather slowly. An estimate of the likely extent of any relaxation effect can easily

made using the results in this chapter. It should be noted that Redfield theory can

only be used if the motion is sufficiently fast to cause complete averaging of the

anisotropic interaction, and when τc is too long (compared with k), the alternative

relaxation theory described in chapter 6 should be used.

The framework described here could be extended to include anisotropic dif-

fusion effects; the required modification to the relaxation theory is described in

section 2.5.

The example of a single-nucleus RP studied in this chapter is very useful for

gaining an overview of, and insight into, relaxation effects and their importance

in radical pair reactions in weak magnetic fields. However, real radical pairs usu-

ally have more than one significant hyperfine coupling. Furthermore, relaxation

effects are more likely to be significant in multinuclear radical pairs, which form

the subject of the following chapter.



Chapter 5

Relaxation in Multinuclear Radical

Pairs

Radicals in RPs that can be studied experimentally almost always possess more

than one magnetic nucleus that interacts with the electron spin. The magnetic

field-dependent reaction yield will differ from the exemplary case studied in the

previous chapter as a result of the effect of the hyperfine couplings on both the

coherent and incoherent spin evolution. Investigations taking account of the for-

mer have previously been performed by a variety of methods [133], although the

rapidly growing matrix sizes involved pose significant computational challenges,

which have yet to be overcome. The focus here is on incoherent – i.e. relaxation

– effects in more realistic multinuclear RPs. These have never been considered at

low magnetic field strengths, and will be shown significantly to affect the magnetic

field-dependence of the singlet yield (and thus the MFE and LFE).

Since an accurate account of relaxation effects requires all calculations to be per-

formed in Liouville space, an increasing size of spin system necessarily translates

into rapidly growing matrices. In order for it to be possible to consider more than

just a few nuclei, it is imperative to use an efficient algorithm, within a theoreti-

cal approach that exploits any symmetry in the system. For the latter we use the

method for calculating ΦS (and related properties) set out in section 4.2. The dimen-
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sion of the Liouville space for RPs with n spin- 1
2 nuclei is 4(n+2). The improvements

on this made by recognising the total spin angular momentum symmetry (and thus

separation into ∆M = 0,±1 components) are set out in table 5.1.

no. of spin-1/2 nuclei full (rad. A) size ∆M = 0 block ∆M = −1 block
n 4(n+1) 2nCn

2nCn−1

1 16 5 4
2 64 20 15
3 256 70 56
4 1024 252 210
5 4096 924 792
6 16384 3432 3003
7 65536 12878 11440

Table 5.1: The matrix sizes for a radical with n spin- 1
2 nuclei in Liouville space, required

for the calculating the RP ΦS. The significantly smaller sizes of the ∆M = 0,±1 blocks
required for the calculation are also shown.

Figure 5.1 shows the time required for solving the Laplace-transformed mas-

ter equation for b0 and b−1 as explained in section 4.2, more accurately the CPU

time for solving the corresponding linear equations in using the Matlab backslash

command (\). We find

• The CPU time tΦS required to calculate b0 and b−1 for a set of parameters

is exponentially dependent on the number of spins. (We find tΦS ≈ 3 ×

10−7101.4n s, for n ≥ 4).

• Up to n = 3, tΦS is no greater than 10 ms.

• Considerable CPU times are required for n = 5 (ca. 2.4 s) and n = 6 (ca. 42 s).

• It is not currently possible to calculate ΦS for more than six nuclei due to

memory constraints when constructing the relaxation matrix ˆ̂R. This could

be remedied by constructing the required blocks of the relaxation matrix, ˆ̂R0

and ˆ̂R−1, directly via the rules set out in section 3.3.3. This should increase

the number of nuclei that can be included to eight (corresponding to a matrix

size of < 50000).
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Figure 5.1: Calculation times (in s) for b0, b−1 and ΦS per field point, as a function of n,
the number of spin- 1

2 nuclei on radical A. The CPU times given are those required for
the solution of equations (4.47) and (4.48) using the Matlab backslash (\) command. The
calculations were performed under Matlab R2006a on a 3 GHz processor with 2 GB of RAM.

The calculations proceed as follows.

1. The physical parameters are specified. These are a, ∆A, δA and Euler angles

α, β, γ for each nucleus, and k, τc and ω. They are automatically scaled by

|amax| if necessary.

2. The Matlab code is conceived so as efficiently to determine b0, b−1 and ΦS

for a sequence of field strengths ω. Vectorised input of ω is thus supported,

and provides a significant advantage. The hyperfine Hamiltonians and Red-

field matrices are independent of ω and thus need only to be constructed (or

loaded) once for each set of parameters. This is important as the matrix sizes

involved are large, and the construction of the Liouvillian (−i ˆ̂H0 + ˆ̂R) requires

as significant amount of CPU time. The Liouvillian is easily obtained for each

field point (i.e. distinct value of ω) by multiplying the diagonal elements of

the Hamiltonian by ω (om), without the need for modifying the remainder of

ˆ̂H0 or ˆ̂R0 since the (isotropic) Zeeman Hamiltonian superoperator ˆ̂HZ is diag-

onal in the product operator basis (and ˆ̂H0 = ˆ̂HZ + ˆ̂HHFI). The corresponding
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Matlab code for constructing the Liouvillian at each field point is

k ˆ̂
1+ i ˆ̂H0 − ˆ̂R0 → k*I0 + i*(om*H0diag + H0) - R0 (5.1)

where H0diag is 1
ω

ˆ̂HZ and H0 corresponds to the isotropic hyperfine Hamil-

tonian ˆ̂HHFI, which has exclusively off-diagonal elements. The same principle

applies to the Liouvillian for b−1; here, the unit matrix is also multiplied by

ω:

(k + iω) ˆ̂
1+ i ˆ̂H−1− ˆ̂R−1 →

(k+i*om)*Im1 + i*(om*Hm1diag + Hm1) - Rm1

(5.2)

Sparse algebra, inbuilt in Matlab, is used throughout.

3. A MYSQL database holds all results for a given set of parameters a, ∆A, δA, α,

β, γ (for each nucleus), k and τc, for any given sequence of field strengths. The

results (b0, b−1 and ΦS) are loaded if they have previously been calculated;

otherwise they are newly evaluated and stored.

The singlet yield for a non-interacting radical pair with magnetic spin- 1
2 nuclei on

only one radical can thus be evaluated efficiently for up to six distinct nuclei. If

equivalent nuclei are present, this could in principle be exploited and would lead

to a reduction in matrix size [132, 151]. No account of equivalence can be taken in

the calculations here. This would require a more modified implementation of the

relaxation theory (valid for I > 1
2 ) and the construction of appropriate relaxation

matrices for the given nuclear combinations. The resulting gain is not considered

sufficient here to justify the additional complications.

Figures 5.2 to 5.5 illustrate the effect on ΦS and related properties of increasing

the number of magnetic nuclei in the radical pair, exemplified here by a single-

nucleus RP (broken lines) and a RP with five nuclei (solid lines), where the param-

eters are those of the phenoxy-radical (PhO•) shown in figure 5.6. These figures



185

do not take account of any relaxation effects; instead they give a brief comparison

of the singlet yield and MFE for a more realistic RP with the previously discussed

exemplary single-nucleus RP. Knowledge of this allows a better assessment of the

relaxation effects in a multinuclear RP: it becomes possible to distinguish effects on

ΦS which simply arise from the fact that more magnetic nuclei are present from

relaxation effects, and to compare the effect of relaxation on ΦS in simple and more

complex radical pairs.

It can be seen that there are several differences in ΦS for a given kr. The zero-

field value of ΦS is significantly lower for the multinuclear RP, as is the low-field

value of ΦS. However, the difference between the two is much smaller in the multi-

nuclear case, and thus the %LFE, for a given kr, is smaller than expected from

the simple single-nucleus RP. The MFE for the multinuclear RP rises above zero,

whereas in the single-nucleus case the maximum MFE occurs (atypically) at zero

field (see figure 5.4). This is due to both the lower zero-field value of ΦS and, for

larger kr, the rise in b−1 with field strength, which is completely absent in the single-

nucleus RP, as evident from figure 5.5.
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Figure 5.2: Singlet yield for n = 5 (solid
lines) and n = 1 (broken lines) for compar-
ison. For n = 5 the HFCs found in figure
5.6 are used.

Figure 5.3: b0 as contributing to ΦS in fig-
ure 5.2. The rate constants kr apply to all
figures on this page.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−40

−30

−20

−10

0

10

20

%
M

F
E

ωr

Figure 5.4: The %MFE corresponding to
ΦS in figure 5.2, defined as (ΦS(ωr) −
ΦS(0))/ΦS(0)× 100.

Figure 5.5: b−1 as contributing to ΦS in fig-
ure 5.2.
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5.1 A PhO•-based radical pair

Even when considering n nuclei situated exclusively on one radical, the parameter

space quickly becomes very large. Coherent spin evolution is affected by n isotropic

HFCs ai; the relaxation matrix depends on n values of each of ∆Ai, δAi, and the

Euler angles αi, βi and γi. Together with the correlation time τc and recombination

rate constant k we have, within the current model, 6n + 3 parameters1. Since the

effective parameters are combined into χi,j, ai, k and ω, the number of parameters

is reduced to 2 + n
2 (n + 3), which is still large. An exhaustive survey of relaxation

effects in general multinuclear radical pairs is thus neither possible nor likely to be

of much practical use, and we limit ourselves here to an exemplary multinuclear

radical pair, which will serve to illustrate many general points.

A radical pair which is both physically plausible and convenient for calcula-

tions is composed of a phenoxy-radical PhO• and an arbitrary radical partner with-

out significant hyperfine couplings. This radical has five hyperfine couplings, thus

making for a relatively large spin system which can nevertheless be considered

in its entirety without further approximations. As evident from figure 5.1, CPU

times of approximately 2.5 s are required per field point in such a RP: this is the

largest spin system for which an extensive survey is feasible. Since the radical is

rather small, an accurate determination of its hyperfine parameters is possible us-

ing Gaussian [55]. This confirms PhO• as a good example, since we encounter

a typical spread of isotropic HFCs. Nuclei with identical HFCs, as present here

in two pairs, are often encountered in real RPs. Importantly for the present in-

vestigation, the hyperfine tensors in PhO• exhibit a significant anisotropy so that

relaxation effects will be observable for realistic correlation times.

The relevant hyperfine parameters of the spin- 1
2 nuclei (i.e. 1H) in the phenoxy-

radical are shown in figure 5.6. The corresponding hyperfine tensors are shown

as ellipsoids in figure 5.7. The para-hydrogen has not only the largest (absolute)

1Although we can scale all parameters by the modulus of the largest isotropic HFC amax, its sign
must still be taken into account, and we thus retain 6n + 3 parameters.
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Figure 5.6: PhO• hyperfine coupling constants as calculated by Kuprov using density func-
tional theory in Gaussian 03 [55]. The full hyperfine tensors can be found in appendix C.

Figure 5.7: PhO• 1H hyperfine tensors displayed as ellipsoids. The principal axes of each
tensor are indicated, where a blue line corresponds to a negative value of the Aii along this
axis, the red line to a positive one. The largest tensor pertains to atom 1 in figure 5.6. The
full data are in appendix C.
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isotropic hyperfine coupling constant, a1 = −1.000 mT, but its hyperfine tensor is

also the most anisotropic2. Nuclei 2 and 3, as well as 4 and 5, are equivalent in

terms of their a, ∆A and δA, although their hyperfine tensors are not oriented iden-

tically with respect to a molecular frame, and they are not completely equivalent

(i.e. they do not have identical ζ elements), as described in section 3.3.4. The axiali-

ties range from 0.420 mT to 1.808 mT, the rhombicities from -0.067 mT to -0.547 mT.

It should be noted that, since the largest absolute isotropic HFC is, rather conve-

niently, 1.000 mT, when scaled by |amax|, the values of ∆Ar i and δAr i are unchanged.

The resulting χi,i are the diagonal elements of χ in equation (5.3). The matrix of the

χi,j, all scaled by |amax| = 1.000 mT, is given by

1
τcr

χr =



0.6947 −0.3109 −0.3109 0.0359 0.0359

−0.3109 0.3166 −0.0069 −0.0178 −0.0178

−0.3109 −0.0069 0.3166 −0.0178 −0.0178

0.0359 −0.0178 −0.0178 0.0318 0.0318

0.0359 −0.0178 −0.0178 0.0318 0.0318


(5.3)

where row i denotes nucleus i, and column j nucleus j, with the atoms labelled as in

figure 5.6. The matrix elements of χr are determined from the hyperfine parameters

according to equation (2.102). The molecular symmetry results in several cross-

correlation coefficients being identical:

χ1,2 = χ1,3 χ1,4 = χ1,5 χ2,4 = χ2,5 = χ3,4 = χ3,5 (5.4)

as well as

χ2,2 = χ3,3 χ4,4 = χ5,5 (5.5)

In PhO• the magnitudes of ∆Ai and δAi decrease in the same order of i (increasing

atom number) as that of |ai|, and therefore χi,i also decreases with increasing atom

2It is not always the case that the largest isotropic HFC and the most anisotropic hyperfine tensor
pertain to the same atom.
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number i,

χ1,1 > χ2,2 = χ3,3 > χ4,4 = χ5,5 (5.6)

The cross-correlations between nuclei follows a similar order (i.e. they generally

become smaller the smaller the hyperfine anisotropies of the nuclei involved). This

general scheme is modified by angular dependences (see section 2.5 for more de-

tails), and we find here

|χ1,2| = |χ1,3| > χ1,4 = χ1,5 ≈ χ4,5 > |χ2,4| = |χ2,5| = |χ3,4| = |χ3,5| > |χ2,3| (5.7)

The |χi,j| span three orders of magnitude, and contributions to the incoherent (and

coherent) spin evolution from nuclei 4 and 5 will be less significant.

The relaxation matrix has a large number of distinct relaxation rates due to the

larger number of nuclei, and, unlike in the simple RP in the previous chapter, re-

laxation effects cannot be characterised by a single rate. Nonetheless, a relaxation

parameter similar to the χ in the single-nucleus RP (cf. equation (2.103)) can be

defined: the trace of matrix χr, written here as χtrr = Tr {χr}, can be used for this

as the largest relaxation rate (that of Ŝz and Ŝ± decay) is 1
6 χtrr. Using χtrr as our re-

laxation parameter allows the best possible comparison to the single nucleus case,

where it corresponds to χr = χtrr. Since, however, in the multinuclear case there is

a much greater spread of relaxation rates, the slowest rate is much smaller than that

of | 1
60 χtrr| in a single-nucleus radical. For PhO•, the smallest (magnitude) diagonal

element of the relaxation matrix is | 1
20 χ4,5r|, and the smallest off-diagonal element

| 1
120 χ4,5r|, which is over 400 times smaller than the fastest relaxation rate. For more

details, see tables 3.2 to 3.5. The largest individual χi,i in PhO• is χ1,1, and we have

χtrr = 2.003χ1,1r = 1.3914
1

τcr

(5.8)

This means that the fastest relaxation rate is increased by a factor of two compared

with the single nucleus case (i.e. just considering the largest HFC). The overall effect
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of relaxation on ΦS is thus amplified by the presence of more nuclei with apprecia-

ble hyperfine anisotropies. By analogy with the previous chapter we investigate

relaxation rates characterised by χtrr = nkr
3.

Since the hyperfine parameters are fixed in PhO•, the different χtrr correspond

to different correlation times. While not fully characterising all relaxation pro-

cesses, this approach does allow us to determine, for a given kr, the minimum size

of τc which results in discernible relaxation effects on ΦS. It also makes for a ready

comparison with the single-nucleus case. It should always be borne in mind that

the relaxation effects are more subtle and may differ substantially in radicals with

the same χtr, depending on the number of and relative sizes of the various χi,j.

Figures 5.8 and 5.10 show the singlet yield as a function of field strength ωr for

a selection of rate constants kr. These are similar to figure 4.15 (where we have a

single nucleus with χ = k) in the previous chapter: in figure 5.8 we have χtr = k,

in figure 5.10 χtr = 2k, but χ1,1 ≈ k. The constituent b0 and b−1 for each of these ΦS

are shown in figures 5.9 and 5.11. Since, rather conveniently, amax = 1.000 mT, the

abscissa in all figures, which is specified in terms of ωr, also gives the field strength

B0 in mT for this particular RP. The values of k (in units of s−1) corresponding to

the various kr are given in table 5.2.

The reduction of b0 due to relaxation is smallest at zero field for all values of kr,

and its field-dependence becomes less pronounced as n increases. For n = 1, 2 there

is very little relaxation effect on b−1, except for a reduction at zero and extremely

low fields. For the larger kr (& 0.1) there is also a relaxation-induced reduction of

b−1 at higher fields (ωr & 2). This is a contrast to the single-nucleus case, where

there is very little change in b−1 at fields & 1 for any k (cf. figure 4.16). The com-

bined relaxation effect for this multinuclear RP is again a field-dependent reduc-

tion in ΦS, overall very similar in character to the single-nucleus RP. However, the

relaxation-induced reduction is greatest at field strengths > ωmin
r , which is in con-

3A note on reduced vs ordinary parameters in this RP: reduced parameters are useful for compar-
ison with the single-nucleus RP and other species. For the specific radical PhO• we can specify either
kr or k since amax and 1

τc
χ are fixed.
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Figure 5.8: The singlet yield for a RP consisting of PhO• and a counter-radical without
HFIs. χtr = k for a range of kr as shown in the legend. The dashed lines refer to the case of
no relaxation. The corresponding correlation times for each kr are shown in table 5.2.

Figure 5.9: b0 and b−1 corresponding to the above ΦS.
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Figure 5.10: The singlet yield for a RP consisting of PhO• and a counter-radical without
HFIs. χtr = 2k for a range of kr, as shown in the legend. The dashed lines refer to the case
of no relaxation. The corresponding correlation times for each kr are shown in table 5.2.

Figure 5.11: b0 and b−1 corresponding to the above ΦS.
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trast to the single-nucleus case. Again, the reduction of ΦS at zero field is greater

than that around the low-field minimum in ΦS, so that the %LFE decreases due

to relaxation. This is shown for n = 1 and 2 in figures 5.12 and 5.13, respectively.

It can be seen that χtr = k (figures 5.8, 5.9) and χ1,1 ≈ k (figures 5.10, 5.11) both

show a relaxation effect similar in character to that discussed for the single-nucleus

case. While a parametrisation of relaxation effects in multinuclear RPs is not as

simple, for comparison purposes with the single-nucleus case it is arguably most

convenient to use n = χtr
k , since this takes into account the contribution to relax-

ation from all nuclei. We must, however, bear in mind that the conclusions made

in the previous chapter are to be applied with caution for multinuclear RPs; gener-

ally, larger values of n are needed to bring about a comparable change in ΦS due to

relaxation, and that decrease is smaller at zero field and larger at higher fields than

expected from the simple RP scenario.

Relaxation effects on the MFE curves appear very different from those in the

simple RP. This is to a large extent due to the relatively smaller reduction of ΦS at

zero field in the multinuclear RP. This means the difference between low-field and

zero-field ΦS decrease due to relaxation is smaller, and thus the reduction in %LFE

less pronounced, for a comparable average relaxation rate characterised by n. This

is clear when comparing figures 5.12 and 5.13 with the single-nucleus MFE curve

in figure 4.19. The alteration of the MFE due to relaxation is much less pronounced

in the former – even for n = 2 – than in the single-nucleus RP. Here, we have a

slight reduction in %LFE of . 10% for all values of kr and n = 1. This reduction

is also not strongly kr-dependent, whereas in the single-nucleus RP the reduction

in %LFE is much greater (between ca. 8 and 50%, increasing with kr). The other

signifcant change from the exemplary RP that can be seen in figures 5.12 and 5.13

is the relaxation-induced decrease of the MFE at higher fields.

Similar effects are observed in the MFE curves for faster relaxation rates, as can

be seen in figures 5.14 and 5.15. Experimentally, the magnetic field-dependence of

the reaction yield is recorded relative to its value at zero field (whose absolute value
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cannot usually be determined). It is thus of greater practical use to show the MFE

curves than the values of ΦS. The parameters kr and n used in the figures mentioned

above (5.8 to 5.15) are listed in table 5.2. The corresponding actual rate constants

k, RP lifetimes τRP and correlation times τc are also shown. We have χtrr = nkr

for a range of kr, with n = 1, 2, 6, 12. While n = 1, 2 can be fruitfully compared

to single-nucleus RP as in figure 4.19, with n = 1 corresponding to χtrr = kr and

n = 2 to (approximately) χ1,1r = kr, the larger n are useful for evaluating the extent

of the relaxation effect (since we have no data for the whole spectrum of n and kr).

Even for n = 12 there is still a significant LFE and magnetic field-dependence more

generally.

kr → 0.001 0.005 0.01 0.02 0.05 0.1 0.2 0.3
k/106 s−1 0.176 0.880 1.76 3.52 8.80 17.6 35.2 52.8

τRP/ µs 5.68 1.14 0.569 0.284 0.113 0.0568 0.0284 0.0189

n ↓
1 0.0409 0.204 0.409 0.817 2.04 4.09 8.17 12.2
2 0.0817 0.409 0.817 1.63 4.09 8.17 16.3 24.5
6 0.245 1.23 2.45 4.90 12.3 24.5 49.0 73.5

12 0.490 2.45 4.90 9.81 24.5 49.0 98.1 147

Table 5.2: Correlation time τc in units of 10−10 s for PhO• given χtr = nk, for a range of n
(rows) and k and the corresponding kr and RP lifetime (columns). These parameters apply
to figures 5.8 to 5.15.

Before discussing these figures in detail, we need to consider their limitations.

These concern the validity of Redfield theory as well as that of the extreme narrow-

ing limit. Both of these depend on the magnitude of the correlation time.

It was shown in section 4.3.1 that the extreme narrowing limit applies, for a

single-nucleus RP, provided that ωr . 0.4
τcr

. For multinuclear RPs a complete re-

laxation theory including spectral densities is impossible4. However, it can be as-

sumed that a similar validity condition holds here, the largest energy level diff-

erence at low fields in PhO• not being significantly different from the single-nucleus

4It might be possible to obtain a complete relaxation matrix via numerical diagonalisation of Ĥ0 at
each field strength, but that is not feasible here.
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Figure 5.12: %MFE (ΦS(ωr) − ΦS(0))/ΦS(0) × 100 for a RP consisting of PhO• and a
counter-radical without HFIs. χtr = k for the range of kr shown in the legend. The dashed
lines refer to the case of no relaxation. The corresponding correlation times for each kr are
shown in table 5.2. The vertical bars indicate the (approximate) maximum value of ωr for
which the extreme narrowing limit applies, for the value of kr as given in the legend.

Figure 5.13: As above, but here χtr = 2k.
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Figure 5.14: %MFE (ΦS(ωr) − ΦS(0))/ΦS(0) × 100 for a RP consisting of PhO• and a
counter-radical without HFIs. χtr = 6k for a range of kr (see legend). The dashed lines refer
to the case of no relaxation. The corresponding correlation times for each kr are shown in
table 5.2. The vertical bars indicate the (approximate) maximum value of ωr for which the
extreme narrowing limit applies, for the value of kr as given in the legend.

Figure 5.15: As above, but here χtr = 12k.
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radical. Using the same condition (equation (4.49)), we predict that the extreme

narrowing limit is valid for ωr . 5 for τc = 0.45 ns. At higher field strengths,

many relaxation transitions will become suppressed as the frequency-dependent

terms in the spectral densities become important. As a result, the singlet yield will

be higher than predicted by the extreme narrowing theory (cf. section 4.3.1 and

figure 4.2), although not reach the non-relaxation value due to contributions from

frequency-independent spectral densities. It is possible, within the current theory,

to investigate ΦS and the MFE up to higher field strengths for the smaller values of

kr.

The maximum value of ωr for which the extreme narrowing limit is estimated,

by equation (4.49), to be valid is indicated by vertical lines of the colour correspond-

ing to each given kr in each figure 5.12 to 5.15. At field strengths beyond this, the

MFE is likely to be larger as relaxation becomes less effective than predicted by the

extreme narrowing ˆ̂R. For the PhO•-based RP used here as an example, the full

relaxation expressions ought to be used from a rather low field strength onwards

when kr is large and χtr significantly greater than kr, as can be seen figure 5.15.

Since this is not possible in multinuclear RPs, we can simply estimate that the sin-

glet yield beyond this value of ωr will be larger. However, we must remember that

the RP considered here is merely an example. The MFE curves shown here are still

useful as they would hold for a RP of similar configuration but with larger hyper-

fine anisotropies. In that case, a smaller τcr suffices in order to produce the same

relaxation effect, as quantified by χtr = nk, and the extreme narrowing limit holds

up to higher field strengths. This is a useful coincidence since relaxation effects

are likely to be effective in solution (where τcr is of moderate size) in systems with

large hyperfine anisotropies, thus allowing us to model these within the framework

described here.

The assumptions of Redfield theory hold if the evolution of the density matrix

is slow compared with the random fluctuations due to the perturbation, which is

the case provided inequality (2.45) is fulfilled. For the relaxation rates in any spin
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system that might be considered within the treatment developed here we have

〈∣∣Ĥ1(t)
∣∣2〉 τc .

1
6

χtr (5.9)

It would appear reasonable to require the Redfield condition to be fulfilled for

the largest possible matrix element of ˆ̂R (i.e. the fastest relaxation rate). For the

phenoxy-radical considered here, with 1
6 χtrr = 0.2319τcr, this results in the require-

ment

4.3� τc
2
r which is fulfilled for τcr . 0.2 or τc . 10−8 s (5.10)

where the latter two conditions ensure the Redfield validity condition is fulfilled

by at least two orders of magnitude. This is the case, as follows from table 5.2,

for virtually all combinations of n and k investigated here, except for n = 12, kr ≥

0.1, where τc is significantly larger than 10−8 s. It will be shown in the following

chapter that the validity of Redfield theory extends far beyond its predicted limits,

at least in the case of a single-nucleus RP. It is probable that the same holds for more

complex radical pairs.

However, it will become clear in chapter 6 that it is required that the rotational

motion be fast compared with the rate of reaction. It will be shown in section 6.4

that normally this means Redfield theory holds provided that5

krτcr . 3.3× 10−2 (5.11)

This sets upper bounds for the permissible value of τcr for any given kr. For the

phenoxy-radical we have 1
τcr

χtrr = 1.3915, and we obtain estimates for the max-

imum allowed values of n (with nk = χtr). They are: nmax ≈ 0.5 for kr = 0.3,

nmax ≈ 1.2 for kr = 0.2, nmax ≈ 4.6 for kr = 0.1 and nmax ≈ 18 for kr = 0.05,

and larger values (not considered here) for smaller kr. This renders the ΦS results

5This conditions assumes that for the rotational diffusion coefficient D we need D/k & 5, as shown
to produce a reasonable agreement with Redfield theory in virtually all cases considered in the fol-
lowing chapter.
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obtained for the PhO•-based RP doubtful for the larger values of n and kr con-

sidered here (as shown in table 5.2). It is nevertheless instructive to include the

MFE-curves for these parameters. They can serve as illustrations for hypothetical

spin systems with multiple nuclei in which the cumulative anisotropies are signif-

icantly larger than in our specimen phenoxy-radical. Relaxation effects are more

significant in such species with larger anisotropies (or many contributing nuclei,

resulting in a large value of 1
τcr

χtrr), and are more likely to manifest themselves

even for shorter-lived RPs (with larger kr). In any case, very large values of the

correlation time would be required in order to observe relaxation effects when kr is

relatively large in this PhO•-based RP, as seen in table 5.2. Such values, greater than

several nanoseconds, are unlikely to be encountered even in viscous solution. Thus

for this particular RP, the Redfield theory results may not be valid, particularly at

lower field strengths6, when kr and/or n become large. The calculated results can,

however, be a good guide to the situation for RPs with more, and more anisotropic,

hyperfine couplings. In these, a lower, and therefore more realistic, correlation time

produces relaxation effects even when the RP is not extremely short-lived. Conve-

niently, for such RPs the extreme narrowing limit holds up to higher field strengths

than marked here for each kr: since nk = χtr, the same value of n (and thus a similar

size relaxation effect) is obtained with a lower correlation time.

With these validity conditions in mind, we can confidently interpret the MFE

plots in figures 5.12 to 5.15, which show the MFE as it would be recorded experi-

mentally. In each case, several rate constants kr are considered for a particular n =
χtr
k as in table 5.2. The same quantities calculated without considering relaxation

are shown as dashed lines for comparison. It is clear that increasing the rate of

relaxation relative to the rate constant decreases the %LFE, as previously observed

in the single-nucleus RP. The %LFE observed for a range of kr and several values of

n is summarised in figure 5.16. The decrease of the %LFE with increasing relaxation

6Redfield theory often, rather surprisingly, produces the correct ΦS at higher field strengths (ωr &
1) even when krτc r & 3.3 × 10−2, as seen in chapter 6. However, for long correlation times a full
spectral density treatment is required, which is not possible for multinuclear RPs.



5.1. A PhO•-based radical pair 201

rate is fairly steady, and shows little kr-dependence for the smaller rate constants.

In that respect it is similar to the low-kr limit discussed for the single-nucleus RP,

which predicts a LFE of 4
10+n (see equation (4.75)). However, although the LFE in a

multinuclear RP is smaller than in the simpler RP, for a given kr and in the absence

of relaxation, the relaxation-induced decrease in %LFE is less rapid, and even the

larger values of kr still show a marked LFE even when n equals 6 or even 12, as is

evident from figure 5.16. For a given n, the %LFE is always greatest for the smallest

kr, as was the case for the single-nucleus RP.

Again we find that relaxation does not, for the most part, have a strong effect

on the position of the low-field minimum in the MFE, ωmin
r , as can be seen in figure

5.18. There is a very small shift to higher ωr for the small rate constants (kr . 0.02),

similar to the situation in the single-nucleus RP, as indicated by the dotted lines.

For a given kr and n, the low-field minimum in ΦS lies at a lower field strength

in the multinuclear RP. For larger values of kr, the extreme narrowing relaxation

theory predicts a fairly marked shift to higher fields of the minimum in ΦS. This

is not observed in the single-nucleus RP, mainly because the low-field minimum

vanishes when relaxation is only moderately strong, cf. figure 5.16. However, these

results for the multinuclear RP need to be regarded with caution, as a suppression

of relaxation transitions due to the frequency-dependent spectral densities is likely

to be of importance for larger kr and n, with larger values of τcr. If this effect be-

comes important at field strengths around the LFE, as is presumably the case for

some values of kr and n, as indicated in figures 5.12 to 5.15, the result will be to in-

crease the observed MFE compared to the extreme narrowing prediction at higher

field strengths, which may suppress the shift of the low-field minimum to higher

fields.

As a result of the pronounced relaxation-induced reduction of b0 as well as b−1

at higher fields (cf. figures 5.9 and 5.11), ΦS is reduced by relaxation to a greater

extent at higher fields than at zero field in a multinuclear RP. (This is not the case

in the single-nucleus RP.) It follows that the MFE at higher fields (ωr & 1 to 2,
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depending on kr) is actually reduced compared to the non-relaxation MFE. For most

values of kr this manifests itself as an increase in the value of B(0), the (non-zero)

field strength at which the MFE is zero, as can be seen in figure 5.17. For larger

values of kr the reduction in MFE due to relaxation occurs at higher field strengths,

and as a consequence B(0) is reduced by relaxation. The width of the LFE can be

characterised by the B(0) : %LFE ratio; an increase indicates a broadening. It can be

seen in figure 5.19 that this is the case with increasing n, almost independent of the

rate constant.

There are pronounced sharp features in the ΦS and MFE for this RP when kr

is small (. 0.02). These are due to energy level degeneracies, which suppress ST-

mixing and thus increase the singlet yield. As can be seen from figures 5.9 and

5.11, these spikes arise in b−1 at field strengths where its contribution to ΦS would

otherwise be negligible. Such local extrema in the singlet yield have been pre-

dicted theoretically for radical pairs with several equivalent nuclei [6, 151]. Stass

et al. found these features to be very sensitive to the RP lifetime. This is also the

case here: they are completely broadened out when kr & 0.1, and are only sharp for

kr . 0.02. Such peaks in ΦS have been observed in RPs that have several equivalent

nuclei on a single radical and no other significant hyperfine couplings [151]. Calcu-

lations performed by Stass et al. indicate that the amplitude of such peaks in ΦS at

non-zero field decreases dramatically if other hyperfine couplings that are not part

of the equivalent set are present (on either radical). This is the situation encoun-

tered here, and for such radicals, no spikes in ΦS or the MFE have been observed

experimentally. Since RPs with groups of equivalent and non-equivalent nuclei,

as in PhO•, are common [112, 133, 153], this lack of experimental observation may

put a lower limit on the rate constant. However, relaxation effects can also, at least

in part, explain the absence of such sharp features from experimentally recorded

reaction yields: when the relaxation is fast compared with the recombination, they

are broadened and weakened for the slowest rate constants. This is also very clear

from figures 5.21 to 5.24, which show ΦS and the %MFE as the rate of relaxation
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increases for kr = 10−3 and 10−2. Given the often mediocre signal-to-noise ratio

of MFE measurements, this means that the failure to observe sharp features in the

MFE is likely to be at least in part due to relaxation effects.

The effect of relaxation (on the various metrics discussed above) is qualitatively

very similar to the single-nucleus RP: the LFE decreases due to ΦS(ω = 0) being

reduced more than ΦS(ωmin
r ), and it is broadened by relaxation. The position of the

low-field minimum in ΦS is not strongly affected. Trends of relaxation effects (with

n, kr etc.) are also reasonably similar to the single-nucleus case, although quan-

titative predictions using analytical results from the simple case are not generally

accurate. The most significant differences between the multinuclear and single-

nucleus RP singlet yields, and relaxation effects thereupon, arise from the former’s

atypically large zero-field ΦS. In the multinuclear RP this is lower than at higher

field, so that B(0) is defined. This causes the MFE curve to have very different

form. Most of the relaxation effects go in the same direction in the simple and

more complex cases, with the exception of the higher-field values of ΦS: here the

relaxation-induced reduction in ΦS is greater than at zero field, which is reflected

in the MFE curves as a lowering (i.e. becoming less positive) of the MFE compared

to no relaxation. In contrast, in the single-nucleus RP, the MFE at fields > ωmin
r

becomes more negative.

Figures 5.21 to 5.26 show the singlet yield and MFE for three selected values

of kr, 10−3, 10−2 and 10−1. For each one, the rate of relaxation gradually increases.

This is characterised by n = χtr
k , which ranges from zero to 100 (or 200, for the

smallest kr). The corresponding figures (for the same kr and range of n) for the

single-nucleus RP are 4.22 to 4.27, as discussed in section 4.5.1. Again, for each

rate constant a range of relaxation rates is investigated such that there is a gradual

increase in the effect of relaxation, eventually resulting in the disappearance of the

LFE and the field-dependence of ΦS. Since here, we are considering an actual RP

with a fixed anisotropy, the value of τc corresponding to each n = χtr
k is defined.
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Figure 5.16: %LFE for a range of kr, as a
function of n = χtr/k for a PhO•-based RP.
The %LFE for a single-nucleus RP (with
nk = χ) is shown as dotted lines for com-
parison, collated from figures 5.12 to 5.15.

Figure 5.17: The zero-field crossing point
of the MFE curves, B(0), as a function of
n = χtr/k. The values are as for a PhO•-
based RP, collated from figures 5.12 to 5.15.
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Figure 5.18: ωmin
r , the position of the low-

field minimum in ΦS or MFE, as a function
of n = χtr/k. The values are as for a PhO•-
based RP, collated from figures 5.12 to 5.15.

Figure 5.19: Breadth of the LFE feature as
characterised by B(0)/%LFE, as a function of
n = χtr/k. The values are as for a PhO•-
based RP, collated from figures 5.12 to 5.15.
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The parameters n and τc for figures 5.21 to 5.26 are shown in the legend in figure

5.20. The red line (with the largest LFE) in each figure corresponds to the case of no

relaxation, n = 0, where τc is artificially set to zero. Due to the significantly larger

calculation times required for this radical pair, only 10 (instead of the previous 20,

see figure 4.21) values of n are investigated, although the range covered for each kr

is the same as before.

The vertical bars on the singlet yield figures (5.21, 5.23 and 5.25) indicate the

field strength up to which the extreme narrowing limit is estimated to be valid for

the ΦS curve of the corresponding colour (i.e. value of n). This field strength is es-

timated by analogy with the single-nucleus RP according to equation (4.49). Since

this estimate is rather approximate, the bars shown are thick to indicate this un-

certainty – except where this would cause several bars to overlap; then they are

shown as thinner vertical lines for clarity. At higher field strengths, we expect ΦS

to be larger than predicted by the extreme narrowing limit model, although it does

not quite approach the value of ΦS without relaxation (due to J(0) contributions to

the relaxation). The validity of the MFE plots for the larger values of n, particularly

in the figures for kr = 0.1, is thus doubtful. As noted above, the maximum value

of n for which Redfield theory is valid in this system is rather small (ca. 4.6) when

kr = 0.1. (No restrictions apply for the smaller values of kr considered here; values

of n much greater than those considered here are permitted.) This is a result of

the need for the rotational motion to be fast compared with the recombination of

the RP. This means that the curves for the four largest values of n in figures 5.25

and 5.24 are unlikely to be correct for a PhO•-based RP. Nonetheless, they are still

valuable: since PhO• is only an exemplary constituent of a RP, it is possible to en-

visage instead a species with larger cumulative hyperfine anisotropy ∑i [Ai : Ai]r.

This would then translate into a smaller τcr for a given n, kr couple, and thus extend

the field range of validity for the extreme narrowing limit as well as the Redfield-

motional condition. At the same time, a smaller (and therefore more physically

plausible) correlation time suffices to produce the relaxation effect in these cases.
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Figure 5.21 shows the singlet yield for kr = 10−3, figure 5.22 the corresponding

%MFE, up to ωr = 5. ΦS decreases at all field strengths as n, and thus the typical

rate of relaxation, increases from red (no relaxation) via yellow, green and blue

to pink (n = 200, fastest relaxation). Again, the decrease is smallest around the

low-field minimum in ΦS, from 0.32 (n = 0) to 0.254 (n = 200). At zero field

the reduction is more marked, from 0.46 to 0.26. Thus the magnitude of the LFE

decreases from 30% to a low at 2.5% for n = 200. A 3% reduction in LFE is brought

about by a value of n as small as 0.5 (cf. 5% in the single-nucleus RP for the same n)

– again a pronounced effect, given that even the fastest relaxation rate, 1
6 χtrr, is more

than an order of magnitude smaller than kr, and most other rates are significantly

smaller than that.

The magnitude of the LFE and its percentage reduction are very similar, for a

given n, for ΦS for kr = 10−2, as can be seen in figure 5.27 which shows the %LFE

as a function of n for each kr examined here. For n = 100, we still have an LFE

of 3%, down from 28% in the absence of relaxation. This is in contrast with the

single-nucleus RP, where the LFE vanishes for n & 50.

When estimating the relaxation-induced reduction in LFE for kr = 10−1 (figures

5.25 and 5.26), the compromised validity of both Redfield theory and the extreme

narrowing limit, as discussed above, must be taken into account. A value of n = 5

brings about a reduction in LFE from 18% to 13%. The corresponding decrease for

a single-nucleus RP for this kr is much more pronounced, with relaxation having

almost obliterated the LFE for n = 5 (see also figure 5.27). Redfield theory predicts

a further decrease of the LFE as the strength of relaxation increases. For the cu-

mulative anisotropy of PhO•, we expect ΦS to increase with field strength beyond

a value of ωr approximately indicated by vertical lines on figure 5.25. This is ex-

pected to cause a further decrease in LFE (if the rise in ΦS occurs at field strengths

around, or lower than, ωmin
r ).

As discussed above, figure 5.27 shows the decrease in %LFE with n for the three

values of kr discussed here, and the same quantity as dotted lines for the single-
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nucleus RP for comparison. While initially lower than in the simpler RP for a given

kr, the %LFE falls more slowly with increasing relaxation rate in the more complex

RP. This is in part due to the definition of the relaxation rate in terms of χtr, but is

certainly a real phenomenon: we can expect to observe a substantial LFE in multi-

nuclear RPs even when the fastest relaxation rate in the system ( 1
6 χtr) is comparable

to, or even an order of magnitude greater than, the recombination rate constant.

As in the case of the single-nucleus RP, it is instructive to compare the LFE

observed for similar values of χtr (and thus τc). For χtrr = 0.1, we have τc = 0.4 ns.

This produces a LFE of of 4% for kr = 10−3 and a LFE of 17% for both kr = 10−2

and 10−1 (compared to 2.6%, 17% and 23% for χr = 0.1 in the single-nucleus RP).

Aside from the magnitude of the LFE, several other interesting observations can

be made from these figures (5.21 to 5.26). The position of the low-field minimum

in ΦS increases slightly with n for the longest-lived RP (kr = 10−3), showing very

similar trends as in the single-nucleus RP. This can be seen in figure 5.29, which

displays ωmin
r as a function of n for the three values of kr discussed here. The trend

for kr = 10−2 is again similar to the single-nucleus case. There appears to be a step

change in ωmin
r , which is due to the irregular shape of ΦS. The minimum in ΦS for

kr = 10−1 falls at lower values of ωr than in the single-nucleus RP. However, it does

increase significantly as the relaxation rate increases. This increase, particularly for

larger n, is expected to be diminished when the extreme narrowing limit no longer

holds.

The sharp peaks in the ΦS and MFE of the PhO•-based RP constitute features

completely absent in the simple RP ΦS curves. Their prominence is clearly reduced

by relaxation, as evident in the ΦS figures 5.21, 5.23 and 5.25. They are also less

pronounced for the larger kr. The details of the peaks’ position depend on the

nature of the RP, and we can come to no general conclusions here. However, no

sharp peaks are expected in systems without equivalent nuclei.

In the simple RP discussed in the previous chapter, ΦS does not rise above its

zero-field value at higher fields. Here, in a multinuclear RP, however, B(0), the zero-
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crossing point of the MFE curve, is defined for all values of kr. It sees a marked

increase with relaxation for any given kr, which is more pronounced for the smaller

kr, as seen in figure 5.28. At still larger values of n, the value of B(0) appears to

decrease again. B(0) is a convenient, though somewhat arbitrarily defined, measure

of the width of the LFE, and the precise n-dependence of increase does not yield

much detailed information. Yet is clear that the low-field feature of ΦS and the MFE

is substantially broadened by relaxation effects, which is particularly clear when

considering the width:height ratio of the LFE, as shown in figure 5.30. Again, care

must be taken when considering larger values of n and τc: since ΦS is likely to rise

at lower values of ωr when the extreme narrowing limit does not apply, this may

cause a further decrease in B(0) as the strength of relaxation increases.

Figure 5.20: Legend for figures 5.21 to 5.26, giving n = χtrk and τc for each value of kr.



5.1. A PhO•-based radical pair 209

Figure 5.21: The singlet yield for kr = 10−3 with n = χtr
k ranging from 0.2 to 200 (10 values

evenly spaced on a logarithmic scale, for the legend, see figure 5.20). n = 0 is also shown,
by an orange line. The RP is composed of PhO• and a counter-radical with no significant
HFCs.

Figure 5.22: %MFE (ΦS(ωr)−ΦS(0))/ΦS(0)× 100 for ΦS in figure 5.21 above.
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Figure 5.23: The singlet yield for kr = 10−2 with n = χtr
k ranging from 0.1 to 100 (10 values

evenly spaced on a logarithmic scale, for the legend, see figure 5.20). n = 0 is also shown,
as an orange line. The RP is composed of PhO• and a counter-radical with no significant
HFCs.

Figure 5.24: %MFE (ΦS(ωr)−ΦS(0))/ΦS(0)× 100 for ΦS in figure 5.23 above.
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Figure 5.25: The singlet yield for kr = 10−1 with n = χtr
k ranging from 0.1 to 100 (10 values

evenly spaced on a logarithmic scale, for the legend, see figure 5.20). n = 0 is also shown,
as an orange line. The RP is composed of PhO• and a counter-radical with no significant
HFCs.

Figure 5.26: %MFE (ΦS(ωr)−ΦS(0))/ΦS(0)× 100 for ΦS in figure 5.25 above.



5.1. A PhO•-based radical pair 212

−1 0 1 2
0

5

10

15

20

25

30

35

40

log n

%
L
F
E

Figure 5.27: %LFE for a range of kr, as a
function of n = χtr/k for a PhO•-based RP.
The %LFE for a single-nucleus RP (with
nk = χ) is shown by dotted lines for com-
parison.

Figure 5.28: The zero-field crossing point of
the MFE curves, B(0), as a function of n =
χtr/k. The values are as for a PhO•-based RP,
collated from figures 5.21 to 5.26.
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Figure 5.29: ωmin
r , the position of the low-

field minimum in ΦS or MFE, as a function
of n = χtr/k. The values are as for a PhO•-
based RP, collated from figures 5.21 to 5.26.

Figure 5.30: Breadth of the LFE feature as
characterised by B(0)/%LFE, as a function of
n = χtr/k. The values are as for a PhO•-
based RP, collated from figures 5.21 to 5.26.
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It is clearly important to have a good understanding of the effect of relaxation

on the singlet yield and MFE curves: this is necessary in order to be able to assess

under which circumstances neglecting relaxation produces an error, and to be able

to estimate in what manner previously calculated values of ΦS and the MFE are

modified due to relaxation. The characterisation of the relaxation effect on ΦS and

the MFE in a multinuclear RP, and its comparison to that observed in the simplest

RP discussed in the previous chapter, are most conveniently achieved when the

effective relaxation rate is parametrised in terms of its n, its magnitude relative to

the recombination rate. Once this understanding has been gained, it is of practical

use to compare ΦS and MFE plots obtained for the same correlation time τc, but

different rate constants k. For a given species and solution, it is possible to obtain an

estimate for the correlation time, e.g. by NMR [13] or theoretically [87], whereas the

size of the recombination rate constant k is not normally known a priori. One is then

able to compare MFE curves that would result from different values of k under the

same viscosity conditions. (It should be noted that k is also viscosity-dependent,

but it is difficult to obtain a theoretical value for it.) This method produces the

most accurate calculation of ΦS possible within the current kinetic model. A visual

comparison with an experimentally observed MFE results in combinations of τc

and k that are plausible given the observed LFE, ωmin
r and other characteristics. If

τc is known (at least approximately), an estimate of the size of k can be obtained.

It is clear from the discussion above that relaxation effects for the same value of τc

are less pronounced in shorter-lived RPs, and here we compare some MFE curves

that are virtually not affected by relaxation with those that are strongly modified.

Figures 5.31 to 5.36 show the ΦS and %MFE for three values of the correlation

time τc, 10 ps, 100 ps and 1 ns. The corresponding values of n are shown for refer-

ence in table 5.3. A correlation time of 10 ps is typical of a small molecule like the

phenoxy-radical in non-viscous solution, whereas larger correlation times occur in

more viscous solutions (or in micelles). For each value of τc, the singlet yield is

shown (figures 5.31, 5.33, 5.35). These plots also contain the the case of n = 0 (no
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relaxation) as dashed lines for comparison, so that it is obvious for which values of

kr we observe a relaxation effect for a given τc.

When τc = 10−11 s, the RP must be very long-lived for a relaxation effect to be

observable. As seen in figure 5.32, this results in kr = 0.001 and kr = 0.02 showing

approximately the same %LFE of ca. 26%. However, the low-field minimum falls

at a lower field strength for the smaller kr. The curves for kr = 0.005 and kr = 0.01

both display a LFE of 28%, and are very similar at all field strengths. This shows

that a smaller value of kr, combined with relaxation effects, can result in a MFE

curve which is virtually indistinguishable from a larger kr-curve without relaxation

effects. For the larger values of kr (i.e. for very small values of n, as shown in table

5.3), there is no relaxation effect as χtr � kr.

When the correlation time is an order of magnitude larger, relaxation becomes

important for larger values of kr, as is evident from figure 5.33. Now the same

magnitude of LFE is observed (see figure 5.34) for a RP lifetime of 570 ns (kr =

0.001) as for one of ca. 30 ns (kr = 0.2): 12.5%. However, ωmin
r is substantially

smaller for the lower kr, and the rise in MFE with field strength is slower. Rate

constants between kr = 0.005 and kr = 0.05 all give very similar MFE curves at

very low fields (up to ωr ≈ 1), and very similar LFEs of 22% to 25%.

A correlation time of 1 ns is sufficiently large to cause significant relaxation ef-

fects for all values of k investigated here, as can be seen in figure 5.35. The sharp fea-

tures due to energy level degeneracies are no longer clearly perceivable for any rate

constant, and very smooth MFE curves result. The longest-lived RP (kr = 0.001)

shows virtually no LFE under these conditions, but a significant LFE remains for

all other values of kr investigated: kr = 0.005 and kr = 0.3 both give a LFE of 7

to 8%, kr = 0.01 and kr = 0.2 give an 11%LFE, and all other values of kr result

in a LFE of 14% to 15%. The extreme narrowing limit is likely to break down at

relatively low field strengths for this value of τc, approximately at ωr ≈ 2.5 based

on the single-nucleus estimation from equation (4.49). This will have the effect of

increasing ΦS, and thus the MFE, compared with the values obtained within the
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extreme narrowing limit.

The MFE plots show that the form of the MFE, and in particular the %LFE,

can be similar for very different k even though the absolute values of ΦS are very

different in these cases. However, it should be possible to distinguish in most cases

between different k for a given τc on the basis of other features of the MFE, such as

the value of B(0) and ωmin
r .

τc/ s → 10−11 10−10 10−9

τcr → 0.00176 0.0176 0.176

kr ↓
0.001 2.45 24.5 245
0.005 0.490 4.90 49.0
0.01 0.245 2.45 24.5
0.02 0.122 1.22 12.2
0.05 0.0490 0.490 4.90
0.1 0.0245 0.245 2.45
0.2 0.0122 0.122 1.22
0.3 0.00816 0.0816 0.816

Table 5.3: (Approximate) values of n corresponding to each τc and kr. These are used in
figures 5.31 to 5.36.
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Figure 5.31: The singlet yield for a range of kr (as specified in the legend in figure 5.32 be-
low) for τc = 10 ps. The corresponding ΦS calculated for each kr without taking relaxation
into account is shown by dashed lines. The RP is composed of PhO• and a counter-radical
without HFIs.
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Figure 5.32: %MFE (ΦS(ωr)−ΦS(0))/ΦS(0)× 100 for ΦS (with relaxation) shown as solid
lines in figure 5.31 above: τc = 10 ps in a PhO•-based RP.
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Figure 5.33: The singlet yield for a range of kr (for legend see figure 5.32 below) for τc =
100 ps. The corresponding ΦS calculated for each kr without taking relaxation into account
is shown by dashed lines. The RP is composed of PhO• and a counter-radical without HFIs.
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Figure 5.34: %MFE (ΦS(ωr)−ΦS(0))/ΦS(0)× 100 for ΦS (with relaxation) shown as solid
lines in figure 5.33 above: τc = 100 ps in a PhO•-based RP.
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Figure 5.35: The singlet yield for a range of kr (for legend see figure 5.32 below) for τc =
1 ns. The corresponding ΦS calculated for each kr without taking relaxation into account is
shown by dashed lines. The RP is composed of PhO• and a counter-radical without HFIs.
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Figure 5.36: %MFE (ΦS(ωr)−ΦS(0))/ΦS(0)× 100 for ΦS (with relaxation) shown as solid
lines in figure 5.35 above: τc = 1 ns in a PhO•-based RP.
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5.2 Relaxation dynamics in multinuclear RPs

The relaxation dynamics in large spin systems are very complicated, and it is diffi-

cult to gain insight into the physical processes that occur. However, two examples

can help to illustrate the importance of taking account of all relaxation rates in the

spin system. It was shown in section 4.3 that simplistic T1-type relaxation rates (or

other similar models not based on a full relaxation matrix) are insufficient to model

the low-field behaviour even of simple RPs. The consequences will be even more

severe in more complicated RPs, where such models would neglect even more re-

laxation rates. The previous section examines the magnitude of the relaxation ef-

fect, and properties of ΦS and MFE, all with the relaxation rate quantified by n, the

ratio of χtr and k. As discussed in chapter 3, there are many different relaxation

rates in a multinuclear RP, whose relative sizes depend on the precise hyperfine

coupling parameters in the species, and a parametrisation in terms of χtr is only

partially meaningful. Unlike in the single-nucleus RP, we have (usually distinct)

relaxation parameters χi,i for each nucleus. In addition there are cross-correlations

between nuclei, giving rise to relaxation parameters χi,j (with i 6= j). These are

absent in the single-nucleus RP. As discussed in section 2.5, they depend on the

relative orientations of the hyperfine tensors, and are typically of smaller magni-

tude than the χi,i – see for example equation (5.3) for PhO•. To what extent these

cross-correlation parameters nevertheless affect the relaxation dynamics, and thus

the singlet yield and MFE, is illustrated in figure 5.37.

The comparison in figure 5.37 again employs PhO• as an example of a multiple-

nucleus RP. In one case (corresponding to the solid lines) we use the full relaxation

matrix as before, with χtr = 6k. The dotted lines refer to the case where all cross-

correlations between nuclei have been neglected. That is, all χi,j for i 6= j are set

to zero when formulating the relaxation matrix. This does not affect the relaxation

parameter χtr (see also equation (5.3)), which is the sum of all χi,i. The overall rate

of relaxation can thus still be quantified in terms of n = χtr
k . This comparison eluci-
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dates how significant cross-correlations are in PhO•, but it can also serve to show to

what extent the effect of relaxation might differ in two RPs with the same number

of nuclei but different hyperfine tensors, where the various χi,i and χi,j are of differ-

ent relative sizes but the overall relaxation rate is still specified by χtr. We find that

Figure 5.37: %MFE for a PhO•-based RP (without HFIs in the counter-radical) for χtr = 6k.
The solid lines correspond to the full relaxation matrix treatment, the dotted lines to the
case where all nuclear cross-correlations are neglected, i.e. χi,j = 0 for all i 6= j.

neglecting χi,j has a fairly small effect on the form of the MFE. (This is also true for

larger or smaller values of n.) As can be seen in figure 5.14, the effect of relaxation

for n = 6 is very pronounced for all rate constants, and while setting χi,j = 0 does

not give the precisely correct value for the MFE at each ωr, the effect of relaxation

is still very similar in character and extent. Neglecting cross-correlations results in

an underestimation of relaxation-induced spin-mixing at most values of ωr for the

larger kr examined here, resulting in a larger value of ΦS than obtained from the full

treatment. However, the effect on ΦS of neglecting χi,j is fairly uniform across the

field strengths investigated, and thus the MFE is not strongly affected. However,

it is more pronounced around ωmin
r , and thus a smaller LFE is predicted within
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the approximate treatment. For the smaller values of kr, the effect of neglecting

cross-correlations is less pronounced. Depending on the combination of n and ωr,

it sometimes results in higher, sometimes lower values of ΦS, although the MFE

is not significantly affected. The tables of relaxation rates, 3.3 and 3.5, show that

relaxation rates proportional to χi,j can have either positive or negative sign; this

may lead to the complicated observed effects.

Figure 5.38: %MFE for a PhO•-based RP (without HFIs in the counter-radical) for χtr = 6k.
The solid lines correspond to the full relaxation matrix treatment. For the dotted lines
relaxation effects on nucleus 1 only are included (see figure 5.7 for the nuclear labels). In
that case χ1,1 is set to 1.3915τc, the value of χtr in PhO•.

Another way of examining the importance of the precise relaxation dynamics

compared to the overall relaxation rate as specified by χtr is the following. We can

leave χtr unaffected, but include relaxation effects from a single nucleus (instead of

the five in PhO•) with an artificially large ‘effective’ hyperfine coupling such that

χ1,1 = χtr, and all other χi,j set to zero. It should be noted that this still results in

a relaxation matrix with a number of different rates (see also chapter 4), although

all are proportional to the same parameter χ1,1. The coherent spin evolution is still
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due to all five nuclei in PhO•. The results (again for χtr = 6k), comparing the ‘ef-

fective’ relaxation matrix to the full treatment, are shown in figure 5.38. The strong

relaxation effect (cf. figure 5.14) is predicted surprisingly accurately for all kr, and

the MFE for the smaller values of kr is virtually the same as obtained from the full

relaxation matrix treatment. Why this should be so is difficult to fathom; it may be

that some relaxation rates are dominant: those for the pure electron spin operators

(as well as several others) are unchanged by the approximation. As can be seen

from table 3.2, the relaxation rate for these is proportional to χtr, and thus unaf-

fected. The same applies for several other relaxation rates. There may in addition

be fortuitous cancellation effects as a result of setting all but one χi,j to zero, which

lead to the correct ΦS and MFE being observed, and we cannot rely on this being

the case in all RPs.

These observations mean that, while the correct ΦS and MFE field-dependences

are obtained only for a full relaxation matrix treatment, at least in PhO• the relative

sizes and orientations of the hyperfine coupling tensors are of lesser importance.

This indicates that the discussion in the previous section is of general applicability

in predicting both ΦS and the MFE in multinuclear RPs: the parameter of foremost

importance is χtr, the sum of all relaxation contributions due to the anisotropies

of all contributing hyperfine interactions. This ‘effective’ relaxation rate can thus

serve as a good guide for estimating whether relaxation effects are likely to be im-

portant in a given system, and what their size and character will be. However,

when modelling either ΦS or MFE, a full relaxation matrix treatment is preferable.

This will be especially important in species with larger cross-correlations χi,j than

found in PhO•, and when several nuclei have similarly large hyperfine anisotropies

(and thus χi,i). Fortunately, the complications arising compared with either of the

approximations above are few: chapter 3 presents an efficient method for deter-

mining an analytical form for the full relaxation matrix. Since operating in Liou-

ville space is unavoidable whenever relaxation effects are to be considered, and all

significant hyperfine couplings affecting the coherent spin dynamics should be in-
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cluded, all that is required is knowledge (or estimation) of the hyperfine tensors in

the radical of interest in order accurately to be able to model the magnetic field-

dependence of the reaction yield.

5.3 Conclusion

The calculational method described above in section 4.2 is readily applied to larger

and thus more realistic spin systems, and ΦS and the MFE for multinuclear RPs

have been presented in this chapter. The effects of the motional modulation of the

anisotropic hyperfine interaction are taken account of by including the relaxation

matrix ˆ̂R described in chapter 3. This is block-diagonal for the present relaxation

mechanism. Since this symmetry is exploited, modelling relatively large spin sys-

tems is feasible even though working in Liouville space is inevitable if relaxation

effects are to be included. The fact that only the (diagonal matrix) Zeeman Hamil-

tonian is field-dependent, but the relaxation matrix and the off-diagonal parts of ˆ̂H0

are not, makes the evaluation of the field-curve of ΦS particularly convenient. We

are, however, limited to the low-field region: as the field strength increases, the as-

sumptions of the extreme narrowing limit no longer hold, and the relaxation rates

become field-dependent, resulting in a suppression of many relaxation transitions.

Fortunately, this complication does not normally arise in the region of the low field

effect, which is the focus of the investigation here, for correlation times likely to

be encountered in solution-phase and micellar RPs. The applicability of Redfield

theory is limited to situations where the motion is fast compared with the recombi-

nation, as will be shown in the following chapter. Again, this is unlikely to matter

for typical sizes of the rate constant and the correlation time in RPs, as the motion

would have to be very restricted for correlation times to become sufficiently large

for Redfield theory to become invalid.

The detailed investigation of relaxation effects in the exemplary multinuclear

RP based on PhO• and an arbitrary counter-radical with no significant HFCs un-
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dertaken in this chapter shows that relaxation effects are significant under circum-

stances that are likely to be encountered in radical pairs that have been studied

experimentally. Relaxation processes manifest themselves in a similar manner to

those in the single-nucleus RP investigated in the previous section, although there

are some key features which differ in multinuclear RPs. Again, relaxation effects

become apparent when a representative ‘rate of relaxation’ is at least comparable

with the recombination rate constant. The rate of relaxation is characterised by an

effective relaxation parameter χtr, which is proportional to the sum of the hyper-

fine anisotropies on all nuclei. It follows that in multinuclear RPs, relaxation effects

on the singlet yield are more pronounced than the single-nucleus model would

suggest, as all nuclei with non-negligible hyperfine anisotropies contribute to the

relaxation. The effect of relaxation is always to reduce ΦS in a singlet-born RP (by

enhancing ST-mixing). The reduction of ΦS at zero field is greater than near the

low-field minimum, which results in a relaxation-induced diminution of the LFE.

This trend is the same as in the single-nucleus RP, although the LFE reduction, for

a given n = χtr
k , is less pronounced in the multinuclear RP: the decrease of ΦS due

to relaxation at zero field is less dramatic, partly because its value in the absence

of relaxation is not as large as in the somewhat atypical single-nucleus case. The

smaller value of the zero-field singlet yield in realistic RPs also means that the MFE

curve now crosses zero. The field strength at which this occurs, B(0), is thus de-

fined, and represents a helpful indicator of the width of the LFE. This is markedly

increased by relaxation; the low-field feature is noticeable broadened.

Some of the parameter sets for which MFE curves are shown in this chapter are

not realistic for the PhO•-based RP: the correlation times specified in some cases

are unfeasibly large. For example, for the largest rate constant investigated here

(kr = 0.3, or k ≈ 5× 108 s−1), correlation times of tens of nanoseconds are required

to produce a strong relaxation effect (cf. table 5.2). Similarly, as seen in figure 5.26,

for the LFE to be removed by relaxation when kr is 0.1 (or k ≈ 2× 108 s−1) we would

require implausibly large correlation times. It follows that strong relaxation effects
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on ΦS are unlikely to be observed in a radical pair with a similar cumulative hyper-

fine coupling ∑i[Ai : Ai] and isotropic HFC amax to PhO• if it persists for much less

than 10 ns. It should also be noted that the validity of the extreme narrowing limit,

as well as Redfield theory per se, is doubtful for such large values of τc, especially

when k is relatively large, as will be investigated in the following chapter. The MFE

curves for the larger values of kr and n or τcr investigated in this chapter also serve

to illustrate the likely relaxation effect encountered in a RP with a very large (cu-

mulative) hyperfine anisotropy. Redfield theory and the extreme narrowing limit

hold at very low fields for larger values of χtr. In such cases, χtr can be larger than

even the greatest values of kr investigated here, without requiring unrealistically

long correlation times. While such species with extremely large HFCs are rare, it

is nonetheless helpful to be aware that relaxation effects would be very likely for

them, even if their lifetime were relatively short.

While fairly long RP lifetimes are required in order to observe a low field ef-

fect, relaxation effects are most likely to manifest themselves in very long-lived

RPs. Thus very small values of k have been investigated here. They give rise to a

similarly sharp drop in the MFE curve at extremely low fields as was found in the

single-nucleus case, although the LFE is smaller in multinuclear RPs. Relaxation ef-

fects reduce the depth of the low-field minimum and shift it to slightly higher fields.

However, the sharp drop persists (see also figure 5.22) even with relatively rapid

relaxation. Such features have not been observed experimentally. Even though

relaxation effects in very long-lived RPs reduce the LFE to values that have been

observed and that are comparable to those obtained for larger k (and the same cor-

relation time), the predicted position of the low-field minimum is too close to zero

field: such small values of k appear unrealistic and do not fit with experimental

observations.

The absence of any sharp features in experimentally recorded MFE curves (un-

less a group of ≥ 3 equivalent nuclei on one radical constitute the only significant

HFCs) further supports the conclusion that RP lifetimes are unlikely to be as long
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as a microsecond. Sharp peaks are prominent in the MFE calculated here for lower

values of kr, as discussed above. Relaxation effects cause a broadening and weak-

ening of these features. Although they are virtually broadened out when relaxation

is very fast, the sharp drop in the MFE at extremely low fields remains: this has not

been observed experimentally.

The lack of sharp features and a pronounced drop in the ELF region of the mag-

netic field-dependent reaction yield suggest a lower limit on the rate constant of

kr ≈ 0.01 (or a RP lifetime of less than a microsecond). Relaxation effects and/or

a moderate signal-to-noise ratio in such long-lived RPs can explain the absence of

local extrema in the MFE. It may, however, be the case that processes which have

been neglected here affect ωmin
r , and further investigations are required to rule out

values of kr below approximately 0.01.

Given that the rotational correlation time for a small molecule, even in very

viscous solution (or a micelle), is unlikely to be greater than a nanosecond, a PhO•-

based RP would be expected to show a significant relaxation effect on the sin-

glet yield only if it has a lifetime of & 30 ns (see table 5.2). The same applies to

other radical pairs with a comparable value of the cumulative hyperfine anisotropy

∑i[Ai : Ai].

A structural analogue of PhO• is the tyrosyl radical Tyr•, which is a constituent

of radical pairs studied e.g. by CIDNP [77]. Its hyperfine tensors [95] are similar

to those of PhO•, although more protons (ten in total) contribute to the cumula-

tive anisotropy. This has a value of ∑10
i=1 [Ai : Ai]r = 1.4757, which is slightly larger

than that of 1.3914 for PhO•: relaxation effects in RPs involving this species are thus

likely to be similar to those investigated here. It should be noted that the largest

isotropic hyperfine coupling in Tyr• is significantly smaller in than in PhO•: we

have |amax| = 0.682 mT. The scaled correlation time for Tyr•, and thus the relax-

ation rate, will be approximately 2
3 of that for PhO• for the same absolute value of

the correlation time, although the bulkier radical is likely to have a longer correla-

tion time (in seconds) in solvents of comparable viscosity.
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The carotenoid radical, which forms part of the carotenoid-porphyrin-fullerene

triad on which strong magnetic field effects have been observed [65], is large and

has many (38) protons which contribute to its cumulative anisotropy, calculated

using Gaussian 03 [55]. Although the individual anisotropies are not very large on

this radical, relaxation effects are nonetheless likely as the cumulative anisotropy is

substantial: we have ∑38
i=1 [Ai : Ai]r = 1.194 and |amax| = 0.579 mT. Rotational dif-

fusion in this species is highly anisotropic, which will affect the relaxation dynam-

ics. This should be taken account of in a modified diffusion treatment, described in

chapter 2.

When the correlation time is as short as a picosecond, no relaxation effects will

be observed. However, such short correlation times are typical of small molecules

in non-viscous solution, for which LFEs are not normally observed. When the cor-

relation time is 10 ps, a RP with similar hyperfine parameters as the one exam-

ined here is unlikely to show a relaxation effect: it would have to be extremely

long-lived, which is unlikely to be the case, as follows from the above discussion.

Relaxation effects are thus likely to be significant in RPs only for relatively long cor-

relation times of 0.1 to 1 ns – unless the cumulative hyperfine anisotropy is much

larger than in PhO•, which occurs only in extreme cases, or unless the RP is extraor-

dinarily long-lived.

It was shown that a full relaxation matrix treatment is necessary accurately to

model the singlet yield and the magnetic field effect. However, the results obtained

from this exemplary RP are a good guide to the kind of relaxation effect expected in

multinuclear RPs with different relative and absolute hyperfine couplings. It was

found that the extent of the relaxation effect is largely characterised by the relax-

ation parameter χtr = τc ∑i[Ai : Ai], which suffices, in combination with the RP

lifetime, to determine whether relaxation effects should be considered. All nuclei

with a significant hyperfine anisotropy thus contribute to the overall rate of relax-

ation, so that relaxation effects in large spin systems are more pronounced than the

single-nucleus model might suggest.
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When calculating ΦS, the full relaxation matrix should then be used. If not all

nuclei with a significant hyperfine anisotropy can be taken account of, an ‘effective

anisotropy’ can be used, as described in section 5.2. The validity of Redfield theory

and the extreme narrowing limit must be established for the parameters used: if

the correlation time is large, contributions from the spectral densities will suppress

relaxation transitions at relatively low fields. Furthermore, when the rotational

motion is very slow (i.e. τc large) and the recombination relatively fast, Redfield

theory no longer holds, and an alternative treatment must be used. This forms the

subject of the following chapter.



Chapter 6

Stochastic Relaxation Theory

Redfield theory has been established as a convenient way of treating relaxation ef-

fects in spin chemistry. It has been shown in the previous chapters to be applicable

and useful at low fields and for large spin systems. However, its derivation holds

only for systems in which the motion is sufficiently fast, so that the fluctuations in

local magnetic fields are fast relative to the evolution of the density matrix. The

condition of validity obtained during the derivation of Redfield theory was stated

in equation (2.45) and is reproduced here for convenience:

1〈∣∣Ĥ1(t)
∣∣2〉 τc

� τc (6.1)

where the quantities in the denominator on the left hand side are the computed

relaxation rates. This condition has been shown experimentally to be weaker than

theoretically predicted [61, 98, 128], and Redfield theory is understood, at least in

the context of NMR, to give quantitatively correct results for relaxation rates as

large as 1〈
|Ĥ1(t)|2

〉
τc
≈ τc. An alternative approach to solving the master equation

for the density matrix is needed in order to determine exactly the validity interval of

Redfield theory, i.e. at which point we enter the slow-motional limit where Redfield

theory breaks down. Such an approach is outlined in section 2.2, named here the

‘stochastic model’ as Kubo’s stochastic Liouville equation is solved directly without
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any undue assumptions on the stochastic (random) process other than that it is

Markovian. This holds for rotational diffusion, which shall be considered here.

Several methods of solution are available, as discussed in section 2.2. It is most

convenient for the present purposes to discretise the stochastic parameter. For this,

an explicit form of the Markov operator is required. For isotropic diffusion, it was

seen to be identical to −DĴ2 (cf. equation (2.31)), which is given by [171]:

− Ĵ2 =
∂2

∂β2 + cot β
∂

∂β
+

1
sin2 β

(
∂2

∂α2 +
∂2

∂γ2 − 2 cos β
∂2

∂α∂γ

)
(6.2)

The Euler angles are defined in the zyz-convention on the domains [171]

0 ≤α < 2π (6.3)

0 ≤β ≤ π (6.4)

0 ≤γ < 2π (6.5)

Since the diffusion is assumed to be spin-state independent, the density matrix

ρ(Ω, t) in the SLE (2.26) for a radical with n spin- 1
2 nuclei is defined in the space

of dimension 4(n+1)MNM′ formed from the product of the 4(n+1)-dimensional spin

space and the MNM′-dimensional diffusion space, with M, N and M′ points in

each of the α, β and γ dimensions, respectively. (The dimensionality is discussed in

more detail below in section 6.2.) Memory and CPU time constraints limit us to a

maximum size of approximately 105 × 105 for a system of linear equations, such as

the Laplace-transformed SLE. Since the spin space for the simplest, single-nucleus

radical, is 16, the number of discretisation points in each dimension cannot feasi-

bly exceed 20. The resulting discretisation step length is sufficient neither to achieve

convergence, nor for satisfactory accuracy: the discretisation error is approximately

O(δ2
α + δ2

β + δ2
γ), where δx is the step length in the x-dimension. This amounts to an

order of accuracy of & 0.1, which is inadequate. Thus while it would be straightfor-

ward to derive a finite difference expression for the full three-dimensional diffusion
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operator in equation (6.2), a solution of the Laplace-transformed SLE even to mod-

erate accuracy would be extremely time-consuming, whereas a sufficiently accu-

rate solution is computationally impossible. This problem cannot be remedied by

using a higher-order finite difference scheme with a lower discretisation error be-

cause any computational gain in accuracy is, at least in part, offset by the increased

density of the finite difference diffusion matrix.

It is, however, possible to include rotational diffusion in a finite difference SLE

calculation by restricting our attention to a purely axial hyperfine interaction. The

anisotropic Hamiltonian Ĥ1(Ω) is then a function of just two Euler angles α and β

(corresponding to the azimuthal and polar angles in spherical polar coordinates, φ

and θ, respectively). For consistency with the remainder of this work, we maintain

the nomenclature in terms of α and β. When δA = 0, the previously discussed form

of the Hamiltonian (see equation (2.24) and section 2.5) simplifies to

Ĥ1(Ω) =
∆A√

6

2

∑
m=−2

D
(2)
m,0(Ω)T̂2,m (6.6)

The T̂2,m are the familiar second-rank tensor operators given in equations (1.73) to

(1.75). Wigner functions of type D
(l)
m,0(Ω) are independent of the third angle γ, as

tabulated in appendix A. As a result the rotational diffusion operator simplifies to

the angular part of the Laplacian, that is

Γ̂Ω → D∇2 = D
(

∂2

∂β2 + cot β
∂

∂β
+

1
sin2 β

∂2

∂α2

)
(6.7)

This operator can be discretised on a sufficiently fine grid in order to be able to solve

the SLE to satisfactory accuracy. This approach allows the determination of the va-

lidity range of Redfield theory for this form (equation (6.6)) of the Hamiltonian,

from which we can attempt to extrapolate to more complex spin (and diffusion)

systems. Since calculation times are reduced compared with the three-angle sce-

nario, a greater range of parameters (such as the diffusion and recombination rates,

field strength and hyperfine axiality) can be surveyed.
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Several investigations concerning slow-motional regimes have previously been

performed. Freed et al. [53], using an expansion in terms of diffusion operator

eigenfunctions, restrict themselves to a secular isotropic Hamiltonian Ĥ0, an ap-

proach useful only at high fields. Norris et al. [113] employ a finite difference

scheme, but omit the azimuthal (α) dependence in Ĥ1(Ω), which is also not permis-

sible at low fields where the non-secular α-dependent elements of Ĥ1(Ω) cannot be

neglected. Here, the full rotational diffusion operator for an axial hyperfine inter-

action is used for the first time in a discretised form, leading to a generally valid

form of the SLE.

6.1 The discrete angular Laplacian

The probability distribution function P(Ω, t) is described in section 2.2. It evolves

according to the Markov equation (2.19). Since here, Ω = α, β, we have for isotropic

rotational diffusion
∂

∂t
P (α, β, t) = D∇2P (α, β, t) (6.8)

This continuous equation is transformed into a discrete master equation by ap-

plying a finite difference technique. The transition probability tensor W couples

P (α, β, t) with P
(
α + iδα, β + jδβ, t

)
and is represented by a matrix W:

∇2 → W (6.9)

This is equivalent to determining a discrete version of the angular Laplacian in

equation (6.7). In order to proceed, we must map the sphere onto a grid in α and

β. It should be noted that when we step over the pole, α changes by ±π (so as

to remain within its principal value range of 0 ≤ α < 2π). Any grid spacing is

permitted; a grid equidistant in α and cos β proves convenient here. It eliminates

the trigonometric functions from ∇2, Ĥ1(Ω) and the area element (see section 6.2).
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We define a new coordinate

q = cos β, such that − 1 ≤ q ≤ 1 (6.10)

Then the angular Laplacian becomes

∇2 =
(
1− q2) ∂2

∂q2 − 2q
∂

∂q
+

1
1− q2

∂2

∂α2 (6.11)

The variables α and q are discretised on their respective intervals; each discrete

value is denoted αi and qj, respectively:

αi = (i− 1)δα, i = 1, 2, . . . , M δα =
2π

M
(6.12)

qj = −1 +
(

j− 1
2

)
δq, j = 1, 2, . . . , N δq =

2
N

(6.13)

There are M points in α spaced by δα. It should be noted that M must be an even

integer so that the boundary conditions can be implemented (see below). The grid

in q has N points spaced by δq, and it is offset by δq
2 from the poles. This is important

in order to avoid singularities in the Laplacian, which would arise when q = ±1

(i.e. β = 0, π). A schematic of this grid is shown in figure 6.1. Finite difference

(FD) expressions for the derivatives appearing in (6.11) are obtained on this grid

by forming an interpolating polynomial of minimal degree, differentiating it, and

evaluating at each point [49]. Here we employ centred second-order approxima-

tions, which are well-known and tabulated, for example in Fornberg [49]. Zonal

and meridional derivatives (i.e. with respect to α and q, respectively) can be con-
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sidered separately, forming distinct discrete operators:

∇2 → W = W(αα) + W(qq) + W(q) (6.14)

where
1

1− q2
∂2

∂α2 → W(αα) (6.15)

(
1− q2) ∂2

∂q2 → W(qq) (6.16)

−2q
∂

∂q
→ W(q) (6.17)

The probability distribution function P (α, q, t) at αi and qj is written pij, with im-

plied time-dependence, for compactness. The discrete form of the Markov equation

(6.8) is then written in tensor notation

1
D

d
dt

pij = ∑
k,l

Wij,kl pkl (6.18)

Relations for the elements of the discrete differentiation operators W(αα), W(qq) and

W(q) are derived below.

6.1.1 Zonal derivatives

Within the second-order centred derivative approximation, for the internal points

(i.e. all values of α and q except α = 0, 2π − δα) the stencil is given by

and the second derivative term in the Laplacian is approximated by

1
1− q2

∂2

∂α2 P(α, q, t)
∣∣∣
α=αi ,q=qj

' 1
δ2

α

(
pi+1,j − 2pij + pi−1,j

) 1
1− q2

j
(6.19)
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This results in W(αα) elements for j = 1 to N and i = 2 to M− 1:

W(αα)
ij;i+1,j =

1
δ2

α

1
1− q2

j
(6.20)

W(αα)
ij;ij = − 2

δ2
α

1
1− q2

j
(6.21)

W(αα)
ij;i−1,j =

1
δ2

α

1
1− q2

j
(6.22)

Periodic boundary conditions are applied on α since P(α, q, t) = P(α± 2π, q, t). At

the right edge of the grid (as seen in figure 6.1), where i = M, and thus αM =

2π − δα, we have the stencil

Thus the second derivative at the edge is given by

∂2

∂α2 P(α, q, t)
∣∣∣
α=αM ,q=qj

' 1
δ2

α

(
p1,j − 2pM,j + pM−1,j

)
(6.23)

which results in the following prescriptions for the elements of W(αα) (for j = 1 to

N):

W(αα)
M,j;1,j =

1
δ2

α

1
1− q2

j
(6.24)

W(αα)
M,j;M,j = − 2

δ2
α

1
1− q2

j
(6.25)

W(αα)
M,j;M−1,j =

1
δ2

α

1
1− q2

j
(6.26)

With analogous reasoning, the stencil at the left edge, where i = 1 (and α1 = 0), is

found to be
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giving the following prescriptions for the elements of W(αα), valid for j = 1 to N:

W(αα)
1,j;2,j =

1
δ2

α

1
1− q2

j
(6.27)

W(αα)
1,j;1,j = − 2

δ2
α

1
1− q2

j
(6.28)

W(αα)
1,j;M,j =

1
δ2

α

1
1− q2

j
(6.29)

All other elements of W(αα) are zero.

6.1.2 Meridional derivatives

For the meridional derivatives, and thus the elements of W(qq) and W(q), the fol-

lowing stencil is useful for the internal points (i.e. 2 ≤ j ≤ N − 1, and all i):

The second derivative is approximated by

∂2

∂q2 P(α, q, t)
∣∣∣
α=αi ,q=qj

' 1
δ2

q

(
pi,j+1 − 2pij + pi,j−1

)
(6.30)

The first derivative, to second order, is

∂

∂q
P(α, q, t)

∣∣∣
α=αi ,q=qj

' 1
2δq

(
pi,j+1 − pi,j−1

)
(6.31)
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These result in the prescriptions for the elements of W(qq) and W(q), valid for the

internal points i = 1 to M and j = 2 to N − 1:

W(qq)
ij;i,j+1 =

1
δ2

q

(
1− q2

j

)
(6.32)

W(qq)
ij,ij = − 2

δ2
q

(
1− q2

j

)
(6.33)

W(qq)
ij;i,j−1 =

1
δ2

q

(
1− q2

j

)
(6.34)

W(q)
ij;i,j+1 = −

qj

δq
(6.35)

W(q)
ij;i,j−1 =

qj

δq
(6.36)

The consideration of the derivatives at the q-edges requires some care. The stencils

can be derived with the aid of the following diagram:

Figure 6.1: The stencils for two selected points, j = N, i < M/2 and j = 1, i > M/2 are
indicated. Note the change in α by π as the poles are crossed. j remains unchanged as the
q-grid is offset from the poles by half a step length (δq/2).

As we step over the pole, α changes by +π (for α < π) and by −π (for α ≥ π). We

have αi + π = αi+ M
2

and the stencils are
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The new α-index i′ required for these is

i′ =


i + M

2 for i ≤ M
2

i− M
2 for i > M

2

(6.37)

Given this definition of i′, the derivatives with respect to q at the top edge of the

grid are prescribed as follows (for i = 1 to M):

W(qq)
i,N;i′,N =

1
δ2

q

(
1− q2

N
)

(6.38)

W(qq)
i,N;i,N = − 2

δ2
q

(
1− q2

N
)

(6.39)

W(qq)
i,N;i,N−1 =

1
δ2

q

(
1− q2

N
)

(6.40)

W(q)
i,N,i′,N = −qN

δq
(6.41)

W(q)
i,N,i,N−1 =

qN

δq
(6.42)

and those at the bottom edge are (for i = 1 to M):

W(qq)
i,1;i,2 =

1
δ2

q

(
1− q2

1
)

(6.43)

W(qq)
i,1;i,1 = − 2

δ2
q

(
1− q2

1
)

(6.44)

W(qq)
i,1;i′,1 =

1
δ2

q

(
1− q2

1
)

(6.45)

W(q)
i,1,i,2 = −q1

δq
(6.46)

W(q)
i,1,i′,1 =

q1

δq
(6.47)
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All other elements of W(qq) and W(q) are zero. The entire diffusion tensor is then

assembled according to equation (6.14) by adding the constituent parts.

For an efficient numerical solution we require this operator in two-dimensional

matrix form, i.e. the tensor W must be flattened to form a matrix. This is conve-

niently achieved during its construction, without a need for a memory-intensive

three-dimensional tensor ever to be formed, by using the following indexing rela-

tions

Wij,kl →Wn,m n = N(i− 1) + j and m = N(k− 1) + l (6.48)

where N is the number of points in q. This procedure is equivalent to obtaining

a Liouville space superoperator in matrix form, as described in section 1.2.4. The

conservation of probability [121] requires the sum of each column in matrix W to

be zero; this is fulfilled here.

6.2 Solving the finite difference SLE

The aim of this work is to determine the singlet yield, which can be related to the

Laplace-transformed density matrix, as explained in section 4.2. The calculational

method can be derived by considering the SLE for isotropic rotational diffusion,

which is, with reference to equation (2.26), given by

∂

∂t
ρ(Ω, t) = −i

[
Ĥ0 + Ĥ1(Ω), ρ(Ω, t)

]
+ D∇2ρ(Ω, t) (6.49)

In the combined spin and diffusion space, employing the discretised Laplacian de-

scribed above, this becomes

d
dt
|ρ(t)〉 =

(
−i
(

ˆ̂H0 + ˆ̂H1

)
+ DW

)
|ρ(t)〉 (6.50)

The density matrix ρ(t) is the discrete form of ρ(Ω, t), giving the spin density ma-

trix at each orientation corresponding to the αi, qj in the diffusion space. The matri-

ces in the combined space are related to the pure diffusion space (in case of W) and
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the pure spin space superoperators ˆ̂H0 and ˆ̂H1 via the following:

W = W ⊗ 1H (6.51)

ˆ̂H0 = 1MN ⊗ ˆ̂H0 (6.52)

since Ĥ0 has no orientational dependence. 1H is a unit matrix of the same size as

ˆ̂H0, and 1MN one of size MN. ˆ̂H1 is formed as a direct sum of the ˆ̂H1 for particular

orientations α, q, with the indexing in the same order as for W (see equation (6.48)).

ˆ̂H1 = ˆ̂H1(α1, q1)⊕ ˆ̂H1(α1, q2)⊕· · ·⊕ ˆ̂H1(α1, qN)⊕· · ·⊕ ˆ̂H1(αM, q1)⊕· · ·⊕ ˆ̂H1(αM, qN)

(6.53)

This amounts to forming a block-diagonal matrix ˆ̂H1 with the ˆ̂H1 at the different

orientations as the blocks. The space-discretised SLE (6.50) could be solved for ρ(t)

by employing a time-discretisation method. This is computationally not feasible,

nor useful for the desired observable, the singlet yield. An expression for this can

be derived by analogy with that described within Redfield theory in section 4.2.

The finite difference SLE (6.50) can be Laplace-transformed, resulting in

(
s1+ i

(
ˆ̂H0 + ˆ̂H1

)
− DW

)
|ρ̃ (s)〉 = |ρ(0)〉 (6.54)

where s is the Laplace variable. The initial spin-diffusion density matrix ρ(0) can

be derived from the following consideration. The density operator of the initial

states for equation (6.49) was given in section 2.2 as a product of the initial spin

density matrix ρ(0) and the initial probability P0(Ω).

ρ(Ω, 0) = ρs(0)P0(Ω) (6.55)

Initially the system is at an equilibrium distribution such that ∇2P0(Ω) = 0. Since

the total probability is always unity (i.e.
∫

P0(Ω) dΩ = 1), and in spherical polar
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coordinates the solid angle dΩ = sin β dβ dα1, we have

P0(Ω) =
1

4π
(6.56)

For an analogous finite difference expression, we require the weight for each point

on the sphere according to the area it represents. The solid angle in α, q-coordinates

is dΩ = dq dα. For point s we have the corresponding weight ws

ws =
1

4π

∫ αs+ 1
2 δαs

αs− 1
2 δαs

∫ qs+ 1
2 δqs

qs− 1
2 δqs

dqs dαs =
1

4π
δqs δαs (6.57)

The normalisation factor 1
4π ensures that the sum of all weights equals unity. Since

the grid here is equidistant in α and q, the weights for all points are equal. From

the definition of the grid spacings δα and δq in equations (6.12) and (6.13) we obtain

the weighting for each point:

w =
1

MN
(6.58)

It follows that the initial spin-diffusion density matrix ρ(0) is the direct product of

the finite difference initial probability and the initial spin density matrix ρ(0):

ρ(0) =
1

MN
1MN ⊗ ρ(0) (6.59)

The above discussion is general in the sense that it applies to any size of spin

system and initial spin density matrix. In order to obtain an expression for the

singlet yield in a single-nucleus non-interacting radical pair, we make use of the

calculational method described in the context of Redfield theory in section 4.2. For

a singlet-born RP with one magnetic nucleus of spin 1
2 , the initial spin state is pro-

portional to the singlet projection operator, ρ(0) = 1
2 P̂S, as seen from equation

(4.22). The singlet yield corresponding to orientation Ω is the familiar integral (see

1In a full Euler angle space α, β, γ, we would average over all three angles with solid angle dΩ =
sin β dβ dα dγ and obtain an initial probability of P0(Ω) = 1

8π2 in order to achieve normalisation.
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equation (4.11)) over the now orientation-dependent singlet probability.

ΦS(Ω) = k
∫ ∞

0
Tr
{

P̂Sρ(Ω, t)
}

e−kt dt (6.60)

In the discretised diffusion space this is written

ΦS = k
∫ ∞

0
Tr
{

P̂Sρ(t)
}

e−kt dt (6.61)

where the trace is over the spin space only. By analogy with section 4.2 we can

relate this to solutions to the Laplace-transformed SLE:

ΦS =
1
4

+
1
2

b0 +
1
2

b−1 (6.62)

where b0 is obtained from the solution to equation (6.54) with initial spin state Ŝz,

and is related to the expectation value of Ŝz:

b0 = 2k
〈

Ŝz

∣∣∣ρ̃ (k)
〉

(6.63)

Here, and below, the Liouville scalar product is over the spin space only. Similarly,

solving the Laplace-transformed SLE with initial spin state Ŝ− leads to

b−1 = k Re
{〈

Ŝ−
∣∣∣ρ̃ (k + iω)

〉}
(6.64)

Here, ΦS, b0 and b−1 are vectors with elements corresponding to the values of ΦS,

b0 and b−1 for each orientation αi, qj in the discrete diffusion space. The singlet yield

corresponding to the fraction of RPs in the ensemble at a particular orientation Ω

is written as ΦS(Ω) or, equivalently, ΦS(α, β). (This value must be between zero

and 1
MN .) The overall singlet yield is obtained by averaging over the sphere, or

summing the contributions from each point αi, qj:

ΦS =
∫

ΦS(Ω) dΩ ≈
M

∑
i=1

N

∑
j=1

ΦS(αi, β j) (6.65)
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When D = 0, no rotational motion, and therefore no relaxation, occurs. In that case

MN × ΦS(αi, β j) can be identified with the singlet yield corresponding to a static

RP ensemble at orientation αi, β j, discussed extensively by Rodgers [133].

6.3 Convergence and reproduction of the Redfield ΦS

The singlet yield at each orientation is thus determined in the finite difference ap-

proach by solving the Laplace-transformed SLE twice (once for each of b0 and b−1)

with the desired parameters: the physical quantities kr, Dr, ∆Ar and ωr, as well as

the discretisation parameters M and N. In order to obtain the average ΦS, which is

the quantity that can be compared to Redfield theory results, the contribution from

each discretisation point is summed.

In order confidently to obtain accurate results from the Laplace-transformed

SLE, we must convince ourselves that the numerical solution is stable and obtain

an estimate of the discretisation error. The global error in the discretisation scheme

can be estimated from the local truncation error (LTE) via a Taylor expansion for

the derivatives. In this second-order scheme it is O(δ2
α + δ2

q). This holds provided

the solution is stable, which turns out to be the case. The following quantities help

to ascertain that the solution is stable by demonstrating convergence.

∆M(M) =
1
s
|ΦS(M + s, N)−ΦS(M, N)| (6.66)

∆N(N) =
1
s
|ΦS(M, N + s)−ΦS(M, N)| (6.67)

where s is the step size. Similar in concept to the relative tolerance in the context

of numerical solution of differential equations, they determine the change in ΦS

as the grid is refined. In the limit of an infinitely small grid spacing, both ∆M

and ∆N will be zero. In order to obtain the most accurate estimate of ∆X, the step

size s should be as small as possible. The discretisation error in each dimension is

virtually independent of that in the other dimensions; this follows from the form of

the LTE. Thus ∆M is independent of N provided N is not too small; this is easily be
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verified. Similarly, ∆N is independent of M when M is only moderately large. ∆M

decreases steadily with decreasing δ2
α (i.e. as 1

M2 ). Similarly ∆N decreases steadily

with decreasing δ2
q or 1

N2 , thus illustrating convergence. The solution is deemed of

sufficient accuracy when a specified tolerance (i.e. value of ∆M and ∆N) is obtained.

This is typically 10−5 or lower. It turns out that the solution is more sensitive to the

grid spacing in the q-dimension than in the α-dimension, and thus larger values of

N are required to obtain the desired accuracy. When convergence is slow, the rate

of change in ∆N with 1
N2 is small, and similarly for ∆M. In this case the tolerances

must be set tighter (to lower values). The desired ∆N is generally set lower than the

desired ∆M since convergence is slower in the q-dimension. In addition, we find

convergence particularly slow for certain parameter combinations (typically at zero

or extremely low field strengths and for large values of Dr, that is, short correlation

times). Under these circumstances the SLE is presumably stiff. The tolerances for

these parameters are thus set as tightly as possible.

Substantial CPU times are required for the solution of the Laplace-transformed

SLE for each set of parameters: the system of linear equations to be solved is of

size 16× MN, and 30 to 80 s are required per field point for the values of M and

N used in this work2. In the Matlab implementation, memory constraints impose

an upper limit of approximately 1.3× 105 on the matrix size for this system, which

corresponds to a maximum MN of approximately 8000, employing sparse algebra

throughout.

Given a set of physical parameters and specified maximum tolerances (i.e. val-

ues of ∆M and ∆N), the Matlab code automatically determines the appropriate val-

ues of M and N (akin to an adaptive-step ODE solver). We must be sure to set

the q-tolerance tighter at lower fields and for large Dr to ensure convergence to the

desired accuracy. When this tolerance cannot be achieved, i.e. when it would result

in excessively large values for N and/or M, it is increased automatically and the

largest possible values for M and N are chosen. For each calculation performed,

2Calculations were performed under Matlab R2007b on a 3 GHz Pentium IV machine with 2 GB of
RAM.
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the parameters M and N are listed in appendix D. The corresponding tolerances

∆M and ∆N are also given.

6.3.1 Reproduction of Redfield theory results

Comparing the finite difference ΦS calculated following the above procedures to

Redfield theory results, where these are known to be valid, provides further assur-

ance of the correctness of the FD approach.

Based on the same theory of stochastic processes (see chapter 2), the parameters

employed in both treatments are related to each other in a straightforward manner.

The rotational diffusion rate constant D is related to the rotational correlation time

τc through

D =
1

6τc
(6.68)

This follows from equation (2.86) and holds within the isotropic diffusion model

discussed in chapter 2. As shown in section 2.5, for an axial-only hyperfine cou-

pling in a single-nucleus RP, the Redfield and FD relaxation parameters are related

through

χr =
1
6

∆A2
r τcr (6.69)

When we are comfortably within the normal limits of Redfield theory validity

(as defined below), Redfield theory results are reproduced by the finite difference

ΦS. This is shown in figure 6.2 for two selected sets of parameters, as given in the

legend. In both cases the relaxation rate χr is greater than the recombination rate

constant kr, thus producing a significant relaxation effect on ΦS. This ensures that

the FD ΦS calculation does indeed model relaxation effects correctly.

The values of M and N for each FD calculation, together with the achieved

tolerances, are given in appendix D.1. It can be seen that it most cases, very accurate

FD solutions are obtained. Convergence is evidently slower for the smaller value

of τcr (green curve): the value of ∆N achieved is an order of magnitude larger for

the green line compared to the blue line at ωr = 0.3, even though N is larger for
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the former. A lower tolerance would be desirable, but computational constraints

do not allow a larger value of N. The discrepancy between the FD and Redfield

results for the green curve are thus not fundamental, but merely due to numerical

error. Conversely, it can be seen that Redfield theory clearly does not demand the

Figure 6.2: Showing singlet yield calculated using FD and Redfield theories for two sets of
parameters (see legend).

perturbation Hamiltonian Ĥ1 to be of much smaller magnitude than the isotropic

Hamiltonian Ĥ0: even when the axiality ∆A is an order of magnitude greater than

the isotropic HFC (i.e. ∆Ar = 10), we obtain good agreement between Redfield and

FD results at zero and extremely low field strengths.

6.4 Investigating the limits of Redfield theory

There would be little value in the computationally very expensive finite difference

technique if its only application were to reproduce Redfield theory results. It can,

however, be put to good use in determining the range of parameters for which Red-
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field theory produces correct results. Once established, we can model ΦS quickly

and efficiently through perturbative relaxation theory within its validity interval,

and resort to the computationally more demanding FD technique outside it.

The assumptions of Redfield theory are valid provided that the fluctuations are

fast and the correlation time short compared with the evolution of the spin density

matrix. (This is discussed in detail in chapter 2.) However, the resulting validity

condition (2.45) is rather imprecise and furthermore known not to be very strict in

certain systems [98]. A comparison with the finite difference ΦS thus allows us to

establish more precisely the applicability region of Redfield theory. This compar-

ison is only possible for the simplest of radical pairs, for which we can formulate

and implement the FD treatment: a single-nucleus RP with a purely axial hyperfine

coupling. For a single-nucleus RP, the Redfield condition 1〈
|Ĥ1(t)|2

〉
τc
� τc becomes

6
[A : A]rτcr

� τcr (6.70)

or
62

∆A2
r τcr

� τcr (6.71)

when the hyperfine coupling is purely axial and [A : A] = 1
6 ∆A2. These inequal-

ities arise as the fastest relaxation rate in the system, 1
6 χr (see chapter 3), is used

as a value for
〈∣∣Ĥ1(t)

∣∣2〉 τc. This condition is not precise; the smallest relaxation

rate is an order of magnitude smaller, and we work in a somewhat arbitrary basis

set. However, this approach suffices to establish the predicted validity of Redfield

theory in order to compare it to FD results known to be unconditionally valid.

Various interpretations of the validity inequalities 6.70 and 6.71 are illustrated

in figure 6.3. It shows parameter ([A : A]r and τcr) combinations that are predicted

to produce sure, likely, and possible Redfield validity, depending on how strictly

condition (6.70) is interpreted. The corresponding values of ∆Ar for an axial-only

HFC are marked in green. The black diagonal line corresponds to 6
[A:A]rτcr

= 100τcr.

Two orders of magnitude appear reasonable, and for parameters that fall in the grey
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region (labelled ‘a)’), we can be confident that relaxation processes are accurately

modelled by Redfield theory. The blue line corresponds to a less strict interpreta-

tion of the validity condition: 6
[A:A]rτcr

= 10τcr. In the blue shaded region (‘b)’) we

thus have 10τcr ≤ 6
[A:A]rτcr

≤ 100τcr. The predicted Redfield validity interval may

extend into this region. Finally, the red line in figure 6.3 corresponds to the situ-

ation where 6
[A:A]rτcr

= τcr. While in the red region (where τcr ≤ 6
[A:A]rτcr

≤ 10τcr)

Redfield validity is doubtful, beyond this line (in the white area) Redfield theory is

predicted to be inadequate.

Figure 6.3: Predicted Redfield validity plot for a single-nucleus RP. For an explanation,
refer to the main text. The parameter sets used for exploring the applicability of Redfield
theory in this system (see figures 6.4 to 6.8) are marked in yellow.

We expect Redfield theory eventually to fail in modelling relaxation processes

as we move to higher values of the anisotropy and/or of the correlation time, when

we reach values where ∆Aτc
6 > 1. For which values of ∆A and τc this results in a

significant error can be determined by comparing Redfield theory and the finite

difference approach along several cross-sections of figure 6.3, that is for combina-

tions of ∆Ar and τcr that cover all regions distinguished on this figure. It is the time
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evolution of the spin density matrix which ought to be compared. However, this

would require solving the time-dependent SLE, which is extremely difficult given

the large matrix dimensions involved in the FD expressions. Since the aim here is

to establish a validity condition for Redfield theory when applied to the modelling

of the singlet yield at low magnetic field strengths, it is far more convenient and

directly useful to employ the singlet yield for comparisons. We are specifically in-

terested in modelling the effects of relaxation on the low field effect. Thus we aim

to choose parameter combinations (of ∆Ar, τcr as well as kr) for which a LFE is ob-

served. The RP must be relatively long-lived, and relaxation neither too fast, which

would obliterate the LFE, nor too slow as not to affect ΦS at all. The applicability of

Redfield theory outside the theoretically predicted validity region should be deter-

mined for each set of parameters. This is, however, not practical and would defeat

the object of this investigation. Some general guidance must therefore suffice.

To this end, several cross-sections of figure 6.3 are investigated, keeping ∆Ar

constant while increasing τcr in one case, and vice versa in the other case; they are

indicated by yellow lines. In that way, the grey, blue, red and white regions can

be sampled. Since the focus is on the LFE, we aim throughout to use parameter

sets that are predicted by Redfield theory to yield an observable LFE. For this, a

small value of kr is necessary, and the rate of relaxation (χr = 1
6 [A : A]rτcr) should

be comparable with kr. However, as χr increases, this is not always possible, and

the upper limit on kr is set to 0.1. This is the largest rate constant for which there is

still a substantial LFE in the absence of relaxation. A comparison between Redfield

theory and FD results, even when χr is much greater than kr, is still valuabe. It

was seen in chapter 4 that very fast relaxation removes the field-dependence of ΦS

at low fields, but the value of ΦS obtained does not reach the statistical value of 1
4

until the relaxation is several orders of magnitude faster than the recombination.

This means that ΦS is dependent on the rate of relaxation if not the field strength,

and this dependence should be modelled by Redfield theory in agreement with the

finite difference results.
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The parameters investigated are as follows. They are marked in figure 6.3, and

the results are shown in figures 6.4 to 6.8.

1. Horizontal cross-sections of figure 6.3: Constant ∆Ar, increasing τcr.

(a) ∆Ar = 0.3, with τcr ranging from 1 to 100. The rate of reaction is kr = χr
3

or 0.1, whichever is smaller. Figure 6.4 displays the results.

(b) ∆Ar = 1 with 0.5 ≤ τcr ≤ 40 . The rate of reaction is kr = χr
12 or 0.1,

whichever is smaller. These parameters are for figure 6.5.

(c) ∆Ar = 5, and τcr ranges from 0.1 to 10 . The rate of reaction is kr = χr
12 or

0.1, whichever is smaller. See figure 6.6 for the results.

2. Vertical cross-sections of figure 6.3 arise from a constant τcr with increasing

∆Ar.

(a) τcr = 0.3, ∆Ar ranges from 1 to 100. The rate of reaction is kr = χr
12 or 0.1,

whichever is smaller. These parameters refer to figure 6.7.

(b) τcr = 2, with ∆Ar ranging from 0.2 to 20. The rate of reaction is again

kr = χr
12 or 0.1, whichever is smaller. Figure 6.8 displays the results.

Four different field strengths (ωr = 0, 0.2, 0.5 and 1) are investigated in each case:

this is the region in which the LFE occurs, and it is conceivable the Redfield theory

would produce more accurate results at some field strengths. The precise values of

the parameters used (kr, M and N), together with the obtained tolerances ∆M and

∆N are shown in appendices D.2 to D.6. Each figure 6.4 to 6.8 shows the percent-

age deviation of the singlet yield calculated using Redfield theory from the finite

difference ΦS, defined as

∆ =
ΦS

(R) −ΦS
(FD)

ΦS
(FD) × 100 (6.72)

This value is plotted for each field strength against τcr for parameter sets 1.a) to c),

and as a function of ∆Ar for parameter sets 2.a) and b). In each case, the ratio of the
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rotational diffusion coefficient to the recombination rate constant, Dr
kr

, is also shown

as a black line (with the corresponding axis on the right hand side of each figure).

The vertical black, blue and red lines in each figure have the same meaning as the

diagonal lines in figure 6.3: they indicate the predicted Redfield validity regimes.

An error margin of ±2% in ∆ is set as an acceptable deviation of the Redfield

theory ΦS from the correct result. This interval is indicated in figures 6.4 to 6.8 by

the black dotted lines. (Given that the error in the FD ΦS is difficult to estimate, set-

ting the permitted error margin in ∆ too tight would be meaningless.) The validity

or breakdown of the Redfield theory ΦS can thus be estimated against this limit.

Redfield theory generally produces correct results for all parameter sets when

these fall in the grey region of figure 6.3. Any breakdown occurs generally earlier

(i.e. the validity condition appears more stringent) for the lower values of ωr inves-

tigated. As discussed above, the validity of Redfield theory is expected to depend

on the relative magnitudes of ∆Ar and τcr, and on this basis, we would predict the

magnitude of ∆ to rise as either ∆Ar or τcr increases in each of these figures and we

thus leave the forecast Redfield validity limit. While |∆| does increase in most cases,

there is no correlation with the relative sizes of 62

∆A2
r τcr

and τcr. For example, the per-

missible ±2% error margin is exceeded around the blue line (where 62

∆A2
r τcr

= 10τcr

in figures 6.5, 6.6 and 6.8, and even earlier (i.e. further into the predicted Redfield

validity region) in figure 6.4, at least for some values of ωr. However, Redfield the-

ory continues to produce the correct ΦS far beyond its theoretical limit, even where

62

∆A2
r τcr
� τcr, for the parameters investigated in figure 6.7, as well as for some values

of ωr in the other figures. It is thus clear that the traditional Redfield validity condi-

tion (6.71) cannot explain the failures and successes of Redfield theory in modelling

the low-field ΦS.

While no clear correlation can be made with the predicted Redfield validity

condition, it emerges that the relative sizes of the correlation time τcr (or rotational

diffusion constant Dr) and the recombination rate kr are of foremost importance.

The discrepancy between Redfield and FD results (as quantified by ∆) does not
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Figure 6.4: The percentage deviation ∆ of the Redfield theory ΦS from the FD value, given
by equation (6.72), vs correlation time. ∆ corresponding to four different field strengths (see
legend) is shown. The black line gives Dr

kr
, with the corresponding axis on the right hand

side. Parameter set 1.a) is used; precise values for all parameters are given in appendix D.2.
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Figure 6.5: The percentage deviation ∆ of the Redfield theory ΦS from the FD value, given
by equation (6.72), vs correlation time. ∆ corresponding to four different field strengths (see
legend) is shown. The black line gives Dr

kr
, with the corresponding axis on the right hand

side. Parameter set 1.b) is used; precise values for all parameters are given in appendix D.3.
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Figure 6.6: The percentage deviation ∆ of the Redfield theory ΦS from the FD value, given
by equation (6.72), vs correlation time. ∆ corresponding to four different field strengths (see
legend) is shown. The black line gives Dr

kr
, with the corresponding axis on the right hand

side. Parameter set 1.c) is used; precise values for all parameters are given in appendix D.4.

exceed a small percentage, provided Dr is at least several times greater than kr. It

remains within the ±2% margin for Dr
kr

& 7 in all cases. It is understandable that

Redfield theory should fail to predict the correct ΦS when the rotational motion

is significantly slower than the recombination: there is no time for averaging of

the anisotropic interaction, which is assumed to occur by Redfield theory. That is,

there is no modulation of the anisotropic interaction by molecular motion, and thus

no relaxation; instead coherent spin evolution is driven by the full (isotropic and

anisotropic) hyperfine Hamiltonian, which has a different value at each orientation.

Redfield theory does not envisage coherent spin evolution due to Ĥ1(Ω); instead it

assumes rather fast relaxation due to a large correlation time (at least at very low

fields), since τc = 1
6D . This explains the failure of Redfield theory with increasing

τcr or ∆Ar in figures 6.4 to 6.8 observed for most field strengths, as the ratio of Dr to

kr decreases.
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Figure 6.7: The percentage deviation ∆ of the Redfield theory ΦS from the FD value, given
by equation (6.72), vs hyperfine axiality. ∆ corresponding to four different field strengths
(see legend) is shown. The black line gives Dr

kr
, with the corresponding axis on the right

hand side. Parameter set 1.a) is used; precise values for all parameters are given in ap-
pendix D.5.
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Figure 6.8: The percentage deviation ∆ of the Redfield theory ΦS from the FD value, given
by equation (6.72), vs hyperfine axiality. ∆ corresponding to four different field strengths
(see legend) is shown. The black line gives Dr

kr
, with the corresponding axis on the right

hand side. Parameter set 1.a) is used; precise values for all parameters are given in ap-
pendix D.6.
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However, for the lower values of ∆Ar (in figures 6.4 and 6.5), the reasonably

expected deviation of Redfield theory from the correct (FD) result is not observed

at the higher field strengths of ωr = 0.5, 1. This surprising agreement is examined

in the following section.

The deviation of Redfield theory from the correct results can be attributed solely

to the requirement that motion be fast during the lifetime of the RP. The Redfield

condition ∆Aτc
6 < 1 need not be fulfilled in order to obtain quantitatively correct

values of ΦS. In figure 6.7, Dr always remains greater than kr, and Redfield theory

produces correct results far beyond its theoretical limit. It should be noted that χr

becomes rather large compared with kr as ∆Ar increases, and there is no observed

LFE. Nonetheless, as seen in chapter 4, ΦS is still dependent on the rate of relax-

ation χr, and only slowly reaches its limiting value. The success of Redfield theory

for large ∆Aτc is thus real. It is possible that this is due to a fortuitous cancelling

of higher-order terms, which would extend the validity of Redfield theory far be-

yond its second-order limit in this system. This could, with some difficulty, be

verified by using a cumulant expansion technique. It may also be that a failure of

Redfield theory in modelling individual relaxation rates is somehow cancelled out

when observing the singlet yield, or that our interpretation of the Redfield validity

condition (6.71) was too stringent. All of these possibilities will have the effect of

extending the region of Redfield theory applicability.

Much greater values of ∆Aτc than physically plausible still produce the correct

ΦS (in figure 6.7). Thus the only validity condition for Redfield theory we need be

concerned with when modelling ΦS is D
k & 10.

6.5 ΦS and rotational motion

The only limit to Redfield theory in modelling the low-field singlet yield is the rate

of rotational motion compared to the RP lifetime. Here we observe ΦS directly

as the rate of rotational motion increases, and compare results from Redfield and
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finite difference approaches. Figure 6.9 shows ΦS (for ∆Ar = 1 and kr = 0.1) at

two selected values of ωr as the rotational diffusion coefficient, and therefore Dr
kr

,

increases. The finite difference ΦS is shown by asterisks (*), the Redfield ΦS by

squares. The corresponding correlation times τcr are given on the upper ordinate.

The case of Dr = 0, i.e. an isotropic distribution of a static RP ensemble, would

correspond to the limit of τcr → ∞ and cannot be modelled by Redfield theory.

In an ensemble of static RPs, spin evolution is driven by both the isotropic and

anisotropic interactions. The singlet yield is orientation-dependent, and we can

determine an average for an isotropic distribution of RPs, as explained in section

6.2. This Dr = 0 regime corresponds to the left hand side of figure 6.9. When motion

is very fast, any orientational dependence in ΦS is averaged out during the lifetime

of the RP, and there are no relaxation effects. This corresponds to the right hand

side of figure 6.9. In the intermediate region (of moderately fast motion), relaxation

effects can come into play; they are successfully modelled by Redfield theory when

the rotational motion is fast relative to the recombination rate. When the rotational

motion is slow (on the RP timescale), we have Dr � kr. Here, this corresponds to

Dr from 10−4 to approximately 10−2. In this regime, Redfield theory cannot predict

the correct ΦS, as noted already in the previous section: there is no time for the

required motional averaging of the anisotropic Hamiltonian during the lifetime of

the RP. As a result, the Redfield-ΦS is in utter disagreement with the correct FD

result.

As τcr decreases (from extremely large values), the Redfield relaxation rates

change as a result of the interplay of the correlation time in both numerator and

denominator, since they are of the general form ∝ τcr
1

1+ω2
r τc2

r

3. Such effects are well-

documented in the literature, albeit for different systems at higher field strengths

[13, 87]: when ω2
r τc

2
r � 1, we observe the normal decrease with decreasing τcr be-

cause we are in the extreme narrowing limit. If (as possible even at low fields for

very large correlation times) ω2
r τc

2
r � 1, the relaxation rate is effectively propor-

3As discussed in chapter 2, at low fields the ωr in this expression really refers to any one energy
difference in the spin system.
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Figure 6.9: ΦS for two values of ωr, as a function of Dr. ∆Ar = 1, kr = 0.1, comparing
Redfield and FD models as shown in the legend.
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Figure 6.10: Comparing the low-field ΦS without rotational motion for a single-nucleus RP
with an isotropic-only HFC (blue line) and an isotropic and anisotropic (∆Ar = 1) HFC (red
line). The latter is averaged over an isotropic orientational distribution. The recombination
rate is kr = 0.1; there is no motion, i.e. Dr = 0.
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tional to 1
τcr

, and thus increases with decreasing τcr. These effects do not manifest

themselves in this system as there is no time for Redfield averaging during the life-

time of the RP. However, these trends do affect the evolution of the density matrix

in the absence of reactions, or with very slow reactions, provided Redfield theory

holds (i.e. when the motion is not too slow or the anisotropy very large). While

not relevant for this RP with kr = 0.1, such effects may manifest themselves in

shorter-lived RPs, or in other spin systems.

When Dr � kr, the RPs are effectively static during their lifetime, and ΦS is not

significantly changed from the case of Dr = 0. The average ΦS for an ensemble

of static RPs is shown as a function of field strength in figure 6.10 by the red line.

For Dr & 10kr, the FD and Redfield values of ΦS are in good agreement. This is as

expected from the previous section. When Dr = 1, we have χr ≈ 1
3 kr, and there is

a small but appreciable relaxation effect. At still greater values of Dr, this vanishes,

and we retain the non-relaxation value of ΦS (which is shown for reference as the

blue line in figure 6.10). When Dr and kr are comparable in size (illustrated here

by Dr = 0.1), some rotational motion occurs on the timescale of the RP lifetime,

although complete averaging of the anisotropic interactions cannot occur: Redfield

theory fails here to model the observed relaxation effect correctly at the lower field

strength (ωr = 0.05), although it appears to give the right result for ωr = 1. A

similar observation can be made in figures 6.4 and 6.5, as well as figures 6.6 and

6.8. Even when Dr ' kr, Redfield theory is in much sharper disagreement with

the FD ΦS at zero and very low field strengths, whereas for the larger values of ωr

investigated, it often appears to work rather well.

As the motion accelerates, we move from the full (isotropic and anisotropic)

Hamiltonian-driven spin-mixing regime to one where only the isotropic Hamilto-

nian contributes. These two limiting cases are shown in figure 6.10. At intermediate

values of Dr, we are in a transition regime where relaxation effects occur, and re-

duce ΦS from its non-relaxation (Ĥ0-only) value. At extremely low fields, the aver-

aged ΦS for Dr = 0 differs sharply from the purely isotropic case (corresponding to
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very fast motional averaging). This is due to energy level crossings in the RP, which

produce pronounced resonances in ΦS. (For a fuller discussion of anisotropic sin-

glet yields, see for example [29, 133, 164].) At higher fields (ωr & 1), the effect of the

anisotropic Ĥ1(Ω) is virtually negligible. These two observations may explain why,

in the region of intermediate Dr, the Redfield theory ΦS is closer to the true value

at higher field strengths. We must, however, bear in mind that the detailed shape

of the anisotropic ΦS field-curve is very sensitive to ∆Ar, as seen in the following

section.

For a fuller understanding of how increasingly fast rotational motion affects the

singlet yield, we turn to the orientational dependence of the singlet yield. This is

displayed (for the two field values of ωr from figure 6.9) in figures 6.11 and 6.12.

Each of these figures shows the singlet yield MN ×ΦS(αi, β j), for a number of val-

ues of Dr, as a function of the polar angle β, which relates the principal axis of

the anisotropic Hamiltonian to the laboratory z-axis. The singlet yield is indepen-

dent of α due to the axial symmetry of the hyperfine tensor in Ĥ1(Ω). The cor-

responding overall values of ΦS are calculated by summing the contribution from

each orientation, as explained in section 6.2. These are shown in figure 6.9. The

orientation-independent Redfield ΦS for each value of Dr is indicated by broken

lines in figures 6.11 and 6.12. The scale on the ordinates of both of these graphs is

the same for better comparability: figure 6.11 gives the singlet yield for ωr = 0.05,

figure 6.12 that for ωr = 1. In each case, ΦS for Dr = 0, 10−4 and 10−3 are so similar

as to be superimposed in these figures.

In an orientationally fixed RP (i.e. Dr = 0) at ωr = 0.05, the singlet yield is

highest when β = 0, π and lowest when β = π
2 (for ∆Ar = 1 and kr = 0.1).

However the anisotropy of the singlet yield is not very pronounced: it is 5.0%4.

At the higher field strength of ωr = 1, the anisotropy of the singlet yield is more

pronounced (6.3% when Dr = 0), and the singlet yield is now at its maximum

when the hyperfine tensor and laboratory z-axes are perpendicular. A display of

4The percentage anisotropy in the singlet yield is defined here as (ΦS
max(β)−ΦS

min(β))/ΦS × 100, i.e.
the scaled amplitude in ΦS(Ω).
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Figure 6.11: ωr = 0.05. The solid lines correspond to the singlet yield MN × ΦS(αi, β j)
vs β at various rates of rotational diffusion (see legend). The β-independent values of the
Redfield ΦS for these Dr are shown by broken lines. The parameters are: ∆Ar = 1, kr = 0.1;
the discretisation parameters M and N are given in appendix D.7.
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Figure 6.12: ωr = 1, otherwise all quantities are as above in figure 6.11.
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MN × ΦS(αi, β j) − ΦS, when Dr = 0, produces the familiar polar plots of singlet

yield anisotropy discussed by Rodgers [133].

While the value and angle-dependence of ΦS are very sensitive to the nature

of the system (in particular, the size of the axiality, ∆Ar), several general observa-

tions concerning relaxation processes and rotational motion can be made. As the

rotational motion accelerates (i.e. Dr increases), the angle-dependence (and thus

anisotropy) of the singlet yield decreases.

This is a normal effect of rotational diffusion, which can be understood by con-

sidering the diffusion operator eigenfunctions, the Wigner D-functions:

∇2D
(l)
m,m′(α, β, γ) = −l(l + 1)D (l)

m,m′(α, β, γ) (6.73)

The diffusion equation is (where we have, as discussed more fully in chapter 2,

Ω ≡ α, β, γ):

D∇2P(Ω, t) =
∂P(Ω, t)

∂t
(6.74)

and the probability distribution function can be expanded in terms of D-functions

and time-dependent coefficients such that

P(Ω, t) =
∞

∑
l

l

∑
m=−l

l

∑
m′=−l

cl,m,m′(t)D (l)
m,m′(Ω) (6.75)

Exploiting the orthogonality of the Wigner functions, we find the time dependence

of the coefficients cl,m,m′(t) to be

d
dt

cl,m,m′(t) = −Dl(l + 1)cl,m,m′(t) (6.76)

That is, the coefficients are not coupled, and each rank-l contribution to the proba-

bility decays independently, with the rate proportional to l(l + 1). As t approaches

infinity, the only contribution remaining is from D
(0)
0,0 , which is independent of ori-

entation. This situation holds for pure diffusion; it is more complicated when spin

evolution also takes place. The coupling of the diffusion operator D∇2
Ω to the
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Markovian relaxation process arises because the perturbation Ĥ1(Ω) can couple

the coefficients c0,0,0(t) of the initial distribution to coefficients cl,m,m′(t) of non-zero

rank, i.e. with l 6= 0.

When the motion is fast compared with the recombination rate, the anisotropy

vanishes. This is the limit in which Redfield theory is valid: it envisages no effect

of Ĥ1(Ω) on the energy levels of the system. Instead, ΦS is affected through the ro-

tational modulation of the hyperfine anisotropy. As already noted for the average

ΦS (shown in figure 6.9), when Dr � kr, the RPs are effectively static during their

lifetime, and the value of ΦS(α, β) corresponding to RPs at each orientation is not

changed significantly compared to the case where Dr = 0. As Dr increases beyond

Dr � kr, two effects on ΦS are observed: the orientation-dependence is dampened

and eventually removed, and, crucially, the average value of ΦS changes. The for-

mer effect is relatively straightforward (see the above discussion of the diffusion

equation), whereas the latter is of less clear origin, and of greater importance for

the resulting value of ΦS: it is the average ΦS (or the resulting MFE) which is the

observable quantity.

As discussed above, Redfield theory can only be valid when the motion is suf-

ficiently fast as to average out all orientational dependence (of the density matrix,

and manifested in ΦS(Ω)). This is the case at both values of ωr investigated here:

when Dr
kr

& 10, the anisotropy in ΦS(Ω) is vanishingly small, as seen in figures

6.11 and 6.12. Here, Redfield theory predicts the correct ΦS, as shown in figure 6.9.

When Dr = kr, the angle-dependence in ΦS(Ω) has virtually disappeared at the

lower field strength: now the anisotropy in ΦS(Ω) is a mere 0.3%. At ωr = 1 it is

still pronounced at 4.7%. Yet Redfield theory cannot predict correctly the singlet

yield at ωr = 0.05, whereas the Redfield and FD ΦS are very similar at ωr = 1. This

agreement must be fortuitous: Redfield theory is not valid when there is still a pro-

nounced orientation-dependence in ΦS(Ω). It may be due to the values of ΦS being

similar for a static and a rapidly moving ensemble of RPs at this field strength (cf.

figure 6.10). Thus even though Redfield theory appears to give correct results for



6.6. Slow-motional regime: Dr ≈ kr 263

some field strengths when Dr and kr are comparable in size, this must be coinci-

dence, and is clearly not sufficient to be able to model ΦS within Redfield theory

with confidence in this case. It is also clear from a consideration of figures 6.11 and

6.12 in conjunction with figure 6.9 that a removal of angle-dependence alone is not

a guarantee that Redfield theory will yield the correct value of ΦS. At the lower

field strength, when Dr = k, the orientation-dependence in ΦS(Ω) has all but been

removed; yet the Redfield result still differs significantly from the FD ΦS. The av-

erage ΦS at this intermediate Dr differs sharply from the limiting cases of a static

and rapidly rotating RP ensemble at this lower field strength. The shift in average

ΦS is a result of a complicated interplay between diffusion and spin effects, and is

more pronounced when Ĥ1(Ω) has a strong effect on ΦS when Dr = 0.

To conclude, Redfield theory is valid when Dr is at least about an order of mag-

nitude greater than kr. Then any anisotropy in the Hamiltonian has been aver-

aged out as required. Where Dr is much smaller than kr, there are no relaxation

effects (and the singlet yield remains orientation-dependent). In this regime, mo-

tion need not be considered, and we should model spin evolution with a complete

anisotropic Hamiltonian. It is in the intermediate region of Dr ≈ kr where relaxation

effects occur, but are not accurately modelled by Redfield theory. Here, ΦS may or

may not be orientation-dependent, but a finite difference scheme or another alter-

native to Redfield theory is required in order to obtain the correct average ΦS at all

field strengths. This is illustrated for several selected cases in the following section.

6.6 Slow-motional regime: Dr ≈ kr

Having established the validity of Redfield theory when Dr & 10kr, and that of a

full anisotropic Hamiltonian-driven approach when Dr � kr, we now examine a

few example cases for the intermediate regime, where a FD treatment is necessary

to obtain the correct field-dependence of ΦS. Necessarily, this can only occur in

systems with severely restricted motion, where rotational motion is slower than
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might be expected even in highly viscous solvents. It is nonetheless helpful to gain

an insight into possible relaxation processes in slow-motion systems such as radical

pairs confined in (small) micelles or proteins.

A range of parameters is investigated to produce a fuller picture of the interplay

between motion and spin evolution in this regime. In particular, several different

values of the hyperfine axiality ∆Ar are examined since the singlet yield curve in

the absence of motion is very sensitive to this parameter. The recombination rate

used in the previous section (kr = 0.1) is larger than many of those considered in

the context of relaxation phenomena in the previous chapters 4 and 5. Here, we

also examine a longer-lived RP with kr = 0.01. The rotational diffusion coefficient

Dr is small and ranges from values an order of magnitude smaller than kr to those

comparable to kr.

Figures 6.13 to 6.16 each show the singlet yield as a function of field strength

for a different set of physical parameters. Alongside the finite difference ΦS (red

circles), the two limiting cases are also indicated. That of no rotational motion

(Dr = 0), i.e. spin-evolution driven by Ĥ0 and Ĥ1(Ω), averaged over an isotropic

orientational distribution, is shown as a blue line. The singlet yield curve denoted

by a dash-dotted black line corresponds to the case where spin evolution is driven

exclusively by the isotropic Hamiltonian Ĥ0, corresponding to extremely fast ro-

tational motion. In both of these limiting cases relaxation cannot be effective, but

including them aids the understanding of the situation of moderately slow motion.

This instance, where relaxation effects do occur, is illustrated by the finite differ-

ence ΦS. For comparison, the singlet yield determined within Redfield theory for

the corresponding τcr is also shown, by a solid green line. This allows for a ready

evaluation of Redfield applicability. Since the correlation times involved are ex-

tremely large, the full relaxation rates, including spectral densities, are used. The

extreme-narrowing ΦS is shown for reference as a dotted green line. It should be

noted that the discretisation parameters M and N used for each field point in the

FD calculation are listed for each figure in appendices D.8 to D.11.
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Figure 6.13 illustrates a system with a fairly small hyperfine axiality (∆Ar = 0.5).

Thus anisotropy-driven spin-mixing is not very efficient, and the low-field reso-

nance in the static ensemble of RPs (blue line) is small. In fact, Ĥ1(Ω) has virtually

no effect on ΦS at field strengths ωr & 0.2: the blue and dotted black lines coincide.

In the intermediate case, the motion is set to be comparable to kr, but fairly slow

compared with the lifetime of the RP, and Dr
kr

= 0.17. This means that at most field

strengths, the FD ΦS is very similar to the case of Dr = 0 (which, due to the small

value of ∆Ar, is identical to the isotropic ΦS everywhere except at zero and very low

fields). This also was seen in the previous section for Dr = 0.01. Here, however,

even limited motion is effective in removing the small ΦS resonance at extremely

low fields. The singlet yield for Dr = 0.0167 is reduced at very low fields compared

with the Ĥ0-only case (black line), but the LFE, albeit decreased, is still pronounced.

Since there is insufficient time for motional averaging of the anisotropic interactions

during the lifetime of the RP, Redfield theory fails to predict the correct relaxation

effect. At higher fields, the effect of the anisotropic Hamiltonian Ĥ1(Ω) is negligi-

ble, whether fluctuating during the lifetime of the RP or not. This is a result of the

small size of ∆Ar, which probably explains why there is no relaxation effect. The

agreement with Redfield theory at higher field strengths, which in any case pre-

dicts no relaxation, must be fortuitous, since the motion is too slow completely to

average Ĥ1(Ω). (Note that the extreme narrowing limit clearly does not hold as τcr

is very large, and thus the corresponding ΦS is worthless in modelling low-field

behaviour.)

A spin system with a larger hyperfine axiality (∆Ar = 2) is examined in figure

6.15. The parameters for motion and reaction (Dr and kr) are the same as in figure

6.13. The low-field resonance in the ensemble of static RPs (blue line) is more pro-

nounced, and Ĥ1(Ω) ceases to affect the singlet yield at higher field strengths, from

ωr ≈ 3, as the black and blue lines coincide. Since the motion (when Dr = 0.0167)

is again slow compared with the rate of reaction, the FD ΦS mimics that for Dr = 0

at most field strengths. Only at zero and extremely low fields, as well as around
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Figure 6.13: The singlet yield for a single-nucleus RP vs field strength, calculated using
various models (see legend). The parameters are: ∆Ar = 0.5, τcr = 10, kr = 0.1. The
correlation time corresponds to Dr = 0.0167.
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Figure 6.14: The singlet yield for a single-nucleus RP vs field strength, calculated using
various models (see legend in figure 6.13 above). The parameters used are: ∆Ar = 8, τcr =
1, kr = 0.1. The correlation time corresponds to Dr = 0.167.
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ωr = 1, is the singlet yield affected by rotational motion. A low field effect is

present, and its position is the same as for a static RP ensemble. Redfield theory

does not predict this, and gives unsatisfactory results at all field strengths (while

the extreme narrowing limit clearly does not hold).

A system with a hyperfine axiality that is larger still is considered in figure

6.14. The effect of this on the singlet yield is very pronounced (comparing the

blue and black lines), and a broad low-field minimum with multiple resonances is

observed. The rotational motion affecting the FD ΦS is of very similar magnitude

to the rate constant: here, Dr
kr

= 1.67 (in contrast to figures 6.13 and 6.15, where it

is an order of magnitude smaller). As a result, there is sufficient time during the

lifetime of the RPs for each RP to experience Ĥ1(Ω) at a range of orientations, and

there is a pronounced relaxation effect, manifested by a reduction in ΦS compared

with either limiting case. The low-field minimum in ΦS is removed, although there

remains a rise in ΦS with field strength from ωr ≈ 1. From this point onwards, a full

Redfield theory gives the correct ΦS, which again is probably coincidence: as seen

in figure 6.12, there is insufficient time for complete motional averaging of Ĥ1(Ω)

to occur.

The RP ensemble investigated in figure 6.16 has the same ratio of Dr and kr

as that in figure 6.14 described above, although both Dr and kr are a factor of ten

smaller in this case. The hyperfine axiality is ∆Ar = 2 as in figure 6.15 immediately

above. The longer RP lifetime permits more (isotropic and anisotropic) hyperfine-

driven spin-mixing at low fields, and for Dr = 0 and τcr = 0 (i.e. the blue and black

lines), the LFE is very pronounced. When the RPs are tumbling at a rate comparable

with the recombination rate, relaxation effects are substantial at all field strengths

examined. Reasonable agreement with Redfield theory is observed (although mo-

tional averaging cannot be completed during the lifetime of the RPs). A small LFE,

not predicted by Redfield theory, is observed.

In conclusion, a finite difference model is required to obtain the correct singlet

yield in systems where 0.1 . Dr
kr

. 10. As the ratio of Dr and kr increases within
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Figure 6.15: The singlet yield for a single-nucleus RP vs field strength,calculated using var-
ious models (see legend). The parameters are: ∆Ar = 2, τcr = 10, kr = 0.1. The correlation
time corresponds to Dr = 0.0167.
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Figure 6.16: The singlet yield for a single-nucleus RP vs field strength, calculated using
various models (see legend in figure 6.15 above). The parameters are: ∆Ar = 2, τcr = 10,
kr = 0.01, i.e. as above, but with slower recombination. The correlation time corresponds
to Dr = 0.0167.
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this interval, motional effects on the singlet yield become more pronounced. No

simple relationship to either limiting case of Dr = 0 or Dr → ∞ exists. At most field

strengths, ΦS is reduced compared with both of these: the interplay between mo-

tion and orientation-dependent interactions enhances spin-mixing and thus causes

relaxation. Redfield theory is inadequate in this regime, and a low-field minimum

not predicted by it is often observed. This is likely to be due to an incomplete re-

moval of the low field effect caused by the anisotropic interaction. At higher fields,

the full Redfield expression often appears to give correct results. As discussed in

the previous section, this must be a coincidence as there is insufficient time for the

complete averaging of the anisotropic interaction required within Redfield theory.

6.7 Conclusion and generalisation

The formulation of a stochastic relaxation theory as an alternative to Redfield the-

ory has provided several useful insights and applications. The applicability of Red-

field theory in modelling the low-field singlet yield has been ascertained; it reaches

far beyond its predicted limits, that is, it holds even for large ∆Aτc. Why this is the

case is difficult to grasp: it may be due to a fortuitous cancelling of higher-order

terms in a perturbation expansion of the relaxation rates (see also the discussion

of the cumulant expansion in section 2.2). It may simply be that the interpretation

of the Redfield validity condition in (6.70) is too strict. Another possible explana-

tion for this surprising applicability of Redfield theory lies in the choice of observ-

able: we examined here the singlet yield rather than directly a relaxation rate. It is

possible that a failure of Redfield theory in the an accurate modelling of the indi-

vidual relaxation processes nevertheless produces the correct overall singlet yield,

although it is improbable that this would occur as consistently as it does. Red-

field theory can be applied with confidence to all single-nucleus radical pairs in

solution; parameter sets that might result in it becoming invalid (when ∆Aτc be-

comes extremely large) are physically not plausible. The only caveat is that the rate
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of rotational diffusion must be at least an order of magnitude greater than the re-

combination rate, although even when D ' k, Redfield theory often produces the

correct ΦS, except at very low fields, although this is almost certainly accidental.

Apart from establishing the validity of Redfield theory, the present finite diff-

erence model has an interesting application: it is necessary to use a non-perturbative

relaxation model in systems where the rotational motion occurs on a similar time-

scale to the radical recombination. More precisely, when 0.1 . D
k . 10, this model

can provide some insight into the relaxation processes, which arise as a result of

a complicated interplay between motions and spin-mixing. It was seen that rota-

tional motions not only dampen the orientational dependence of the singlet yield,

but also cause enhanced ST-mixing. For a radical pair to fall into this regime,

the motion must be severely restricted, with rotational diffusion coefficients of

≈ 10−7 rad s−1 or less (corresponding to a correlation time of ≈ 10 ns) for a typ-

ical HFC of around 1 mT. (Alternatively, recombination could be very fast, but this

scenario would not produce the low field effect of interest here.) The rotational

motion is often anisotropic; it would be relatively straightforward to amend the

present FD model to include anisotropic diffusion, as set out in chapter 2.

The stochastic relaxation model has furthermore been useful in establishing

that, when rotational motion is very slow compared with the recombination rate,

it can be neglected altogether: the RPs are effectively static during their lifetime.

The singlet yield corresponding to a RP at every orientation, as well as the average

singlet yield for an isotropic distribution of RPs, can also be calculated within this

FD model by setting Dr = 0.

The stochastic relaxation theory can only be implemented within a finite differ-

ence scheme for the simplest of cases, a single-nucleus RP with an axial hyperfine

coupling. Real radical pairs typically have many hyperfine couplings, whose ten-

sors are frequently rhombic (i.e. with δAr 6= 0). It is reasonable to assume that the
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predicted Redfield validity condition for these systems,

6
∑i χi,i

� τc (6.77)

is again too strict and need not be fulfilled. If the extended validity of Redfield

theory is due to a cancellation of higher-order terms in a perturbation expansion

or an averaging of any error in individual relaxation rates when computing the

singlet yield, this is likely also to occur in spin systems with more nuclei. If the

validity condition (2.45) has simply been interpreted too strictly, the same will be

the case in more complicated RPs. In conclusion, we can with some confidence

apply Redfield theory to the modelling of the singlet yield in weak magnetic fields

in all spin systems considered in this thesis, except where indicated in the few cases

where the rotational motion and the recombination occur on similar timescales.



Chapter 7

Conclusion and Future Work

This thesis presents for the first time a rigorous and systematic study of relaxation

effects on radical pair recombination reactions in weak static magnetic fields. The

modulation of the anisotropic hyperfine interaction by rotational motion of the con-

stituent radicals is identified as the most significant relaxation mechanism in the

majority of such reactions, which involve organic radicals.

7.1 Theoretical and computational methods: achievements

The study of relaxation effects is made possible by the development of several theo-

retical and computational methods. A unified relaxation theory is presented, which

outlines the relationship between two different, but related, approaches adopted in

this work. They are based on a solution of Kubo’s stochastic Liouville equation on

the one hand, and on the determination of a Redfield relaxation matrix on the other

hand. The applicability of these theories under low-field conditions is discussed.

Redfield theory is found to be valid, and is simplified considerably by establish-

ing that the extreme narrowing limit holds at very low fields. This permits the

formulation of an analytical relaxation matrix for large spin systems, for radicals

in which the hyperfine interaction couples the electron with a number of spin- 1
2

nuclei. This is possible only in the extreme narrowing limit, since the low-field
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isotropic Hamiltonian (for the Zeeman and isotropic hyperfine interactions) cannot

be diagonalised analytically in any but in the simplest cases. The relaxation matrix

can be determined for large spin systems by exploiting the symmetry properties of

the perturbing Hamiltonian. A very compact expression for this operator is devel-

oped in terms of spherical tensor operators and a time-dependent function which

incorporates the internal configuration of the hyperfine tensors in the radical. This

is based on Wigner D-functions, whose well-known properties permit a convenient

and efficient evaluation of the motional correlation functions required for the relax-

ation matrix. A highly efficient Mathematica algorithm is presented which, for the

first time, allows the analytical evaluation of the entire relaxation matrix, in the ex-

treme narrowing limit, for a spin system consisting of an electron coupled to up

to six spin- 1
2 nuclei. The matrix sizes involved are very large, and both the com-

pactness of the perturbing Hamiltonian and the implementation of the motional

averaging (i.e. the evaluation of the correlation functions) are crucial for its success.

The relaxation matrix thus formulated can be used in the calculation of the re-

combination (or singlet) yield of a spin-correlated radical pair. An expression for

the singlet yield within the exponential kinetic model is derived. As the dimension

of the Liouville space increases rapidly with the size of the spin system, exploiting

its symmetry is crucial for the efficiency of the numerical calculations. Although the

relaxation rates between radical pair eigenstates are field-dependent at low fields,

the relaxation matrix is independent of the field strength in a fixed basis within the

extreme narrowing limit. This is crucial for an efficient evaluation of the singlet

yield. The formula for the singlet yield is optimal for a radical pair with signifi-

cant hyperfine couplings only on one radical, although it can be adapted to those

with nuclei on both radicals. The block-diagonal structure of the relaxation ma-

trix in a suitable basis is made use of; the same singlet yield formula could also be

used with a relaxation matrix, e.g. that for another relaxation mechanism, which

does not have the same symmetry. The present formulation of the singlet yield ex-

pression permits an analytical solution to be found for a single-nucleus radical pair
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with a fully anisotropic hyperfine interaction. The master equation can be solved

numerically for radical pairs with more nuclei (currently up to six on one radical).

The theory of relaxation used in order to obtain the relaxation matrix is known

to be valid under certain conditions only; the fluctuation of the random perturba-

tion must be fast compared with the coherent evolution of the spin density matrix.

An alternative stochastic relaxation theory is thus implemented, which does not

require any assumptions on the speed of the motion. The stochastic variable is dis-

cretised directly using a second order finite difference method. A discrete form of

the rotational diffusion operator, the angular Laplacian, is obtained, leading to a

numerical solution of the stochastic Liouville equation for a single-nucleus radi-

cal pair with an axial hyperfine coupling. All motional regimes can be adequately

treated within this model, from a static ensemble of radical pairs to radical pairs

undergoing extremely rapid rotational tumbling.

7.2 Key results

A full relaxation matrix treatment is found to be indispensable at low fields for ob-

taining the correct singlet yield: simpler models, for example Bloch-like T1- and

T2-based methods, fail dramatically in the zero and extremely low field regions.

However, whether relaxation processes have a significant effect on the singlet yield

can be estimated conveniently by comparing the radical pair lifetime τRP and an ef-

fective relaxation rate R, which is equal to the nuclear anisotropy multiplied by the

rotational correlation time. Relaxation effects cannot be neglected when this is com-

parable with the recombination rate, i.e. when RτRP & 1. In single-nucleus, as well

as in multinuclear, radical pairs the effect of relaxation is always to reduce the low

field effect, and broaden it, whereas the position of the low-field minimum in the

singlet yield for a singlet-born radical pair is hardly affected. When the relaxation

rate is extremely fast compared with the recombination rate, the magnetic field-

dependence of the singlet yield is removed. The effective relaxation rate in multi-
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nuclear radical pairs is proportional to the sum of all nuclear anisotropies, so that

relaxation processes are more significant in such radical pairs than expected from

the single-nucleus exemplary case. Little relaxation can occur in very short-lived

or very rapidly tumbling radical pairs, but relaxation effects are likely in radical

pairs that persist for at least 10 to 100 ns, have appreciably anisotropic hyperfine

couplings, and when the rotational motion is restricted, for example in a viscous

solvent or a micelle.

The direct solution of the stochastic Liouville equation with a discretised ro-

tational diffusion operator confirms that Redfield theory produces correct results

for the singlet yield in all cases where the rotational motion is fast compared with

the radical recombination. For physically plausible parameters in radical pair re-

actions, there are no restrictions on the rate of relaxation compared with the corre-

lation time (as would be expected from the ordinary Redfield validity condition).

When the motion is extremely slow (which is never the case in solution-phase rad-

ical pairs), Redfield theory is invalid, and the finite difference approach is neces-

sary for a correct calculation of the singlet yield. This often predicts a small low

field effect, even where Redfield theory does not. It is also shown that, when the

rotational motion is significantly slower than the recombination, the radical pairs

are effectively static during their lifetime and no relaxation can occur; instead an

orientation-dependent singlet yield is obtained.

7.3 Ideas for future work

The theory developed in this work has opened the way for many interesting appli-

cations and further developments in connection with relaxation processes.

The calculational method described for the singlet yield can without modifica-

tion incorporate any relaxation matrix which derives from an intra-radical relax-

ation mechanism. For example the modulation of the isotropic hyperfine interac-

tion by internal motions, or the modulation of the spin-rotational interaction can be
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important relaxation mechanisms in some cases; low-field relaxation rates derived

for these by Fedin et al. [45] can easily be included in the calculation.

The relaxation theory developed can be applied directly to any bilinear interac-

tion, and a relaxation matrix for the rotational modulation of the anisotropic Zee-

man interaction can be derived. This will be important in establishing whether a

low field effect can be observed in radical pair reactions involving the hydroxyl

radical, OH• [24]. The relaxation theory in this thesis can be extended as described

in [99] to include nuclei with I > 1
2 , which is important in commonly encountered

constituents of radical pairs containing 14N.

A spin-correlated doublet-triplet pair can be formed in oxygen-mediated reac-

tions involving a flavin radical and triplet oxygen, 3O2. In order to establish the-

oretically the possibility of observing a magnetic field effect on the reaction yield,

relaxation processes in such triplet-doublet pairs must be modelled. The Redfield

relaxation theory described in chapter 2 can, with some modification, be used to

derive a relaxation matrix for the modulation of the zero field splitting (i.e. electron-

electron dipolar coupling) in 3O2 by molecular reorientations.

The described calculational method for the singlet yield is readily extended to

radical pairs with nuclei on both radicals, although currently only up to two nuclei

on each radical can be considered when working in Liouville space. Improvements

in computer technology and software will allow larger spin systems to be simu-

lated. The analytical relaxation matrices obtained can, if desired, be used in singlet

yield calculations within a more sophisticated kinetic model.

Rotational diffusion in real molecules is rarely isotropic, and both the Redfield

relaxation model and the finite difference approach can be modified to take account

of anisotropic diffusion. This is relatively straightforward for axially symmetric

diffusion, and may produce interesting effects in radical pairs involving elongated

radicals (e.g. carotenoids) whose rotational motion is highly anisotropic. The finite

difference scheme could then, for example, be applied to membrane-bound radicals

whose rotational motion is restricted to a single axis.
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An interesting application of the work presented here would be to assess the

likely importance of relaxation effects in putative radical pair magneto receptors

[108]. It would be useful to determine which speed and type of motion (whether

isotropic or anisotropic, low-amplitude librational or internal) is required to abolish

the anisotropic response to a ∼ 50 µT magnetic field.

The low-field relaxation theory developed in this thesis has thus not only shed

light on relaxation in radical pair reactions, but has also broken new ground for a

variety of promising projects.



Appendix A

Wigner D-functions

Wigner D-functions are extensively discussed and tabulated, for example by Var-

shalovich et al. [171]. The D-functions of rank 2 are the only ones for which explicit

expressions are required in this thesis. The are formed according to

D
(l)
m,k (α, β, γ) = e−imαdl

m,k(β)e−ikγ (A.1)

The arguments α, β, γ are real and defined in the domain

0 ≤ α < 2π 0 ≤ β ≤ π 0 ≤ γ < 2π (A.2)

The explicit expressions the real functions d2
m,k(β) are shown in table A.1.
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Appendix B

Explicit ΦS for a Single-Nucleus

Radical Pair

As analytical expression for b−1, valid in the extreme narrowing limit, is provided

here. It is discussed more fully in section 4.4.2. The relaxation parameter is defined

here as qr = 1
60 χr, and we have:

b−1 = 2kr
A
B

(B.1)

where

A =2β(4βδ + 1)ω4 + 4
(
α2 + 1

)
γ2(2αδ + 1)ε

+
(

16k5
r + 6k3

r + 308800q4
r kr + 10

(
1048k2
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)

q2
r kr + kr

)
ω2

r

+
(

456000q5
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(
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(
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qr
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ω2

r

(B.2)

and

B =(4βδ + 1)2ω4
r + 16

(
α2 + 1

)2
γ2ε2

+ 8
(

4k6
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(B.3)
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with

α = kr + 5qr β = kr + 7qr γ = kr + 9qr δ = kr + 10qr ε = kr + 15qr

(B.4)

For convenience, the expression for b0 in the extreme narrowing limit, as given in

equation (4.62), is reproduced here:

b0 = kr
2(kr + 6qr)(kr + 10qr)ω2

r + kr(kr + 9qr)(2(kr + 5qr)(kr + 10qr) + 1)
4(kr + 15qr) [(kr + 5qr)(kr + 6qr)ω2

r + kr(kr + 9qr) ((kr + 5qr)2 + 1)]
(B.5)

From these, the singlet yield for a single-nucleus RP in the extreme narrowing limit

can be calculated according to

ΦS =
1
4

+
1
2

(b0 + b−1) (B.6)



Appendix C

Hyperfine Coupling Parameters
for PhO•

The parameters used for the phenoxy-radical PhO• in chapter 5 are derived
from the Gaussian 03 output in C.1. The atom numbering corresponds to the struc-
ture above. Gaussian atom labels are shown for reference.

Atom number a ∆A δA α β γ Gaussian
(mT) (mT) (mT) (rad) (rad) (rad) label

1 −1.000 1.808 −0.547 1.571 0.000 0 7 H(1)
2 −0.714 1.305 −0.256 1.571 1.979 0 9 H(1)
3 −0.714 1.305 −0.256 1.571 1.163 0 10 H(1)
4 0.295 0.420 −0.069 0.000 −0.752 0 8 H(1)
5 0.295 0.420 −0.069 0.000 0.752 0 11 H(1)
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C.1 PhO• Gaussian 03 output

The optimised geometry and hyperfine tensors of PhO• calculated by Kuprov us-
ing density functional theory in Gaussian 03 [55]. The geometry run used the
UB3LYP/6-311g(2d,2p) level of theory with PCM solvation in water. The hyper-
fine tensors were calculated within UB3LYP/EPR-III with PCM solvation in water.

*********************************************
Gaussian 03: x86-Win32-G03RevB.03 4-May-2003

28-Nov-2005

*********************************************
%Mem=500MB
%NProc=1
Will use up to 1 processors via shared memory.
%Chk=phenol.chk
----------------------------------------------------------------------
#p ub3lyp/EPR-III scrf=(scipcm,solvent=water) guess=mix geom=connectiv
ity scf=(tight,dsymm)
----------------------------------------------------------------------
1/38=1,57=2/1;
2/17=6,18=5,40=1/2;
3/5=22,11=2,16=1,25=1,30=1,70=1001,72=1,74=-5/1,2,3;
4/7=2,9=2,13=1/1;
5/5=2,17=200,32=2,38=5,53=1/2;
6/7=2,8=2,9=2,10=2,28=1/1;
99/5=1,9=1/99;
Leave Link 1 at Mon Nov 28 15:43:40 2005, MaxMem= 65536000 cpu: 0.0
(Enter C:\G03W\l101.exe)
-----------------------------------
Phenoxy radical hyperfine couplings.
-----------------------------------

Standard orientation:
---------------------------------------------------------------------
Center Atomic Atomic Coordinates (Angstroms)
Number Number Type X Y Z
---------------------------------------------------------------------

1 6 0 0.000000 0.000000 -1.778188
2 6 0 0.000000 -1.222634 -1.082765
3 6 0 0.000000 -1.237572 0.288170
4 6 0 0.000000 0.000000 1.043127
5 6 0 0.000000 1.237572 0.288170
6 6 0 0.000000 1.222634 -1.082765
7 1 0 0.000000 0.000000 -2.859013
8 1 0 0.000000 -2.150086 -1.638782
9 1 0 0.000000 -2.160944 0.850293

10 1 0 0.000000 2.160944 0.850293
11 1 0 0.000000 2.150086 -1.638782
12 8 0 0.000000 0.000000 2.297688

---------------------------------------------------------------------

Isotropic Fermi Contact Couplings
Atom a.u. MegaHertz Gauss 10(-4) cm-1

1 C(13) 0.01054 11.84816 4.22772 3.95212
2 C(13) -0.00850 -9.55335 -3.40887 -3.18666
3 C(13) 0.00645 7.25450 2.58859 2.41984
4 C(13) -0.01118 -12.57309 -4.48639 -4.19393
5 C(13) 0.00645 7.25450 2.58859 2.41984
6 C(13) -0.00850 -9.55335 -3.40887 -3.18666
7 H(1) -0.00627 -28.02259 -9.99916 -9.34733
8 H(1) 0.00185 8.27568 2.95297 2.76047
9 H(1) -0.00448 -20.01452 -7.14168 -6.67612

10 H(1) -0.00448 -20.01452 -7.14168 -6.67612
11 H(1) 0.00185 8.27568 2.95297 2.76047
12 O(17) 0.02096 -12.70787 -4.53448 -4.23889
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---------------------------------------------------------------------------------
Anisotropic Spin Dipole Couplings in Principal Axis System

---------------------------------------------------------------------------------

Atom a.u. MegaHertz Gauss 10(-4) cm-1 Axes

Baa -0.2491 -33.422 -11.926 -11.148 0.0000 1.0000 0.0000
1 C(13) Bbb -0.2341 -31.419 -11.211 -10.480 0.0000 0.0000 1.0000

Bcc 0.4832 64.841 23.137 21.629 1.0000 0.0000 0.0000

Baa -0.1404 -18.841 -6.723 -6.285 1.0000 0.0000 0.0000
2 C(13) Bbb 0.0632 8.484 3.027 2.830 0.0000 0.9163 0.4004

Bcc 0.0772 10.357 3.696 3.455 0.0000 -0.4004 0.9163

Baa -0.1750 -23.486 -8.380 -7.834 0.0000 0.0372 0.9993
3 C(13) Bbb -0.1658 -22.255 -7.941 -7.424 0.0000 0.9993 -0.0372

Bcc 0.3409 45.742 16.322 15.258 1.0000 0.0000 0.0000

Baa -0.0410 -5.504 -1.964 -1.836 1.0000 0.0000 0.0000
4 C(13) Bbb -0.0019 -0.258 -0.092 -0.086 0.0000 1.0000 0.0000

Bcc 0.0429 5.762 2.056 1.922 0.0000 0.0000 1.0000

Baa -0.1750 -23.486 -8.380 -7.834 0.0000 -0.0372 0.9993
5 C(13) Bbb -0.1658 -22.255 -7.941 -7.424 0.0000 0.9993 0.0372

Bcc 0.3409 45.742 16.322 15.258 1.0000 0.0000 0.0000

Baa -0.1404 -18.841 -6.723 -6.285 1.0000 0.0000 0.0000
6 C(13) Bbb 0.0632 8.484 3.027 2.830 0.0000 0.9163 -0.4004

Bcc 0.0772 10.357 3.696 3.455 0.0000 0.4004 0.9163

Baa -0.0302 -16.109 -5.748 -5.374 0.0000 1.0000 0.0000
7 H(1) Bbb -0.0015 -0.784 -0.280 -0.262 1.0000 0.0000 0.0000

Bcc 0.0317 16.894 6.028 5.635 0.0000 0.0000 1.0000

Baa -0.0055 -2.930 -1.045 -0.977 1.0000 0.0000 0.0000
8 H(1) Bbb -0.0019 -0.998 -0.356 -0.333 0.0000 0.7305 0.6829

Bcc 0.0074 3.928 1.401 1.310 0.0000 -0.6829 0.7305

Baa -0.0181 -9.682 -3.455 -3.230 0.0000 0.3970 0.9178
9 H(1) Bbb -0.0047 -2.505 -0.894 -0.836 1.0000 0.0000 0.0000

Bcc 0.0228 12.187 4.349 4.065 0.0000 0.9178 -0.3970

Baa -0.0181 -9.682 -3.455 -3.230 0.0000 -0.3970 0.9178
10 H(1) Bbb -0.0047 -2.505 -0.894 -0.836 1.0000 0.0000 0.0000

Bcc 0.0228 12.187 4.349 4.065 0.0000 0.9178 0.3970

Baa -0.0055 -2.930 -1.045 -0.977 1.0000 0.0000 0.0000
11 H(1) Bbb -0.0019 -0.998 -0.356 -0.333 0.0000 0.7305 -0.6829

Bcc 0.0074 3.928 1.401 1.310 0.0000 0.6829 0.7305

Baa -0.8592 62.169 22.183 20.737 0.0000 0.0000 1.0000
12 O(17) Bbb -0.8566 61.986 22.118 20.676 0.0000 1.0000 0.0000

Bcc 1.7158 -124.155 -44.302 -41.414 1.0000 0.0000 0.0000



Appendix D

Parameters used in Chapter 6

All parameters used for the finite difference calculations in chapter 6 are listed here.
The figures they refer to are shown in miniature for easy reference.

D.1 Parameters for figure 6.2

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0.34

0.36

0.38

0.4

0.42

0.44

0.46

0.48

0.5

0.52

 

 

ωr

ΦS

Redfield. kr = 0.1, ∆Ar = 10, τcr = 0.018

Redfield. kr = 0.01, ∆Ar = 1, τcr = 0.12

FD. kr = 0.01, ∆Ar = 1, τcr = 0.12

FD. kr = 0.1, ∆Ar = 10, τcr = 0.018

Blue line. kr = 0.01, τc r = 0.12, ∆Ar = 1. Derived
parameters: χr = 0.02, Dr = 1.390.

ωr M N ∆M ∆N

0 22 338 8.2e-06 4.5e-06
0.01 30 256 8.1e-06 4.4e-06
0.05 32 242 5.4e-06 4.1e-06
0.1 40 198 5.5e-06 1.8e-06
0.3 40 198 5.7e-06 4.2e-07
0.5 40 198 5.7e-06 4.4e-07
1 52 102 3.1e-06 3.4e-06
2 52 130 2.8e-06 4.9e-06
3 44 142 4.4e-06 4.4e-06
5 42 142 2.6e-06 3.7e-06

Green line. kr = 0.1, τc r = 0.018, ∆Ar = 10. De-
rived parameters: χr = 0.3, Dr = 9.259.

ωr M N ∆M ∆N

0 26 282 9.2e-06 3.9e-06
0.01 26 282 9.2e-06 3.9e-06
0.05 28 266 9.2e-06 3.7e-06
0.1 36 208 9.1e-06 4.5e-06
0.3 24 302 4.1e-06 9.0e-06
0.5 24 296 3.5e-06 1.0e-05
1 32 228 3.2e-06 9.7e-06
2 38 198 3.2e-06 9.5e-06
3 38 196 3.2e-06 9.3e-06
5 38 196 3.2e-06 9.4e-06
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D.2 Parameters for figure 6.4

0 1 2
−20

−15

−10

−5

0

5

 

 

−2

−1

0

1

2

log τcr

lo
g
D
r /
k
r

∆

ωr = 0

ωr = 0.2

ωr = 0.5

ωr = 1

∆Ar = 0.3, kr = χr/3 or 0.1, whichever is smaller.
Green line. ωr = 0.

τcr Dr kr Dr/kr M N ∆M ∆N

1 0.167 0.005 33 40 190 9.9e-06 3.0e-06
1.46 0.114 0.0073 16 40 190 1.0e-05 3.1e-06
2.13 0.0783 0.0106 7.4 40 190 9.9e-06 6.0e-06
3.11 0.0536 0.0155 3.5 40 190 9.5e-06 7.3e-06
4.53 0.0368 0.0227 1.6 40 194 8.7e-06 7.7e-06
6.62 0.0252 0.0331 0.76 40 198 7.4e-06 7.3e-06
9.65 0.0173 0.0483 0.36 40 198 5.5e-06 6.0e-06
14.1 0.0118 0.0704 0.17 34 202 7.8e-06 4.0e-06
20.6 0.00811 0.1 0.081 32 202 5.1e-06 1.8e-06
30 0.00556 0.1 0.056 40 190 9.9e-06 2.5e-07
60 0.00278 0.1 0.028 22 202 5.3e-06 4.7e-06
100 0.00167 0.1 0.017 22 202 3.0e-06 8.5e-06

Light blue line. ωr = 0.2

τcr Dr kr Dr/kr M N ∆M ∆N

1 0.167 0.005 33 40 198 5.8e-06 3.4e-07
1.46 0.114 0.0073 16 40 198 5.2e-06 3.2e-07
2.13 0.0783 0.0106 7.4 36 202 8.9e-06 2.7e-07
3.11 0.0536 0.0155 3.5 32 202 5.6e-06 1.6e-07
4.53 0.0368 0.0227 1.6 22 202 5.3e-06 5.8e-08
6.62 0.0252 0.0331 0.76 22 202 1.8e-06 3.1e-07
9.65 0.0173 0.0483 0.36 22 202 3.9e-06 3.9e-07
14.1 0.0118 0.0704 0.17 22 202 2.7e-06 2.4e-07
20.6 0.00811 0.1 0.081 22 202 8.6e-07 3.9e-07
30 0.00556 0.1 0.056 22 202 1.9e-07 1.4e-06
60 0.00278 0.1 0.028 22 202 7.8e-07 3.6e-06
100 0.00167 0.1 0.017 22 202 5.4e-07 8.0e-06
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Dark blue line. ωr = 0.5

τcr Dr kr Dr/kr M N ∆M ∆N

1 0.167 0.005 33 40 198 3.7e-06 5.9e-07
1.46 0.114 0.0073 16 34 202 4.1e-06 5.0e-07
2.13 0.0783 0.0106 7.4 22 202 1.6e-07 3.0e-07
3.11 0.0536 0.0155 3.5 32 202 2.4e-06 4.4e-08
4.53 0.0368 0.0227 1.6 32 202 2.8e-06 3.6e-07
6.62 0.0252 0.0331 0.76 32 202 2.0e-06 4.3e-07
9.65 0.0173 0.0483 0.36 24 202 3.4e-06 2.7e-07
14.1 0.0118 0.0704 0.17 22 202 1.8e-06 4.7e-08
20.6 0.00811 0.1 0.081 22 202 1.1e-06 1.9e-08
30 0.00556 0.1 0.056 22 202 2.5e-06 4.1e-07
60 0.00278 0.1 0.028 22 202 4.0e-07 2.8e-06
100 0.00167 0.1 0.017 22 202 2.2e-07 3.8e-06

Red line. ωr = 1

τcr Dr kr Dr/kr M N ∆M ∆N

1 0.167 0.005 33 22 102 8.4e-07 3.0e-06
1.46 0.114 0.0073 16 32 102 2.6e-06 1.3e-06
2.13 0.0783 0.0106 7.4 32 102 3.4e-06 1.1e-07
3.11 0.0536 0.0155 3.5 32 102 2.6e-06 2.6e-07
4.53 0.0368 0.0227 1.6 26 102 4.4e-06 2.6e-07
6.62 0.0252 0.0331 0.76 22 102 2.4e-06 2.3e-07
9.65 0.0173 0.0483 0.36 22 102 1.2e-06 2.4e-07
14.1 0.0118 0.0704 0.17 22 102 6.0e-07 4.8e-07
20.6 0.00811 0.1 0.081 22 102 3.3e-07 1.6e-06
30 0.00556 0.1 0.056 22 122 7.1e-07 1.7e-06
60 0.00278 0.1 0.028 22 102 1.1e-07 1.6e-06
100 0.00167 0.1 0.017 22 102 6.2e-08 3.5e-08
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D.3 Parameters for figure 6.5
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∆Ar = 1, kr = χr/12 or 0.1, whichever is smaller.
Green line. ωr = 0

τcr Dr kr Dr/kr M N ∆M ∆N

0.5 0.333 0.00694 48 40 198 7.4e-06 7.0e-08
0.697 0.239 0.00969 25 40 198 7.6e-06 3.2e-06
0.973 0.171 0.0135 13 40 198 7.6e-06 5.0e-06
1.36 0.123 0.0189 6.5 40 198 7.4e-06 5.9e-06
1.89 0.088 0.0263 3.3 40 198 7.1e-06 6.3e-06
2.64 0.0631 0.0367 1.7 40 198 6.4e-06 6.3e-06
3.68 0.0452 0.0512 0.88 40 198 5.4e-06 5.8e-06
5.14 0.0324 0.0714 0.45 36 202 9.1e-06 4.7e-06
7.17 0.0232 0.0996 0.23 32 202 6.8e-06 3.4e-06
10 0.0167 0.1 0.17 32 202 4.2e-06 1.7e-06
20 0.00833 0.1 0.083 22 202 3.1e-06 2.0e-06
40 0.00417 0.1 0.042 42 182 7.6e-06 5.7e-06

Light blue line. ωr = 0.2

τcr Dr kr Dr/kr M N ∆M ∆N

0.5 0.333 0.00694 48 36 202 9.9e-06 3.5e-07
0.697 0.239 0.00969 25 36 202 9.3e-06 4.3e-07
0.973 0.171 0.0135 13 34 202 8.6e-06 6.2e-07
1.36 0.123 0.0189 6.5 34 202 7.7e-06 1.0e-06
1.89 0.088 0.0263 3.3 32 202 7.0e-06 1.7e-06
2.64 0.0631 0.0367 1.7 32 202 6.5e-06 2.5e-06
3.68 0.0452 0.0512 0.88 32 202 5.9e-06 3.1e-06
5.14 0.0324 0.0714 0.45 32 202 5.1e-06 3.3e-06
7.17 0.0232 0.0996 0.23 32 202 4.3e-06 3.0e-06
10 0.0167 0.1 0.17 26 202 9.1e-06 2.2e-06
20 0.00833 0.1 0.083 22 202 5.4e-06 3.1e-07
40 0.00417 0.1 0.042 42 182 7.7e-06 4.1e-06
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Dark blue line. ωr = 0.5

τcr Dr kr Dr/kr M N ∆M ∆N

0.5 0.333 0.00694 48 40 194 4.4e-06 7.3e-07
0.697 0.239 0.00969 25 40 194 4.0e-06 6.6e-07
0.973 0.171 0.0135 13 40 198 3.3e-06 6.0e-07
1.36 0.123 0.0189 6.5 36 202 4.6e-06 5.5e-07
1.89 0.088 0.0263 3.3 24 202 4.1e-06 5.0e-07
2.64 0.0631 0.0367 1.7 26 202 4.8e-06 4.1e-07
3.68 0.0452 0.0512 0.88 34 202 3.7e-06 3.3e-07
5.14 0.0324 0.0714 0.45 34 202 4.1e-06 4.4e-07
7.17 0.0232 0.0996 0.23 32 202 3.3e-06 6.8e-07
10 0.0167 0.1 0.17 32 202 2.8e-06 2.2e-07
20 0.00833 0.1 0.083 32 202 1.9e-06 1.0e-06
40 0.00417 0.1 0.042 32 204 1.8e-06 4.1e-06

Red line. ωr = 1

τcr Dr kr Dr/kr M N ∆M ∆N

0.5 0.333 0.00694 48 42 142 3.5e-06 4.3e-06
0.697 0.239 0.00969 25 36 142 4.9e-06 3.5e-06
0.973 0.171 0.0135 13 22 122 3.3e-06 3.7e-06
1.36 0.123 0.0189 6.5 32 108 2.6e-06 4.4e-06
1.89 0.088 0.0263 3.3 42 102 2.5e-06 2.6e-06
2.64 0.0631 0.0367 1.7 42 102 2.8e-06 1.6e-06
3.68 0.0452 0.0512 0.88 42 102 2.4e-06 1.5e-06
5.14 0.0324 0.0714 0.45 32 102 3.6e-06 1.3e-06
7.17 0.0232 0.0996 0.23 32 102 2.2e-06 7.2e-07
10 0.0167 0.1 0.17 26 110 4.9e-06 4.7e-06
20 0.00833 0.1 0.083 22 144 3.1e-06 4.1e-06
40 0.00417 0.1 0.042 22 182 7.9e-07 4.0e-06
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D.4 Parameters for figure 6.6
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∆Ar = 5, kr = χr/12 or 0.1, whichever is smaller.
Green line. ωr = 0

τcr Dr kr Dr/kr M N ∆M ∆N

0.1 1.67 0.0347 48 40 198 7.4e-06 1.1e-07
0.139 1.19 0.0484 25 40 198 7.5e-06 3.2e-06
0.195 0.857 0.0676 13 40 198 7.4e-06 4.8e-06
0.271 0.614 0.0943 6.5 40 198 7.1e-06 5.6e-06
0.379 0.44 0.1 4.4 40 198 5.6e-06 5.0e-06
0.528 0.316 0.1 3.2 34 202 8.5e-06 3.9e-06
0.737 0.226 0.1 2.3 32 202 4.9e-06 2.5e-06
1.03 0.162 0.1 1.6 22 202 4.4e-06 9.2e-07
1.43 0.116 0.1 1.2 22 202 4.1e-06 6.4e-07
2 0.0833 0.1 0.83 32 202 3.9e-06 2.1e-06
5 0.0333 0.1 0.33 34 202 7.3e-06 4.5e-06
10 0.0167 0.1 0.17 32 202 6.9e-06 5.6e-06

Light blue line. ωr = 0.2

τcr Dr kr Dr/kr M N ∆M ∆N

0.1 1.67 0.0347 48 40 198 5.9e-06 8.2e-06
0.139 1.19 0.0484 25 40 198 6.4e-06 6.5e-06
0.195 0.857 0.0676 13 40 198 6.7e-06 5.8e-06
0.271 0.614 0.0943 6.5 40 198 6.7e-06 5.7e-06
0.379 0.44 0.1 4.4 40 198 5.5e-06 4.9e-06
0.528 0.316 0.1 3.2 34 202 8.6e-06 3.7e-06
0.737 0.226 0.1 2.3 32 202 5.4e-06 2.3e-06
1.03 0.162 0.1 1.6 24 202 7.1e-06 9.2e-07
1.43 0.116 0.1 1.2 22 202 4.4e-07 5.0e-07
2 0.0833 0.1 0.83 22 202 4.0e-06 1.8e-06
5 0.0333 0.1 0.33 24 202 6.9e-06 3.5e-06
10 0.0167 0.1 0.17 22 202 5.4e-06 4.3e-06
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Dark blue line. ωr = 0.5

τcr Dr kr Dr/kr M N ∆M ∆N

0.1 1.67 0.0347 48 36 206 4.4e-06 4.5e-06
0.139 1.19 0.0484 25 34 222 4.6e-06 4.8e-06
0.195 0.857 0.0676 13 34 226 2.8e-06 4.4e-06
0.271 0.614 0.0943 6.5 34 214 3.1e-06 4.9e-06
0.379 0.44 0.1 4.4 38 196 2.8e-06 4.6e-06
0.528 0.316 0.1 3.2 40 194 4.2e-06 4.1e-06
0.737 0.226 0.1 2.3 40 198 3.3e-06 2.9e-06
1.03 0.162 0.1 1.6 40 198 2.6e-06 1.7e-06
1.43 0.116 0.1 1.2 36 202 4.7e-06 5.5e-07
2 0.0833 0.1 0.83 34 202 4.2e-06 4.5e-07
5 0.0333 0.1 0.33 32 202 2.9e-06 2.2e-06
10 0.0167 0.1 0.17 26 202 4.4e-06 3.0e-06

Red line. ωr = 1

τcr Dr kr Dr/kr M N ∆M ∆N

0.1 1.67 0.0347 48 42 180 4.5e-06 4.8e-06
0.139 1.19 0.0484 25 36 206 4.2e-06 4.5e-06
0.195 0.857 0.0676 13 32 238 3.9e-06 4.2e-06
0.271 0.614 0.0943 6.5 30 254 3.9e-06 4.3e-06
0.379 0.44 0.1 4.4 32 246 3.5e-06 4.7e-06
0.528 0.316 0.1 3.2 34 232 3.1e-06 4.8e-06
0.737 0.226 0.1 2.3 36 212 2.8e-06 4.6e-06
1.03 0.162 0.1 1.6 40 198 2.4e-06 4.2e-06
1.43 0.116 0.1 1.2 34 168 4.0e-06 4.7e-06
2 0.0833 0.1 0.83 32 142 2.6e-06 4.0e-06
5 0.0333 0.1 0.33 22 122 2.6e-06 3.0e-06
10 0.0167 0.1 0.17 32 102 2.2e-06 3.1e-06
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D.5 Parameters for figure 6.7
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τcr = 0.3, kr = χr/12 or 0.1, whichever is smaller.
Green line. ωr = 0

∆Ar kr Dr/kr M N ∆M ∆N

1 0.00417 130 40 198 6.8e-06 1.1e-05
1.39 0.00811 69 40 198 7.3e-06 2.9e-06
1.95 0.0158 35 40 198 7.5e-06 1.7e-06
2.71 0.0307 18 40 198 7.6e-06 4.2e-06
3.79 0.0597 9.3 40 198 7.4e-06 5.4e-06
5.28 0.1 5.6 40 198 6.3e-06 5.3e-06
7.37 0.1 5.6 34 202 7.3e-06 3.2e-06
10.3 0.1 5.6 24 202 8.0e-06 1.6e-06
14.3 0.1 5.6 22 202 5.8e-06 1.3e-06
20 0.1 5.6 24 202 6.9e-06 1.2e-06
50 0.1 5.6 22 202 4.9e-07 6.3e-08
100 0.1 5.6 22 202 2.6e-06 3.7e-07

Light blue line. ωr = 0.2

∆Ar kr Dr/kr M N ∆M ∆N

1 0.00417 130 40 198 4.8e-06 3.0e-07
1.39 0.00811 69 36 202 9.8e-06 6.7e-07
1.95 0.0158 35 36 202 9.5e-06 2.4e-06
2.71 0.0307 18 40 198 5.2e-06 4.9e-06
3.79 0.0597 9.3 40 198 6.5e-06 5.6e-06
5.28 0.1 5.6 40 198 6.1e-06 5.3e-06
7.37 0.1 5.6 34 202 7.5e-06 3.2e-06
10.3 0.1 5.6 26 202 8.9e-06 1.8e-06
14.3 0.1 5.6 22 202 6.3e-06 1.5e-06
20 0.1 5.6 24 202 7.0e-06 1.4e-06
50 0.1 5.6 22 202 4.1e-07 5.5e-08
100 0.1 5.6 22 202 2.5e-06 3.7e-07
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Dark blue line. ωr = 0.5

∆Ar kr Dr/kr M N ∆M ∆N

1 0.00417 130 40 190 4.8e-06 7.9e-07
1.39 0.00811 69 40 190 4.7e-06 7.6e-07
1.95 0.0158 35 40 190 4.5e-06 1.0e-06
2.71 0.0307 18 40 194 4.2e-06 2.7e-06
3.79 0.0597 9.3 36 208 4.6e-06 4.8e-06
5.28 0.1 5.6 36 210 3.0e-06 4.5e-06
7.37 0.1 5.6 40 198 3.8e-06 4.1e-06
10.3 0.1 5.6 36 202 4.4e-06 2.9e-06
14.3 0.1 5.6 32 202 3.0e-06 2.4e-06
20 0.1 5.6 32 202 2.7e-06 1.8e-06
50 0.1 5.6 22 202 1.9e-08 1.8e-08
100 0.1 5.6 22 202 2.2e-06 3.4e-07

Red line. ωr = 1

∆Ar kr Dr/kr M N ∆M ∆N

1 0.00417 130 46 150 4.5e-06 4.9e-06
1.39 0.00811 69 44 148 4.5e-06 4.7e-06
1.95 0.0158 35 44 148 4.4e-06 4.8e-06
2.71 0.0307 18 44 166 4.1e-06 4.6e-06
3.79 0.0597 9.3 36 210 3.5e-06 4.5e-06
5.28 0.1 5.6 30 254 3.9e-06 4.4e-06
7.37 0.1 5.6 32 238 3.9e-06 4.5e-06
10.3 0.1 5.6 36 210 3.3e-06 4.4e-06
14.3 0.1 5.6 36 182 5.0e-06 4.3e-06
20 0.1 5.6 32 122 3.4e-06 4.4e-06
50 0.1 5.6 22 102 1.1e-06 8.6e-07
100 0.1 5.6 22 102 1.2e-06 1.3e-06
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D.6 Parameters for figure 6.8
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Green line. ωr = 0

∆Ar kr Dr/kr M N ∆M ∆N

0.2 0.00111 75 40 198 7.2e-06 3.8e-06
0.279 0.00216 39 40 198 7.5e-06 1.3e-06
0.389 0.00421 20 40 198 7.6e-06 3.9e-06
0.543 0.00819 10 40 198 7.6e-06 5.4e-06
0.757 0.0159 5.2 40 198 7.3e-06 6.1e-06
1.06 0.031 2.7 40 198 6.9e-06 6.4e-06
1.47 0.0603 1.4 40 198 6.1e-06 6.2e-06
2.06 0.1 0.83 40 198 4.7e-06 5.1e-06
2.87 0.1 0.83 32 202 4.8e-06 2.5e-06
4 0.1 0.83 22 202 1.7e-07 7.0e-08
8 0.1 0.83 32 202 3.7e-06 1.3e-06
20 0.1 0.83 32 202 4.2e-06 2.1e-06

Light blue line. ωr = 0.2

∆Ar kr Dr/kr M N ∆M ∆N

0.2 0.00111 75 34 202 8.0e-06 3.6e-07
0.279 0.00216 39 34 202 8.0e-06 3.2e-07
0.389 0.00421 20 34 202 7.9e-06 2.3e-07
0.543 0.00819 10 34 202 7.5e-06 4.9e-08
0.757 0.0159 5.2 32 202 6.5e-06 2.8e-07
1.06 0.031 2.7 34 202 7.3e-06 2.2e-06
1.47 0.0603 1.4 40 198 4.8e-06 4.2e-06
2.06 0.1 0.83 40 198 4.8e-06 4.4e-06
2.87 0.1 0.83 32 202 6.3e-06 2.3e-06
4 0.1 0.83 22 202 4.3e-06 1.5e-07
8 0.1 0.83 22 202 6.0e-06 1.0e-06
20 0.1 0.83 22 202 5.7e-06 1.5e-06
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Dark blue line. ωr = 0.5

∆Ar kr Dr/kr M N ∆M ∆N

0.2 0.00111 75 22 202 1.0e-06 4.7e-07
0.279 0.00216 39 22 202 1.3e-06 4.9e-07
0.389 0.00421 20 22 202 1.7e-06 5.1e-07
0.543 0.00819 10 22 202 2.3e-06 4.9e-07
0.757 0.0159 5.2 22 202 2.9e-06 4.3e-07
1.06 0.031 2.7 22 202 2.2e-06 5.7e-07
1.47 0.0603 1.4 22 202 8.3e-07 2.3e-06
2.06 0.1 0.83 32 202 2.6e-06 4.0e-06
2.87 0.1 0.83 40 198 2.4e-06 2.5e-06
4 0.1 0.83 36 202 4.4e-06 3.6e-07
8 0.1 0.83 32 202 2.3e-06 2.1e-07
20 0.1 0.83 22 202 2.6e-06 7.9e-07

Red line. ωr = 1

∆Ar kr Dr/kr M N ∆M ∆N

0.2 0.00111 75 42 102 3.1e-06 1.1e-06
0.279 0.00216 39 42 102 3.1e-06 1.2e-06
0.389 0.00421 20 42 102 3.0e-06 1.2e-06
0.543 0.00819 10 42 102 3.0e-06 1.3e-06
0.757 0.0159 5.2 42 102 2.8e-06 1.6e-06
1.06 0.031 2.7 42 102 2.5e-06 2.7e-06
1.47 0.0603 1.4 36 122 4.8e-06 3.6e-06
2.06 0.1 0.83 42 182 2.4e-06 3.5e-06
2.87 0.1 0.83 36 202 4.9e-06 4.4e-06
4 0.1 0.83 22 182 6.0e-07 4.0e-06
8 0.1 0.83 32 102 3.0e-06 2.7e-06
20 0.1 0.83 24 102 3.3e-06 3.1e-06
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D.7 Parameters for figure 6.9

Parameters for figures 6.9, 6.11 and 6.12: ∆Ar = 1, kr = 0.1.
Green line: ωr = 0.05.

Dr M N ∆M ∆N

0 22 202 5.0e-17 1.6e-09
0.0001 22 202 1.5e-08 6.1e-09
0.001 22 202 2.2e-07 5.8e-07
0.01 24 202 7.7e-06 6.9e-07
0.1 20 622 7.5e-06 9.6e-07
1 28 262 5.0e-06 9.9e-07
1e + 01 22 202 1.7e-06 3.5e-07

Blue line: ωr = 1.

Dr M N ∆M ∆N

0 22 102 5.0e-17 1.7e-08
0.0001 22 102 3.6e-08 2.6e-09
0.001 22 102 3.5e-07 1.3e-08
0.01 22 208 3.5e-06 9.5e-07
0.1 22 192 5.8e-06 1.0e-06
1 24 242 8.4e-06 8.5e-07
1e + 01 22 212 1.1e-06 1.0e-06
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D.8 Parameters for figure 6.13
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Parameters for figure 6.13: ∆Ar = 0.5, τcr = 10, kr = 0.1.

ωr M N ∆M ∆N

0 34 202 8.2e-06 4.2e-06
0.01 34 202 8.2e-06 4.2e-06
0.05 34 202 7.3e-06 3.9e-06
0.1 32 202 4.6e-06 2.8e-06
0.2 22 202 4.9e-07 8.2e-07
0.3 22 202 3.6e-06 2.5e-07
0.5 22 202 3.4e-06 1.5e-07
1 22 102 1.4e-06 4.8e-07
2 22 102 4.2e-07 3.1e-07
3 22 102 1.8e-07 5.7e-07
5 22 102 6.2e-08 6.9e-07
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D.9 Parameters for figure 6.14
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Parameters for figure 6.14: ∆Ar = 8, τcr = 1, kr = 0.1.

ωr M N ∆M ∆N

0 24 202 6.7e-06 5.2e-07
0.01 24 202 6.7e-06 5.2e-07
0.05 24 202 6.5e-06 5.0e-07
0.1 22 202 5.9e-06 4.2e-07
0.2 22 202 3.4e-06 1.3e-07
0.3 22 202 2.0e-07 2.6e-07
0.5 24 202 8.3e-06 1.1e-06
1 32 152 5.6e-06 5.0e-06
2 22 182 2.2e-06 4.2e-06
3 34 182 7.7e-06 4.2e-06
5 42 182 6.4e-06 3.5e-06
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D.10 Parameters for figure 6.15
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Parameters for figure 6.15: ∆Ar = 2, τcr = 10, kr = 0.1.

ωr M N ∆M ∆N

0 24 202 7.8e-06 2.4e-06
0.01 24 202 7.6e-06 2.4e-06
0.05 22 202 3.8e-06 2.1e-06
0.1 22 202 3.3e-06 1.6e-06
0.2 26 202 9.3e-06 9.2e-07
0.3 24 202 8.2e-06 4.1e-07
0.5 22 202 4.8e-06 1.5e-06
1 32 102 3.9e-06 2.1e-09
2 22 106 5.6e-06 4.3e-06
3 22 102 2.7e-06 5.5e-07
5 22 102 9.8e-07 4.5e-07
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D.11 Parameters for figure 6.16
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Parameters for figure 6.16: ∆Ar = 2, τcr = 10, kr = 0.01.

ωr M N ∆M ∆N

0 24 202 7.5e-06 1.1e-06
0.01 24 202 7.1e-06 1.1e-06
0.05 22 202 1.5e-06 6.6e-07
0.1 22 202 1.5e-06 4.6e-07
0.2 22 202 6.9e-07 4.7e-07
0.3 22 202 5.2e-07 4.2e-07
0.5 22 202 5.1e-06 4.6e-08
1 34 144 7.4e-06 3.6e-06
2 42 104 5.4e-06 3.6e-06
3 34 122 7.8e-06 3.2e-06
5 26 102 9.7e-06 2.2e-06
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