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46 Point Groups

TasLe 3-7.1
A flow chart for determining the point group of a molecule
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TABLE 3-5.3

The point grbdfz’éw‘and all their symmetry elementst

Poins

group Symmetry elements
‘f. z, On
1 E, ¢
%, B
€y E, 0,
€s E, Cs-C}
€. E, C~C-C}
¥ E, C~Ci-C3-Cs
s E, C¢CsCyCi-Ci
¢, E, 0,~C3-03-C-C3-C3
s B, 00 ~C3C,-Ci-0-C}
2, E, three (, (mutually perpendicular)
2, E, Cs~C3, three C, (perpendicular to Cy)
D, E, C~C,~Ci, four C, (perpendicular to C,)}
D E, C~Ci-Ci-C3, five C, (perpendicular to Cj)
D, E, C—CyCy—C3-Cy, six ¢, (perpendicular to Cg)t
E1v same as €

€av E, C,, two oy

Cav E, C,-C3, three oy

Cov E, 0 ~C,-C;, four o}

Cov B, C~CI-C}-CS, five oy

Cov E, Cy—CyCy—C3-Ch, six at

Coov E, infinite number of coincidental rotational axes, infinite number of oy
€ same a3 €y :

gzn E, C,. i (o3 ')

(6,311 E! Cx_ci_’sa_S:v§ On

€ E, C~C,~Ci-S S, on, 1

€m B, O Ci-Ci-CiS-8i-5i-56.§ on

Lot E, C—Cy—CC1-Co-8¢—~Sy—S5-55,§ on, ¢

Zsn E, three €y (mutually perpendicular), ¢, three ¢ (mutually perpendicular)
Dan E, C;—C3-Sy-S3,§ three C, (perpendicular to C), oy, three oy

D E, C0,-Ci-8 —S;, four C, (perpendicular to C,),} 1, oy, four o

Dgn E, 0Ci-C3-C3—S —Si~S3-S3,§ five C, (perpendicular to.Cy), oy, five gy
Den E, C¢Cy—Cy~C3-Ci—S —83-53-55,§ six C, (perpendicular to C4), %, on, six o

P on E, infinite number of coincidental rotational C and alternating S axes, (S, =
on), infinite number of oy, ¢, infinite number of C, axes

P34 E, 0,8 851, two O, (perpendicular to each other and to the other C,), two o4
(through S,)

Psq E, C—C2-8,-5%, three C, (perpendicular to Cy), ¢, three oq

P B, O ~Cy-Ci-S¢-S55-54-St, four Cy (perpendioular to C,), four o4

Dsa E, CC3-C3~C3—S 1-S34-S1-Sto, five O, (perpendicular to Cy), 1, five 64

Dea E, OCyCy-C3-C3-8 3-8 —854-814-5i-S1, six C, (perpendicular to C,), six o4

&y same a3 €y

&y same as €y

&y same as €,y

& E, 0,8 5;

& same 83 €y

y. En CI—C:”S 0“‘S:> +

&y same a3 ¥y,

s E, C—C-Ci-84-51-55-34
« T a E, four Cy—C3, three €3-S S} (mutually perpendicular), six oq (see Fig. 3-6.2)
= On E, four Cy—C3-S¢Ss, three C(~C,—~Ci-S S (mutually perpendicular), six Cy, 4,

three oy, six o4 (See Fig. 3-6.3)

+ Axes which coincide are linked, e.g. C;—C3—8,—St.

1 For reasons which will becoms clear later on, the ¢ planes in € v, €¢v, 2, and Dgp
and the C, axes in 2,, 24, P, and D¢, are conventionally separated into two types:
the planes into ov and o4 planes and the axes into C; and C; axes. These distinctions are
shown in Fig. 3-6.1, where it is apparent that in ¢,y and €y, the planes labelled gq do
not fulfill the requirement of Table 2-3.1. Nonetheless, the notation given is that re-
commended by R. S. Mulliken, (Journal of Chemical Physics 23, 1997 (1955)). We will
not bother with the differences between the C; and Cj axes in 2, and 2, as these point
groups have no chemica! significance. ;

§S; is the element corresponding to rotation about an axis by 5-2#/3 (or 2:2x/3)
followed by a reflection in the plane perpendiculer to that axis. We cannot use the
sy;mbol S; as this is identical with C3 (see § 2-3 page 13). A similar argument holds for
S§ and S;.

TABLE 3-6.1
The point groups and their essential symmetry elements

Point group Essential symmetry elementst

€s One symmetry planse

€t A centre of symmetry

Ca One n-fold axis of symmetry

2, One O, axis plus n U, axes perpendioular to it
Cuv One C, axis plus n vertical planes ov
LAY One O, axis plus & horizontal plane on
Dun Those of 2, plus a horizontal plane on
Daa Those of 2, plus n dihedral planes cq
&, (n even) One n-fold alternating axis of symmetry
T a Those of a regular tetrahedron

On Those of a regular octahedron or cube
I Those of a regular icosahedron

Xy Those of & sphere

4 Thess elements are all in addition to the identity element E which
is possessed bv all point groups.
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24 GROUP THEORY AND QUANTUM MECHANICS [App. B
€ (D) E
A 1
C, (2) E Gy
x?, y2, 2% xy R,z 1 1
X,y
1 —1
Xz, yz R. Ry}
Cy (3) E G (6
x* 4 2 27 R, z A 1 1 1 ‘
(xz, yz) (x, ) 1 (1 w w? © = g2mil3
(x% — 2, xp) (R, R,) | { i w? )
Cy (4 E i & c
X%+ y?, 72 R,z A 1 1 1 i
ey B 1 1 1 =
(x, » i -1 i —i
(xz, yz) (Ro, R, E 1 1 _; i
Cs (5) E C; G 62 ¢4
x2 4 2, 22 1 Rz A 1 1 1 i 1
(x, y) ) ’ 1 w w? w3 wt .
(xz, yz) (. Ry)} E { 1 P SRt S g w = e2mils
1 w? w? w w?
o2 — 3%, xp) \ E” 1 w3 %) wl w?
|
C, (6) BB G O e
x% + %, 72 R,z A 1 1 1 { G | 1
B 1 -1 1 —1 1 —1 ;
(x, ) fl w w? w?  wt w® w = g6
(xz, yz) (Rx', R) E l i o’ w® w? ®
L w? ot 1 o wt
&2 — 2 x) E l 1 ot w2 l(«' wl w?
\

CHARACTER TABLES FOR POINT GROUPS 325
Cop 2mm) E Cs G, a,
xRt z ! Ay 1 1 1 1
Xy R, | A 1 1 -1 -1
Xz Ry,x B, 1 -1 1 =
yz ‘ Ry y B, 1 —1 = 1
Cy, (3m) E 2y 30,
' i
X2 4 9P, 22 z ; A, 1 1 1
R, A, | 1 ~1
(x* — »% xy) (x, » ,
(xz, yz) (Re» R,) : 2 = ’
Cyyp (dmm) E (&8 2¢; 20, 20,4
x84 y2, 22 4 Ay 1 1 1 1 1
R, Ao 1 1 1 -1 -1
x2 — y? By 1 1 —1 1 -1
xy B, 1 1 —1 -1 i
(xz, yz) &Il E 2 -2 0 0 0
< 'y (Rxs R:/) )
Gy (5m) E 2Cs 2@.2 5a,
x% - 98, 22 z Ay 1 1 1
2
R, A, i 1 —1 Xi—
(x, ) 2
(xz, yz) (R, R) E; | 2 2cosx 2 cos 2x 0
(x% — %, xy) E, | 2 2cos2x  2cosdx 0
Ceyp (6mm) E €y 2C3 2€; Ba; 3ot
x2 4 2 22 z Ay 1 1 1 1 1
R, s 1 1 15 i g
B, 1 -1 Tl 1
By e e
(x, ) =
(xz, y2) (R, R)) £y 2 -2 -1 1 0 0
(x? — ( ) Ay 2 2 -1 -1 0] 0

N,



326

GROUP THEORY AND QUANTUM MECHANICS {App. B
Cyp (m) E oy
xzs )’2, Zzn Xy Rz, X, ¥y | A’ 1
xz, yz R, R,z | 4 i ~1
i
C2h (2/ ’77) E Cg Gy !
_ - I -
*yhEAxy | R, A, 1 1 1
r z A, 1 1 —q -1
xz, yz | RuR, | B, 1 ~1 = 1
| xy B, 1 —1 1 1
Can = Cg X 03, (8) I A ) S (6,C5%)
> |
B pR 2 R A 111 1 1 i
f’ z £l F 4 el =M
1 s 2 2
X2 =32 %) | (x) E o oon e e
1 w? w 1 w?
. 1 w  w? -1 R I
xz, yz) (R, R E
o Ry) 1 w? w -1 —w? —o
Cyp=Cy x1i (4/m)
Con= Cs %oy (10)
Ceop =Cq %I (6/m)
Sy (D) E i
T & a3 s
xz,y“’ Zz’ xy’ .XZ, _yZ % R.”c’ R% Rz AQ 1
i X, ¥,z Ay 1 —
Sq (@) E &, S, S8
x4 R 2 F R, A 1 1 1 1
j z B 1 1 —1 —1
(xz, y2) } l (x, ) . 1 -1 i =
2 — )% xp) | RaR) = 1 o g i
Ss=Csxi (3) ('

CHARACTER TABLES FOR POINT GROUPS 327
D, (222) E Cy? Co¥ G®
%2, 7, 22 Ay 1 1 1 1
xy R,z B, 1 1 = X
Xz Ry, y B, 1 —1 1 —
yz Ry, x By 1 —1 —1
Dy (32) E yr o ac
x% 4 y2, 2 Ay 1 1
R,z Ay 1 1 =
(xz, yz) (e, )
E 2 —1 0
x* — »% xp) (R, R,
D, (422) E G=CF 2€, 26, 2¢
x?‘ -+ y27 22 Al 1 1 1 1 1
R, z A, 1 i 1 -1 =
PR B, | 1 1 =i 1 ~1
Xy B, 1 1 -1 -1 1
ez, ) (x,7) } E | 2 2 0 0 0
ez (Ry» R))
Ds (52) E  2G, WICE 5C
X g2 2 4 |11 1 1
R, z A, |11 1 ]
x. ) E, | 2 2cosx 2cos2 0 =
(xz, yz) (Ro, R) | 1 x cos 2x Xi= 5
=? — y% xp) ! E, 2 2Zcos2x 2Zcosédx 0
D, (622) E € 16 2c, B¢, %
P Aol 1 1 1
R,z A 1 1 1 S
0 I R e
B, | B -1 T ey
(x, ») }
Xz, 9z E. 2 -2 1 1 0 0
i (R, R) .
) 700 B R e Al SRR
rL

)



326  GROUP THEORY AND QUANTUM MECHANICS [App. B CHARACTER TABLES FOR POINT GROUPS 329

Dy, (32m) E C, 28,  2G,  2g, ‘ 0 (432) E 8C, 3G, =3C2  6C, 6C,

x‘z + yz’ 22 Al 1 1 1 1 1 Al 1 1 1

R, 4, | 1 1 o=l = Ay |4 1 1 = =
3% — 2 B, 1 1 -1 1 —1 (x% — 2,322 — %) E 2 -1 2 0
xy z B, 1 1 -1 —1 1 | (R4, Ry, R))

G, ) | } T, 3 0 =1 =1 1
(xz, ¥2) E |2 =2 0 0 0 , 5 5 2)

(Ra R ‘ (xy, yz, zx) 7y 3 0 —1 1 —

Dy, =Dy xi (3m)
Dy, = Dy X i (mmim) E’

O, =0xi (m3m)

T, (@3m) E 8C, 36, 60, 65,
A, 1 1 i 1
z ’ A, 1 1 - s
Dy, = Dy X 0y, (6m2) E o, 2C; 2S5 3C, 3o, \ b 5 o ; (1)
x2 4 yz’ 72 Al 1 1 1 1 1 (R;,, Ry, Rz) T'1 3 0 -1 ot 1
R, Ai 1 1 1 j QS (R (x,y,2) Ty 3 0 1 o
A |1 -1 1 =1 L
z A | & =4 1 =1 =1 1
(x®? — ¥4 xp) {x, ¥) E’ 2 2 -1 -1 0 0
(xz, y2) (Re Ry E” 2 =2 -1 1 0 0 Cop (c0m) E chs o,
x2 4 )2, 7* z A(ZD) i 1 {
Dy, = Dy X i (4[mmm) i R, Ay (Z0) 1 1 i
— (xz, yz) X,
Do, = Dy x 0,  (10m2) b2 EP ﬁR )} E,(IT) 2 % ol 0
. Ny Sy,
Dgy, = Dg X1 (6/mmm) (® = )2 xy) 1 E(A) ) 2 cos 24 0
D, (o/mm) E 2C (G 2i :
T (23) E 3C, 4C, A4C, A = # SR iy G
! x® + }’2, z? Ay Eeh) 1 1 1 1 1 1
A 1 1 1 12 A7) {11 1 -1 -1 -1
5 ji 1 o) w ‘ R, A2y BT 1 —1 1 1 g
11 1 w? w w = et™/3 z At 11 1 LT Rt 1
(Rys Ry, R2) = 3 o 0 o (xz, y2) (Res Ry)| En(My) |2 2cos¢ 0 2° 2068800
(Vs 2 ‘ ) En(l) |2 2cosé 0 -2 —2cosé 0
6P — 2,09 Es(8) |2 2cos2¢ 0 2 2cos2 O
Eyu(da) 2 2cos2¢ 0 -2 —2cos2¢ 0
T. =T x i m3 ) £ RN N5 R B U N TS N P T S S S 7
3 ! (m3) ( ( ;
)
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Transition-Metal Chemistry 263

1
3‘42q Alq
g ) ’E,!
gl D . 3R 3T, 1G
s, . Ty,
2y T,

Splitting of electronic states by different symmetrical

environmentst
Free Split states}
ion states [4Y T a Din @, D4
S A" Al Au Al Al
P /1o 7, A B, Ay B A B
D B, 7., E T, Ay, B, A, E(2) 4,, B,,
By, E, B,, E
I A", Tll’ Alv Tl- Tl Alv Bln Alv A.(2)» Bl- A:'
Ty, By, B,(2) £(2) B,, E(2)
G Ay B,y 4,, B, T, A15(2), 4, A4(2), 4, 4,(2), 4,,
Tll' T!' TI Blﬂ Blﬂ E(3) Bl! Ba»
£,(2) E(2)
HN H E, T”(2), E, T‘(2), Ta Au' A:nﬂ)t A,. A‘(2), An» A:(L’), Bu .
P, By, By, E(4) B,, E(3)
E,(3)
I Aer Ay, Ay, 4,,E, A10(2), dyp,  A(3), 4,(2), A,(2), 4,,
£, T, Ty, Ty(2) B,,(2), By,(2), £(4) By(2), By(2),
T,,(2) y(3) E(3)

t The states are derived from dn configurations only and hence for @y and D the
split states all have g character. _

1 The numbers in parentheses rofer to the number of states of the given symmetry, -
o.g. the 13 degenerate total wavefunctions for the state I form a reducible represonta-
tion for 2; which can be decomposed as

I'' = 3741 @ 2T4; @ 4T,

N =

<N\
T—— Y

Central atom

energy levels g]‘;'reg‘“?::’ :'Ysbital Ligand energy

evels

F1e. 12.2.2, The energy lovel diagram for an octahedral MX, molecule or ion.
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D%(a, B, y) =

Zigner coeﬁ‘iciénts forj, =%

+ Representation of the Rotation Group by
Representations of the Unitary Group Sl

D‘”(a' /3 Y mem

—sma —imy z

(=DV(+m!(j—m!(j+m)(j—m)!

K (j+m— ) (j—n"— ) («+m' — m)!
2j —2u—m’+m 2k +m"—m
X (cos g) (—»sin g) p (5-35)
re"“ I + cos ﬁ ie sm_ﬁ o I — cos ﬂe"’ | » 8
2 V2 2 e N2 oo 5
i ; i , D(”(l’ ﬂ1 7’) =
] P cos B -—Sn_ﬂew R
Vi % e sin &
o5 I —cos B o , Sin ﬂ o 1 4+ cos B P
2 \/2 2

Notation, Tabulations, and Symmetry Properties

of the Wigner Coefficients

_— z (Jlﬁg) ()1)1()')
Jon, M — —m¥m M-m —

Jrist (),
z Am M—-m, MUy 112 m

m

B (5-49)

Since M = m, 4+ m, in all cases, we shall often abbreviate the latter notation

Jried
nymy

from AV | to

m 1 lll:

Jied
n} 'z” a(hh)

Sy

[(-1 J‘/1 —J ' —j +R i+ —DIU+ my 4 my)! (J — m; — my)!]!

[(V+ i +Jj2+

Dy — my)! (jy + mp)! (jo — my)! (Ja + my)1}}

5 (=D 4/ Q)+ D + i + my — 0y — my + 1!
K(J»j1+j2~—x)!(J+m1+m2—K)!K!(K+j1~—j2——ml——m2)!

The Wigner coefficients for j, = 1

i gin £

p

ei(a+:')/2 cos

my =1 my =0

my = —1

Ja=1
J=t m = 4 s inieL I
Th 2jy +1 g+ Li=h
: Ji—m+ 3y (]1+’"+é)*
j=ii—% i 2j, + 1 2j; + 1 Jj=h—1

[(h
[:(h

Qj, + H&j, + 2)

[(,',~m+ DGy + m +
@ji+ DG+ 1

m)(jy — m + 1)] m

25+ 1)

— m)(j, — m +
2,2+ O

G:Gr + DI

1)] _ [(j, — mG + m)]i
A+ 1)

l)]é [(J\ =y —m+1
@i+ DQjy + 2)
[(]x = m(j, + m+ 1
2+ D
[(h + m+ DG+ m
2j2ji + 1)

V(jrjajs, mymgmg) = (“‘l)i"m’(zja +

(jl j2 j3

my my  my

\

o A 'E;)_(fl Js jz)z(js
my my g my MWy My M

o (_,1)51+i,+i;<

j1 j2 ja) (}2 j3
my mg mg my My

J2

ny

N

1 My

) = (= DYV fy g, mymgmg)

jx)
my
b J ja)

my my mg

] (js A jz)
- mg My Py

m

Ji Jz Js3 ):—-(——l)"l*"i‘”'(h J2 .13)
—my —My —My my My Mg
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Test 6. July 6, 1978

Group Theory and Chemistry

by Shimon Vega

1. Is the function XZZ a basis function of an irreducible representation of C 4V?

If yes; Which irreducible representation. Calculate the corresponding basis functions

of this representation,

2 . :
If not: Calculate the basis functions, containing the term x z, of the irreducible
representations.

9. a. Calculate the full rotational product functions of the eigen functions (o and @)
of two nuclear spins (j=1) . Using Clebsh -Gordon coefficients. Assign these
2

functions according to their total angular momentum coefficients J and M.

b. Which matrix element between these product functions are different from zero for
(i) a Zeeman field Hamiltonian (YhiHolz).
(ii) a nuclear dipole-dipole Hamiltonian (see your notes)

c. Show the schmatic energy level diagrams for these two cases.

3. Consider the correlation diagram of two d-electrons at an action in a tetrahedral
environment (fig. 1).
a. TFive a full description of the energy level assignments in this figure.

b. How does the corresponding diagram for' two p-electrons look like.

c. What will happen to fig, 1 if the symmetry is lowered by making a # b=c in fig. 2.

4, a., Calculate the degeneraties of the fundamental vibrational levels of ASB (fig. 3).

3

b. What are the allowed Raman and I.R. transitions and calculate some of the normal

modes.
c. What will happen with the fundamental levels and the allowed transitions when A=B.
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