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A closer look at gauge transformations

Unfortunate side effect: this gauge invariance is broken with incomplete atom-centred basis sets.
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For non-relativistic electrons in a static external electromagnetic
field in atomic units (m=1, e=‒1), the Hamiltonian is:
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Skipping the voluminous math; it may be demonstrated that:
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Conclusion: changing the gauge is equivalent to multiplying the
wavefunction by a position-dependent phase factor.
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Gauge-including atomic orbitals (GIAOs)
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When the gauge origin of a uniform field is moved:

K.K. Baldridge, J.S. Siegel (https://doi.org/10.1021/jp990523x)
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The gauge term whose gradient is the difference:
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Therefore, for a one-electron orbital centred at rμ, the following fits the bill:

What is wanted is each ato-
mic orbital having no extra
phase in its local gauge:

( ) ( )μ μ μχ ϕ= −r r r

where rμ is the location of
the nucleus.

gauge-including atomic orbitals 
(GIAOs, London orbitals)

These phase terms cancel exactly in all expectation
values, meaning that calculations with incomplete ba-
sis sets become gauge-invariant.



For chemical shielding tensors, all other methods are usually a bad choice:

K.K. Baldridge, J.S. Siegel (https://doi.org/10.1021/jp990523x)

GIAOs have had many predecessors trying to solve the same problem:

Gauge-including atomic orbitals (GIAOs)



Back to Hellmann-Feynman theorem
The derivative of the energy with respect to a parameter α is:

R.P. Feynman, https://doi.org/10.1103/PhysRev.56.340

The second derivative version also exists (much longer derivation):

N.B. Although it looks similar, this is not perturbation theory;
both expressions are exact.
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J-couplings and K-couplings
J-coupling is actually a tensor (but its anisotropy is usually inconsequential):
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Fermi contact term dominates in one-bond J-couplings in CHNO molecules.
NED and NSO terms dominate in multiple-bond J-couplings and those involving
heavy elements and conjugated double bond systems.
NSS term is usually negligible.

I. Kuprov, Spin: from Basic Symmetries to Quantum Optimal Control, Chapter 3.
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K-couplings are isotope-independent (nuclear mass does not influence energy). The
units are conventionally Hz; the terms in the Hellmann-Feynman theorem are:



Contributions to the J-coupling

Polarised core basis sets
(aug-cc-pCVnZ) with large
zeta numbers are essential
– basis set convergence for
J-couplings is very slow.
Non-contact terms become
more prominent for longer
range J-couplings.

F. Jensen, https://doi.org/10.1021/ct600166u
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Highly correlated response methods (EOM-CCSD, SOPPA/CCSD) are often required.

M. Karplus, https://doi.org/10.1021/ja00901a059

Contributions to the J-coupling



Electron g-tensor
The g-tensor is defined similarly to chemical shielding – as a second derivative of
the energy with respect to the magnetic field and the electron magnetic moment:
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The following terms appear in the Hellmann-Feynman second derivative:

I. Kuprov, Spin: from Basic Symmetries to Quantum Optimal Control, Chapter 3.
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Electron g-tensor
The derivative approach is not applicable to
systems with g-shifts in excess of 20,000 ppm
because higher order effects appear.

For heavy atoms, relativistic effect must be in-
cluded into the reference Hamiltonian.

High level treatment of electron correlation is
essential (there is a sum over excited states in
the Hellmann-Feynman denominators).

Lanthanide, actinide, and d-element g-tensors should not be computed in this way. 



Nuclear quadrupolar interaction

interacts with the electric field gradient at the nucleus point:
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The direction of the electric quadrupole moment of the nucleus is rigidly linked to
the direction of its spin. As a result, an electrostatic interaction becomes also a
spin interaction with the following Hamiltonian:

Nuclei with spin >½ have non-spherical charge density distribution. The resulting
electric quadrupole moment:
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where eQ is the nuclear quadrupole moment. It is a property of the ground state of
the nucleus that may be measured. A method for computing NQI need therefore
only calculate the derivatives of the electrostatic potential.

I. Kuprov, Spin: from Basic Symmetries to Quantum Optimal Control, Chapter 3.



Nuclear quadrupolar interaction
Electron density distribution must be reproduced
precisely, so a large and flexible basis set is needed:
at least triple-zeta, with multiple sets of diffuse and
polarisation functions, as well as core polarisation
functions (e.g. in aug-cc-pCVTZ basis).

W.C. Bailey, https://doi.org/10.1016/S0301-0104(99)00342-0

The calibration is 
not a perfect 45°
line, but the fit is 
precise (same sto-
ry as for vibration 
frequencies).



Nuclear quadrupolar interaction
All factors affecting the electrostatics (lattice, solvent, etc.) must be accounted for.

Explicit first solvation shell is in most
cases required for PCM calculations.

M. Pavanello, B. Mennucci, J. Tomasi (https://doi.org/10.1007/s00214-006-0117-1)


