“It is now quite lawful for a Catholic
woman to avoid pregnancy by a
resort to mathematics, though she is
still forbidden to resort to physics
and chemistry”
Henry Louis Mencken

Lecture 7: standard
property calculations, part I
ionization energies, densities, atomic populations, vibrational
frequencies, bond orders, orbital localization, equilibrium constants

Dr Ilya Kuprov, University of Southampton, 2012
(for all lecture notes and video records see http://spindynamics.org)

Ionization energies
Koopmans’ theorem states that the first ionization energy is equal to the negative of
the HOMO energy. In practice, this is not accurate enough, because:
1.

Orbital relaxation is ignored – the orbitals do change when their occupation
number changes.

2.

Electron correlation is ignored – the original KT referred to RHF, but this can
be easily generalized away by using MPn or CI or DFT.

The DFT equivalent of KT may be
obtained using Janak’s theorem, by
differentiating the total energy with
respect to the occupation number of
a given orbital:
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and demonstrating that it is equal
to the energy of the corresponding
orbital.
D.A. Dixon, D. Feller, K.A. Peterson, http://dx.doi.org/10.1021/jp970964l

Ionization energies
The most accurate practical approach is known as ΔSCF:
separate SCF calculations are carried out with and
without the electron and the resulting energies are
subtracted. Two variants are available:
1.

Adiabatic – geometry is optimized in each case.

2.

Vertical – the initial state geometry is used in both
cases.

N.B. Anions often require
diffuse functions in the
basis set.
D.A. Dixon, D. Feller, K.A. Peterson, http://dx.doi.org/10.1021/jp970964l

Electron density distribution
The total electron density can be obtained as a sum of probability distributions of
each individual electron:
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Where N is the number of electrons in the system and K is the number of functions
in the basis. Therefore the total density can be expressed as:
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Integrating this over all space gives the total number of electrons in the system:
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Two shorthands are commonly defined in this expression:
N

P   ci c i
*

i 1

“density matrix”
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“overlap matrix”

F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.
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Electron density distribution
We can now find out how much a particular pair of orbitals contributes to the total
observable electron density:
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orbital
populations

orbital overlap

This density partitioning into pairs of orbitals is useful in charge and bonding
structure analysis. In atom-centred basis sets there are two possible situations:
1.

Both  and  are located on the same atom. All of the density in N can be
assigned to this atom and interpreted as contributing to its charge.

2.

The two orbitals  and  are located on different atoms. The density in N is
then shared between the two atoms and can be interpreted as contributing to a
chemical bond as well as charges.

This formalism can be generalized to partition spin as well as charge:
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F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.

Mulliken populations and charges
Approximate atomic charges can be derived from the populations of specific atomic
orbitals using the procedure suggested by Mulliken. For each atom in the system:
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This can be expanded as the following set of rules:
1.

Start with the charge of the bare nucleus.

2.

If the basis functions  and  are both on atom A, assign all the
corresponding density to the charge of atom A.

3.

If the basis function  is on atom A and  is on atom B, assign half of the
corresponding density to the charge of atom A.

Summation without sign and nuclear charge gives atomic populations, and
summation with spin included gives atomic spin densities.
Useful features of Mulliken populations:
1.

Qualitatively correct (no quantitative method exists anyway).

2.

Very cheap to calculate (ground state property).

3.

Show correct trends in chemical reactions.

F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.

Löwdin populations and charges
Mulliken populations have a few problems:
1.

Diagonal elements of P may be lager than two, implying more than two
electrons in an orbital (Pauli principle violation).

2.

Off-diagonal elements of P may be negative, implying a negative number of
electrons in an orbital.

3.

Equal partitioning of electron density between participating atoms is without
any foundation.

4.

Diffuse functions centred on atom A are still counted as only belonging to A.

5.

Mulliken charges do not reproduce the multipole moments of the molecule.

A refinement (at least to points 1-3) was suggested by Löwdin, who used the cyclic
permutation property of the trace
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to point out that orthogonalized basis orbitals may be used for the population
analysis instead of the (possibly degenerate) original basis set.
F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.

Mulliken bond order
The bond order between atom A and atom B is defined as sum over all such
electron density as has the basis function  is on atom A and  is on atom B:

q AB  2   P S 
A  B

(a similar alteration to the one above may be made to get the Löwdin bond order).

I. Cohen, http://dx.doi.org/10.1063/1.1678191

Molecular orbitals and orbital localization
MOs as such are mostly used for
building the various integrals involved
in post-HF energy and property calculations. They can be plotted, and the
plots look pretty.
Localization
The Slater determinant is invariant
under an arbitrary unitary transformation of molecular orbitals – they may be
mixed the way we see fit.

Stereo plot of HOMO isosurface in a Trp-cage mini-protein.

Boys’ criterion: maximize the distances between orbital centroids.

Edminston-Ruedenberg criterion:
maximize the self-repulsion energy.
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Boys method is equivalent to minimizing the
orbital dispersion.

The results of Boys’ and
methods are generally similar.
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F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.
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Molecular orbitals and orbital localization
N.B. Although they still produce the same Slater determinant, the localized orbitals
are no longer eigenfunctions of the SCF operator – there is no such thing as the
“energy of a localized orbital”.

Banana bonds – a common orbital localization artefact.

Pipek-Mezey criterion: maximize the sum
of density squares on all atoms.
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PM localization preserves the separation
between σ- and π-orbitals in π-bonded
systems, such as ethylene (see the table on
the right).
F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.

HF and post-HF methods with localized orbitals
Orbital localization reduces the extent of overlap between canonical orbitals and
therefore increases the number of zero and near-zero two-electron integrals.
Formulating QC methods in terms of localized orbitals improves their efficiency.
Approximation 1: excitations are
restricted to be local.
Approximation 2: correlation
between distant pairs of local
orbitals is ignored.
Both make physical sense – it is
known that electron correlation
decays rapidly with distance.
Typically >95% of the correlation
energy (see below) is preserved.

T.B. Adler, H.-J. Werner, F.R. Manby, http://dx.doi.org/10.1063/1.3040174

Vibrational frequencies and normal modes
A Taylor expansion of energy around a particular point to second order in nuclear
coordinates is:
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where H is the Hessian matrix, also known as the force constant matrix. If the
geometry is optimized into a minimum, the gradient is zero, and the Hessian
completely determines the behaviour of the system under small displacements.
The eigenvectors of Hessian are called normal modes
and the corresponding eigenvalues are called
vibrational frequencies. Each normal mode is a
coordinate along which the system behaves like a
ball on a spring:
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A schematic of normal modes of formaldehyde.

F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.

Vibrational frequencies and normal modes
In practice, the Born-Oppenheimer approximation and the fact that most
potentials are not actually quadratic prevent accurate ab initio calculation of
vibrational frequencies from second energy derivatives, and phenomenological
method-dependent frequency scaling factors have to be introduced.

A considerably more expensive calculation (more on this in Term II) may be
performed to extract these correction factors from third and higher order energy
derivatives, called anharmonicities.
M.P. Andersson, P. Uvdal, http://dx.doi.org/10.1021/jp045733a

Thermodynamic properties
Statistical thermodynamics gives the connection between the partition function for
an ensemble of N identical molecules and the standard thermodynamic properties:
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The accurate spectrum of energies (including vibrational and rotational splitting of
electronic energy levels) is not normally known, and so a simplification is made by
treating the various degrees of freedom as independent:
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The translational energies are known, the electronic, rotational and vibrational
energies can be computed using DFT or post-HF methods.
P.W. Atkins, J. de Paula, Physical Chemistry, OUP, 2002.

Thermodynamic properties
After assuming an ideal gas of molecules and carrying all calculations through (see
your Statistical Thermodynamics course), we get:
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The most expensive part of this expression is the vibrational frequencies. Similarly,
for the entropy and then Gibbs free energy:
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P.W. Atkins, J. de Paula, Physical Chemistry, OUP, 2002.
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Thermodynamic properties
The change in thermodynamic parameters during a chemical reaction is computed
in a standard way:

G 



kreact

ck Gk 



nprod

cnGn

More care is required when computing the constants of acid-base equilibria,
because a solvation stage is involved:

In all cases the calculations must be performed at the highest available level of
theory (ideally with composite methods such as G3). The realistic accuracy
available for pKa is ±1 unit.
F. Jensen, Introduction to Computational Chemistry, Wiley, 2007.

