CRACKED ORBITAL.
I'M AFRMD WE'LL HAVE
T ReEPLACE 1T,

So theory guys have got it made
in rooms free of pollution.
Instead of problems with the reflux,
they have only solutions...
In other words, experimentalists
will likely die of cancer
From working hard, yet fruitlessly...
till theory gives the answer.

Thomas A. Holme, 1983
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Integrals involved in QC calculations
The following integrals over one-electron orbitals are common:

One-electron integrals (over the coordi-
Zn nates of one electron) are cheap. There
Wj (rl)dl/l are O(n?) such integrals for a basis set
n,l

Il//i* (rl) _%Vf _Zn:

v

with n functions.

* * Two-electron integrals (over the coordi-
Wi (rl)l//j (rl)l//k (r2)l//l(r2)d d nates of two electrons) are expensive.
II p; Lg There are O(n*) such integrals for a
|rl__r2| basis set with n functions.

Depending on the values of i,j,k,m indices, a two-electron integral may be called
one-, two-, three- and four-centre integral. For combinatorial reasons, the number
of four-centre integrals may be very large, particularly with diffuse functions.

Two specific index combinations have their own names:

i A A AC M AW A A AT

|l'1 —l‘2| |l'1 —l‘2|
Coulomb integrals Exchange integrals

F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 7.



Direct and semi-direct methods

For anything bigger than a benzene, the two-electron integral array would not fit
into reasonable amounts (1-100 GB) of RAM. Two alternative strategies exist:

Conventional methods:
store pre-computed integrals on disk

Integrals only need to be computed once.

Sequential access bandwidth — 100 MB/s, random
access bandwidth — 1 MB/s, latency — 1-10 ms.

For very large molecules (100+ atoms) the integral
arrays do not fit on the disk either.

On-the-fly data compression is possible.

Semi-direct methods are the middle
ground — they are useful for post-
HF methods, which can store some
very expensive quantities on disk.

Direct methods:
(re-)compute integrals on-the-fly

Integrals need to be computed as many times as
they need to be used (typically 4-16 times).

Sequential throughput — 50 GB/s, random
throughput — 10 GB/s, latency — 1-10 ns.

Only the basis description needs to be stored,
which usually fits into main RAM.

Data compression is not necessary.

Latest PCle SSDs are recommended, avoid spinning platter disks (mechanical = high latency).



Resolution of identity approximation

Resolution of identity is an equation connecting a complete basis set of a vector
space to the identity operator on that space:

=;\%><%

This allows to approximate four-centre integrals with combinations of two- and
three-centre integrals, reducing the integral calculation cost from O(n*) to O(n?).
Products of functions on either side of the four-centre integral:

J‘J“//z* (rl)Wj (rl)WZ (rz)‘//l (r2)dVldV2

K-,
are replaced by linear combinations of the functions from the fitting basis set:

. U fitting
rimar E a.a
P Y /l/j k k \baSlS set

basis set

This is a good approximation for plane-wave and Gaussian basis sets: both alge-
bras have analytical structure constants.

F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 3.



Semi-empirical approximations

One drastic approximation is partial neglect of two-electron integrals. Two-electron
integrals are the most expensive part of the Hartree-Fock theory calculations, and
the semi-empirical methods attempt to replace them with empirical parameters.

Approximations Method Average heat of formation error
Core electrons are not considered or approximated PM6 19 kJ/mol (HCNO), 26 kJ/mol (all)
by effective core potentials.
PM5 24 kJ/mol (HCNO), 42 kJ/mol (all)
Minimal basis set (one function per orbital) is used.
PM3 33 kJ/mol (HCNO), 80 kJ/mol (all)
It is assumed that basis functions do not overlap.
AMI 40 kJ/mol (HCNO), 101kJ/mol (all)

All three- and four-centre integrals are ignored. The
remaining integrals are parameterised. MNDO 77 kJ/mol (HCNO), 193 kJ/mol (all)
(the details of this approximation define the method) ZINDO

) ) o MINDO Very inaccurate (flat ammonia,
The pract1<:a1. accuracy of semi-empirical | \po incorrect rotation barriers, efc.)
methods varies greatly from system to ' c\po
system and from property to property.

As of 2025, it is only reasonable to use = Wall clock time for geometry optimi-
these methods for preliminary geometry = sation of strychnine (Gaussianl6):
optimisations in CHNO systems. 20 sec (PM3), 1.5 hours (HF/6-31G™).

A. Szabo, N.S. Ostlund, Modern Quantum Chemistry, Chapter 3.



Restricted and unrestricted orbitals

The Hamiltonian used in Hartree-Fock theory does not explicitly mention spin:

inter- inter-
electron-
nuclear nuclear electron
electron nuclear 1si 1s
momenta\\\l momenta\\N attraction repu¢flon repi sron enerqgy
——Z ——Z Z QT +Z )= Ey ()
N mN Nk I/'Nk N'>N I”'NN ]>k

Restricted SCF: spatial part the same for spin-up and spin-down.
> Cheaper (fewer integrals to compute).
> Wavefunction is an eigenstate of the total spin (it must be).
> May fail in open-shell systems and bond breaking processes.
> Smaller variational flexibility.
Unrestricted SCF: spin-up and spin-down orbitals are allowed to be different.
> Can describe spin polarisation effects in open-shell systems.
> Wavefunction is not an eigenstate of the total spin (spin contamination).

> May display stability issues and produce errors in magnetic properties.

Always check! Specific magnetic properties are accurate in one and dead wrong in the other.



Spin contamination in unrestricted SCF

Unrestricted SCF methods produce wavefunctions that are not eigenfunctions of
the total spin operator. This can lead to distortions in magnetic properties.

()02 (5] =550 27 250

The three common approaches to dealing with spin contamination are:

1. Annihilation method projects out the terms with incorrect total spin at the
end of the SCF procedure.

2. Projection method projects out the terms with incorrect total spin at each
iteration within the SCF loop.

3. Spin constraint method introduces the deviation from the desired total spin
as a Lagrange term in a constrained energy optimisation problem.

Strong spjn contamina- From a log produced by Gaussianlé:

. . SCF Done: E(UB+HF-LYP) = -306.904337176 A.U. after 31 cycles
tion me.ans t}_lat Slngle Convg = 0.1424D-08 -V/T = 2.0044
determinant is not a S**2 =  9.7779
good approximation — KE= 3.055508118982D+02 PE=-1.230645883764D+03 EE= 3.606118207110D+02
e using MCSCF Annihilation of the first spin contaminant:

: S**2 before annihilation 0.7779, after 0.7505

F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 4.



Static and dynamic correlation

Electron correlation:

(in effect) “all inter-electron interactions that Hartree-Fock

theory does not properly account for”.

Static correlation: when a single Slater
determinant (ie. a single population
pattern of molecular orbitals) is not a
good approximation to the ground state.

A famous example is the dissociation of
the hydrogen molecule.

Important for: bond breaking, transition
states, d- and f- element complexes, de-
generate ground states, biradicals, large
aromatic and conjugated systems.

Dynamic correlation: correlated motion
of electrons due to Coulomb repulsion;
not captured by effective potentials.

Important for: accurate energies, excited
states, Van der Waals interactions, ma-
gnetic and optical properties.

Example: dissociation of H,

LGNS 1+
\ / correct
H (exact solution)
H / H H- H*
LD -

incorrect
(RHF solution)

Accurate description
of inelastic
scattering cannot be
obtained without the
inclusion of dynamic
correlation effects.

X-ray

N7 N7\
ZN 2\ Z
/\ 7 NOZ N7

F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 4.



Moller-Plesset perturbation theory

Perturbation theory is used when a (complicated) problem at hand differs only
slightly from a (simple) problem already solved, and the Hamiltonian may be parti-
tioned into a “reference” and a “perturbation” part:

N

}{1

N

ﬁ:ﬁo+ﬁl, < ||H,

Moller-Plesset perturbation theory uses Hartree-Fock theory as a reference pro-
blem and includes everything that HF theory had ignored into the perturbation
part. The calculations involve sums over all excited states:

occ vr (D |]§r1 ‘q)g_b> <c1)g_”

fun =53 il

MP2 a
i<j a<b E() _Eijb\
two electrons excited
Level Complexity scaling with basis size from orbitals 1 and j to
orbitals a and b

bl O@’) MP2 typically accounts for 80-90% and
MP3 O(n%) MP3 for 95-98% of the electron correla-

tion energy. MP2 is the cheapest way of
MP4 O(n"), but O(n°) for MP4(SDQ) including it to a reasonable accuracy.

F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 4.



Moller-Plesset perturbation theory

MPn is not variational — that is, the energy obtained is not guaranteed to always be

greater than the true energy. In fact, the convergence may be oscillatory:

Level

MP2 67.85%
MP3 86.90%
MP4 94.58%
MP5 98.15%
MP6 99.64%
MP7 100.15%

Correlation energy recovery
for a beryllium atom

energy

HF

MP3

(oops...)

In some systems the electron correlation is not
a small perturbation, and the convergence of a
perturbation series is not guaranteed.

MPn has convergence problems if HF is a poor
starting point of if spin contamination is large.

MP4
MP2

order
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F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 4.




Multi-configuration SCF method

If a single configuration is a poor description of the system, multiple configurations
(differing in the electron arrangement in the orbitals) may be used, with weights
adjusted using the variational principle.

A

T - T — |
©
— | — A | 8/9\8 v
>
— — — 4 — & M -
D, | v !
> A
o =] — N
. - EEEE
o, 11v1 conf conf
+ | =
(©)
+ % + % + % MCSCF description is often neces-
g sary in aromatic and conjugated
configura-  configura-  configura- systems as well as systems invol-

tion 1 tion 2 tion 3 . . .
- - - ving bond breaking or formation.

A. Szabo, N.S. Ostlund, Modern Quantum Chemistry, Chapter 4.



Configuration interaction

We can take MCSCF to the limit and include all excited configurations into the
calculation. This is expensive (for combinatorial reasons), and truncation strategi-
es are therefore required.

occ Vir occ Vir
CISD... _ HF IAN\T L4 rS\IS V'S
PP =g WY > al I+ Y al P+
i r i<j r<s
Method  Configurations Scaling with basis size When full CI is used in
CID all doubly excited determinants O(n) some physically mot%—
vated subset of orbi-
CISD all sing.ly and doubly excited O(n) tals, the method is
determinants called CASSCF (comp-
i i lete active space SCF).
CISDT all S'mgl(}f doubly and triply o) | P )
excited determinants Choosulg CASSCF or-
full CI all configurations Oo(n!) bitals is a dark art.

Due to the astronomical number of configurations, full CI is only possible for very
small (diatomics) systems. Fortunately, full CI is rarely necessary, as CISD tends
to be sufficiently accurate for most practical purposes.

A. Szabo, N.S. Ostlund, Modern Quantum Chemistry, Chapter 4.



Size consistency and basis set superposition error

Size consistency problem in configuration interaction calculations:

When molecules are simulated together,
5 new excitations become available to each
J of them, resulting in a greater variati-

onal flexibility in the CI subspace.

EY (1+2) < E (1)+ E“ (2)

variational

flexibility. The energy will go down

even in the absence of any interaction.

:J‘J This results in non-physical attraction.

When molecules are brought close toge-
ther, they augment each other’s basis,
) ) thereby increasing the

E imate) < E(distant
K K (proximate) < E(distant)

Plane-wave basis sets do not suffer from BSSE because they are uniform.



Counterpoise correction to BSSE

Atom-centred basis sets are rarely big enough to avoid the basis set superposition
error. Counterpoise correction aims to compensate this error.

1. The energy of the complex is calculated in the usual way.

2. Two additional calculations are carried out for each fragment in the
presence of the orbitals (but not electrons or nuclei) of the other fragment.

AL = E(A),, + E(B),, ~E(A), - E(B)

B

Basizs Set  H, (ho CP correction) (in hartree) Counterpoise corrected energy (in hattree)  Counterpoise BSSE Energy (in kcalmel)

3-2105 -151.18%4 -151. 13462 4,066
6-3105 -151.9342 -151.93274 0.916
-3 1+HG(d) 151.99457 -151.99564 0,554

F. Jensen, Introduction to Computational Chemistry (3" edition), Chapter 5.



