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Workshop 8 - ques ons 

1. Using the definiƟon of an acƟve rotaƟon of a wavefuncƟon ( ), ,rψ θ ϕ  by an angle α  around 
the Z axis ( ) ( ) ( )Z

ˆ , , , ,R r rα ψ θ ϕ ψ θ ϕ α= + , show that the rotaƟon operator ( )ZR̂ α  may 
be wriƩen as an exponenƟal of the derivaƟve operator: 

( )Z
ˆ expR α α

ϕ
 ∂=  ∂ 

 

Hint: expand the exponenƟal in a Taylor series and apply the series to the wavefuncƟon. 

2. Using the commutaƟon relaƟons in Eq 16 of the lecture notes, prove the commutaƟon 
relaƟons in Eqs 17 and 18. Hint: you will struggle, try different ways, be paƟent. 

3. Consider a parƟcle of mass m  moving in a central potenƟal ( )V r  where r = r . The 
Hamiltonian is: ( )2ˆ 2H m V r= −∇ + . 

(a) Show that Ĥ  is invariant under any staƟc rotaƟon of the coordinate system. Hint: this is 
exceedingly difficult unless you use the known factorisaƟon of the Laplacian into its radial 
and spherical part; google it up. 

(b) Using the definiƟon of rotaƟon operators, show that this invariance implies 
2

Z
ˆ ˆ ˆ ˆ, 0,           , 0H L H L   = =     

(c) Explain the meaning of these commutaƟon relaƟons in terms of conserved quanƟƟes. 


